Linear bilipschitz extension property

P. Alestalo, D.A. Trotsenko and J. Väisälä

Abstract

We give a sufficient quantitative geometric condition for a subset A of R^n to have the following property for a given C ≥ 1: There is δ > 0 such that for 0 ≤ ε ≤ δ, each (1 + ε)-bilipschitz map f : A → R^n has an extension to a (1 + Cε)-bilipschitz map F : R^n → R^n.

2000 Mathematics Subject Classification: 30C65, 46B20.

1 Introduction

Let A be a subset of the euclidean n-space R^n. A map f : A → R^n is bilipschitz if there is L ≥ 1 such that |x − y|/L ≤ |fx − fy| ≤ L|x − y| for all x, y ∈ A. More precisely, such a map is called L-bilipschitz. The map f is locally L-bilipschitz if each point a ∈ A has a neighborhood U such that f|A ∩ U is L-bilipschitz.

A bilipschitz map is always an embedding, and a bilipschitz map f : R^n → R^n is a homeomorphism onto R^n. In general, an L-bilipschitz map f : A → R^n cannot be extended to a bilipschitz map F : R^n → R^n, not even to a homeomorphism. However, this is often possible if the bilipschitz constant L is sufficiently close to 1. We say (as in [Vä]) that the set A ⊂ R^n has the bilipschitz extension property if there is a number δ > 0 such that for 0 ≤ ε ≤ δ, every (1 + ε)-bilipschitz map f : A → R^n has an extension to a (1 + ε^′)-bilipschitz map F : R^n → R^n, where ε^′ = ε^′(ε) → 0 as ε → 0.

Since an L-bilipschitz map f : A → R^n has always an L-bilipschitz extension to the closure Ā of A, it makes no loss of generality to consider only the case where A is closed.

It is known that several sufficiently regular sets have this property, for example, linear subspaces [TuV] and compact polyhedra [PV]. For examples of sets without this property, see [Vä, Section 7].

In this paper we give a sufficient condition for a set A ⊂ R^n to have this property with the linear bound ε^′ = Cε. We then say that A has the C-linear bilipschitz extension property or, more precisely, the (C, δ)-linear bilipschitz extension property. The number δ must usually be chosen very small, and we shall always assume that δ ≤ 1.

For example, a line in R^2 has the bilipschitz extension property with ε^′ = 100 √ ε but not the C-linear bilipschitz extension property for any C;

see [TuV, 5.12].

The condition of our main Theorem 2.8 is satisfied, for example, by bilipschitz images of balls, by several fractal sets, and also by sufficiently regular discrete sets, like Z^n.

We formulate the main result in Section 2 and prove it in Section 4 after giving some auxiliary results in Section 3. The extension method is rather similar to that in earlier papers, but we make use of the results in [ATV] to get better estimates for the bilipschitz constants.

2 Formulation of results

2.1. Notation. We let |x| denote the norm of a vector x ∈ R^n. Open and closed balls with center x and radius r are written as B(x, r) and B̄(x, r), respectively, and we abbreviate B(r) = B(0, r), B̄(r) = B̄(0, r). The diameter of a set A ⊂ R^n is d(A), and the distance between nonempty sets A, B ⊂ R^n is d(A, B). If f and g are maps into R^n, defined in a set X, we write ‖f − g‖_X = sup{|fx − gx|: x ∈ X}. To simplify expressions we often omit parentheses writing fx = f(x) etc. By an expression like ab/cde we mean (ab)/(cde). For real numbers a, b we write a ∧ b = min{a, b}, a ∨ b = max{a, b}. The number of elements of a set A is #A.

2.2. Convention. To avoid trivialities, we always assume that the set A ⊂ R^n contains at least two points.

2.3. Thickness. For each unit vector e ∈ R^n we define the projection π_e : R^n → R by π_ex = x · e. Let A ≠ ∅ be a bounded set in R^n. As in [ATV] we define the thickness of A as the number θ(A) = inf {d(π_eA): |e| = 1}. Alternatively, θ(A) is the infimum of all t > 0 such that A lies between two parallel hyperplanes F, F^′ with d(F, F^′) = t. We have always 0 ≤ θ(A) ≤ d(A). If x ∈ A ⊂ R^n and r > 0, we set A(a, r) = A ∩ B̄(a, r). For c ≥ 1, we say that a set A ⊂ R^n is uniformly c-thick if θ(A(a, r)) ≥ 2r/c whenever a ∈ A and A ⊄ B(a, r). In fact, we have c ≥ 2 except in the case Ā = Rn.

Uniformly thick sets were called n-thick in [VVW], and bounded uniformly thick sets were called thick in [Vä].

2.4. Examples. A ball is uniformly 2-thick. More generally, if A is convex and B(a, R_1) ⊂ A ⊂ B̄(a, R_2), then A is uniformly c-thick with c = 2R_2/R_1. For the Cantor middle third set C, the power C^n = C × · · · × C is uniformly c(n)-thick in R^n with c(2) = 4.

2.5. Sturdiness. A uniformly thick set cannot contain isolated points. We next generalize the concept by allowing isolated points. Let A ⊂ R^n. For a ∈ A we set s(a) = s_A(a) = d(a, A \ {a}). Then s(a) > 0 if and only if a is isolated in A.

Let c ≥ 1. We say that the set A ⊂ R^n is c-sturdy if (1) θ(A(a, r)) ≥ 2r/c whenever a ∈ A, r ≥ cs(a), A ⊄ B(a, r), (2) θ(A) ≥ d(A)/c. If A is unbounded, we can omit (2) and the condition A ⊄ B(a, r) of (1).

2.6. Examples. A uniformly c-thick set is trivially c-sturdy. A finite set is c-sturdy for some c if and only if it is not contained in a hyperplane. The set Z^n is c(n)-sturdy with c(2) = 2. More generally, we say that a set A ⊂ R^n is an (α, β)-net if (1) |x − y| ≥ α for all x, y ∈ A, x ≠ y, (2) d(x, A) ≤ β for all x ∈ R^n.

2.7. Proposition. If A ⊂ R^n is an (α, β)-net, then A is c-sturdy with c = 1 + 2β/α.

Proof. Let a ∈ A, r ≥ cs(a), E = A(a, r) and t > θ(E). It suffices to show that t ≥ 2r/c.

There is a unit vector e such that d(π_eE) ≤ t. Hence π_eE is contained in an interval J of length t. Since I = π_eB̄(a, r) is an interval of length 2r, there is an interval ]λ − ϱ, λ + ϱ[ ⊂ I \ J where ϱ = r/2 − t/4. Hence B(a+λe, ϱ)∩A = ∅, which implies that r/2−t/4 ≤ d(a+λe, A) ≤ β, and we obtain t ≥ 2r − 4β. Since r ≥ cs(a) ≥ cα, we get 2r − 2r/c ≥ 2cα − 2α = 4β, and hence t ≥ 2r/c as desired. □

We are ready to state our main result.

2.8. Theorem. If A ⊂ R^n is c-sturdy, then A has the (C, δ)-linear bilipschitz extension property with C = C(c, n), δ = δ(c, n). In particular, this is true for uniformly c-thick sets A.

The proof is given in Section 4. The estimates for C(c, n) and δ(c, n) are explicit but presumably far from the best possible. Some numerical estimates are given in 4.13.

A two-point set in the plane has the 1-linear bilipschitz extension property, but it is not sturdy. Some open problems are given in 4.14.

3 Preliminary results

In this section we give various auxiliary results needed in the proof of the main theorem.

3.1. Degree. Let D ⊂ R^n be a bounded domain, and let f : D̄ → R^n be continuous. For y ∈ R^n \f∂D, we let μ(y, f, D) denote the topological degree, defined, for example, in [Do, IV.5] and in [RR, II.2]. If x ∈ D is an isolated point of f^{−1}{fx}, we can define the local index i(x, f) = μ(fx, f, U) where U is any connected neighborhood of x in D with U ∩ f^{−1}{fx} = {x}. If f is a nonsingular linear map, then i(x, f) = sgn det f.

Let G ⊂ R^n be an open set. A continuous map f : G → R^n is sensepreserving if μ(y, f, D) > 0 whenever D is a bounded domain with D̄ ⊂ G and y ∈ fD \ f∂D. A linear map T : R^n → R^n is sense-preserving if and only if det T > 0.

3.2. Simplexes. Suppose that Δ ⊂ R^n is an n-simplex with vertices v_0, . . . , v_n. We write Δ^0 = {v_0, . . . , v_n} and Δ = [v_0, . . . , v_n]. Furthermore, we let b(Δ) denote the smallest height of Δ, and the number ϱ(Δ) = d(Δ)/b(Δ) is called the flatness of Δ. A map f : Δ^0 → R^n is said to be sensepreserving if its unique affine extension F : R^n → R^n is sense-preserving.

3.3. Terminology. Let M ≥ 1, and let Δ_1, Δ_2 be n-simplexes in R^n. We say that Δ_1 is directly M-related to Δ_2 if

(1) ϱ(Δ_j) ≤ M for j = 1, 2. (2) d(Δ_1)/M ≤ d(Δ_2) ≤ Md(Δ_1), (3) d(Δ_1, Δ_2) ≤ M max{d(Δ_1), d(Δ_2)}.

If A ⊂ R^n and if Δ is an n-simplex with Δ^0 ⊂ A, we say that Δ is a simplex of A. Let Δ and Δ^′ be simplexes of A and let M ≥ 1. We say that Δ is M-related to Δ^′ in A if there is a finite sequence Δ = Δ_0, . . . , Δ_N = Δ^′ of simplexes of A such that Δ_{j−1} is directly M-related to Δ_j for all 1 ≤ j ≤ N. This relation is an equivalence.

3.4. Lemma. Suppose that A ⊂ R^n is a compact set with θ(A) > 0. Then there is an n-simplex Δ of A with b(Δ) ≥ θ(A)/2.

Proof. Let Δ = [v_0, . . . , v_n] be a simplex of A with maximal volume and choose the notation so that b(Δ) is the height of Δ measured from v_n. Let E be the hyperplane containing the vertices v_0, . . . , v_{n−1}. Then A lies in E + B̄(b(Δ)), since otherwise it easy to find a simplex of A larger than Δ. Hence θ(A) ≤ 2b(Δ). □

3.5. Special simplexes. Suppose that A ⊂ R^n, a ∈ A, r > 0 and c ≥ 1. We say that an n-simplex Δ is c-special for (A, a, r) or briefly a c-special simplex of A if

(1) Δ^0 ⊂ A(a, r), (2) b(Δ) ≥ r/c. Observe that since d(Δ) ≤ 2r, we have

(3.6) ϱ(Δ) ≤ 2c

for every c-special simplex Δ of A.

The following simple results on special simplexes are formulated for unbounded sets, because they are only needed in that case.

3.7. Lemma. Let A ⊂ R^n be closed, unbounded and c-sturdy. If a ∈ A and r ≥ cs(a), then there is a c-special simplex for (A, a, r).

Proof. Since θ(A(a, r)) ≥ 2r/c by c-sturdiness, the lemma follows from 3.4. □

3.8. Lemma. Suppose that A ⊂ R^n is closed, unbounded and c-sturdy. Let Δ, Δ^′ be c-special simplexes of A. Then Δ is M-related to Δ^′ in A with M = 4c.

Proof. Let Δ and Δ^′ be c-special for (A, a, r) and (A, a^′, r^′), respectively. Suppose first that a = a^′ and r ≤ r^′ ≤ 2r. By (3.6) we have ϱ(Δ), ϱ(Δ^′) ≤ 2c < M. Next,

d(Δ) ≤ 2r ≤ 2r^′ ≤ 2cb(Δ^′) ≤ Md(Δ^′), d(Δ^′) ≤ 2r^′ ≤ 4r ≤ 4cb(Δ) ≤ Md(Δ). Finally, since d(Δ) ∨ d(Δ^′) ≥ b(Δ) ≥ r/c and d(Δ, Δ^′) ≤ r + r^′ ≤ 3r, condition (3) of 3.3 holds, and hence Δ is directly M-related to Δ^′.

Iteration of the result proved above shows that the lemma is true in the case a = a^′. Suppose that |a − a^′| = t > 0. Then t ≥ s(a) ∨ s(a^′). By 3.7 we find c-special simplexes Δ_1 for (A, a, ct) and Δ^′_1 for (A, a^′, ct). Since Δ and Δ^′ are M-related to Δ_1 and Δ^′_1, respectively, by the first part of the proof, it suffices to show that Δ_1 is directly M-related to Δ^′_1.

We have b(Δ_1), b(Δ^′_1) ≥ t. Hence d(Δ_1) ≤ 2ct ≤ 2cb(Δ^′_1) ≤ Md(Δ^′_1) and similarly d(Δ^′_1) ≤ Md(Δ_1). Moreover,

d(Δ_1, Δ^′_1) ≤ (2c + 1)t ≤ 3ct ≤ M max{b(Δ_1), b(Δ^′_1)},

and the lemma is proved. □

We recall from [ATV] that a map f : A → R^n is an ε-nearisometry if |x − y| − ε ≤ |fx − fy| ≤ |x − y| + ε for all x, y ∈ A. If A is bounded and if f : A → R^n is (1 + ε)-bilipschitz, then f is an εd(A)-nearisometry. We next recall the approximation theorem [ATV, 3.3]:

3.9. Theorem. Suppose that c ≥ 1 and that A ⊂ R^n is a compact set with θ(A) ≥ d(A)/c. Let f : A → R^n be an ε-nearisometry. Then there is an isometry S : R^n → R^n such that ‖S − f‖_A ≤ cc_nε, where c_n depends only on n. In the rest of the paper, we let c_n denote the constant given by 3.9.

3.10. Corollary. Let A ⊂ R^n be a closed set and let f : A → R^n be (1 + ε)- bilipschitz. Assume that a ∈ A and r > 0 are such that θ(A(a, r)) ≥ 2r/c for some constant c ≥ 1. Then there is an isometry S : R^n → R^n such that Sa = fa and ‖S − f‖_{A(a,r)} ≤ 4cc_nεr. In particular, S exists if A is c-sturdy and r ≥ cs(a), A ⊄ B(a, r).

Proof. Since d(A(a, r)) ≤ 2r, the restriction f|A(a, r) is a 2εr-near-isometry. As θ(A(a, r)) ≥ 2r/c ≥ d(A(a, r))/c, Theorem 3.9 gives an isometry S_1 : R^n → R^n such that ‖S_1 − f‖_{A(a,r)} ≤ 2cc_nεr. Then |S_1a − fa| ≤ 2cc_nεr, and thus S = S_1 − S_1a + fa is the desired isometry. □

3.11. Special isometries. We say that the isometry S given by Corollary 3.10 is a special isometry for (f, a, r).

Our next lemma is an explicit version of [Vä, 5.4].

3.12. Lemma. Suppose that Δ_1 is directly M-related to Δ_2 and that f : Δ^0_1∪ Δ^0_2 → R^n is an (1 + ε)-bilipschitz map with ε ≤ δ, where 1/δ = (n + 1)^2M^3(M + 2)^2c_n and c_n is the constant of 3.9. If f|Δ^0_1 is sense-preserving, then f|Δ^0_2 is sense-preserving.

Proof. We may assume that d(Δ_1) ≤ d(Δ_2). Set F = Δ^0_1 ∪ Δ^0_2. By [TuV, 3.3] it suffices to find an isometry S : R^n → R^n such that

(3.13) ‖S − f‖_F ≤ b(Δ_j )/2(n + 1)

for j = 1, 2.

By [ATV, 5.3] we have b(Δ_2) ≤ (n + 1)θ(Δ_2)/2. Since b(Δ_2) = d(Δ_2)/ϱ(Δ_2) ≥ d(Δ_2)/M, we obtain θ(F ) ≥ θ(Δ_2) ≥ 2d(Δ_2)/(n + 1)M. On the other hand,

(3.14) d(F ) ≤ d(Δ_1) + d(Δ_2) + d(Δ_1, Δ_2) ≤ 2d(Δ_2) + Md(Δ_2),

and this implies that d(F )/θ(F ) ≤ (n + 1)M(M + 2)/2. Since f is an εd(F )-nearisometry, Theorem 3.9 gives an isometry S satisfying ‖S − f‖_F ≤ c_nεd(F )(n+1)M(M +2)/2. Since d(Δ_2) ≤ Md(Δ_j ) ≤ M^2b(Δ_j) for j = 1, 2, this and (3.14) yield (3.13). □

3.15. Lemma. Let A ⊂ R^n be closed, unbounded and c-sturdy, and let f : A → R^n be (1 + ε)-bilipschitz. Suppose that a, b ∈ A and r_1 ≥ cs(a), r_2 ≥ cs(b). If S and T are special isometries for (f, a, r_1) and (f, b, r_2), respectively, then they have the same orientation, provided that 0 < ε ≤ δ(c, n).

Proof. By 3.7, there are c-special simplexes Δ_a and Δ_b for (A, a, r_1) and (A, b, r_2), respectively, and by 3.8, these simplexes are 4c-related in A. Let δ = δ(c, n) be the number given by 3.12 for M = 4c. By repeated applications of 3.12 we see that the maps f|Δ^0_a and f|Δ^0_b have the same orientation if 0 ≤ ε ≤ δ. Since b(Δ_a) ≥ r_1/c, we have

‖S − f‖_Δ0_a ≤ 4cc_nεr_1 ≤ 4c^2c_nεb(Δ_a) ≤ b(Δ_a)/2(n + 1) for ε ≤ δ^′, where δ^′ = 1/8(n + 1)c^2c_n > δ. Assume that ε ≤ δ. Then [TuV, 3.3] implies that S has the same orientation as the affine extension of f|Δ^0_a. In a similar way, we see that T has the same orientation as f|Δ^0_b , and the lemma follows. □

Finally, we need the following auxiliary results.

3.16. Lemma. Let Δ ⊂ R^n be an n-simplex, and let S, T : Δ → R^n be isometries such that ‖S − T ‖_Δ0 ≤ η. Then |Sx − T x| ≤ η(1 + M|x − z|/d(Δ)) for all x ∈ R^n and z ∈ Δ^0, where M = 4 + 6nϱ(Δ)(1 + ϱ(Δ))^{n−1}.

Proof. This is a special case of [Vä, 2.11]. □ 3.17. Lemma. Suppose that A ⊂ R^n is closed, F : R^n → R^n is continuous, F |A is L-Lipschitz and F |R^n \ A is locally L-Lipschitz. Then F is L-Lipschitz.

Proof. Let a, b ∈ R^n and set J = [a, b]. If J ∩ A = ∅, then (3.18) |F a − F b| ≤ L|a − b|. By continuity, (3.18) holds if J ∩ A ⊂ {a, b}. If A contains an interior point of J, we choose points u, v ∈ J ∩ A such that [a, u) and [b, v) lie in R^n \ A, and then (3.18) follows by the triangle inequality. □ 3.19. Lemma. Let G ⊂ R^n be a domain and let F : G → R^n be continuous, discrete, and sense-preserving. Then F is open.

Proof. See [TY, p. 333] for the proof of an even more general result. □

4 Proof of Theorem 2.8

We first reduce the proof to the case where the set A is unbounded. 4.1. Lemma. Assume that every unbounded c-sturdy set A ⊂ R^n has the (C, δ)-linear bilipschitz extension property with C = C(c, n), δ = δ(c, n). Then all c-sturdy sets have the (C^′, δ^′)-linear bilipschitz extension property with C^′ = C^′(c, n) = 2cc_nC(6c, n), δ^′ = δ^′(c, n) = δ(6c, n)/2cc_n.

Proof. Suppose that A is bounded and c-sturdy. Let ε ≤ δ^′(c, n) and let f : A → R^n be (1 + ε)-bilipschitz. Let R = d(A). Then θ(A) ≥ R/c by the definition of sturdiness. Since f is an εR-nearisometry, there is by 3.9 an isometry S : R^n → R^n satisfying ‖S − f‖ ≤ cc_nεR.

We normalize S = id and 0 ∈ A, so that A ⊂ B̄(R). Let A_1 = A ∪ (R^n \ B(2R)).

We start by showing that A_1 is 6c-sturdy. Thus let a ∈ A_1 and suppose that r ≥ 6cs(a). We must show that θ(A_1(a, r)) ≥ 2r/6c = r/3c. We consider three cases.

Case 1. a ∈ A, r ≤ 3R. Since r/6 ≤ R/2, we have A ⊄ B(a, r/6), and also r/6 ≥ cs(a). Since A is c-sturdy, this implies that θ(A_1(a, r)) ≥ θ(A(a, r/6)) ≥ 2(r/6)/c = r/3c. Case 2. a ∈ A, r ≥ 3R. Now B̄(a, r)∩A_1 contains a half ball H of radius r − 2R ≥ r/3, so that θ(A_1(a, r)) ≥ θ(H) ≥ r/3 ≥ r/3c. Case 3. |a| ≥ 2R. In this case B̄(a, r) ∩ A_1 contains a half ball H of radius r, and thus θ(A_1(a, r)) ≥ θ(H) ≥ r.

This completes the proof that A_1 is 6c-sturdy.

We now extend f to a map f_1 : A_1 → R^n by setting f_1x = x for |x| ≥ 2R. We claim that f_1 is (1 + 2cc_nε)-bilipschitz if ε ≤ 1/2cc_n. To prove this, let x ∈ A and |y| ≥ 2R, this being the only non-trivial case. Then |f_1x − f_1y| |x − y| = |fx − y| |x − y| ≤ |fx − x| + |x − y| |x − y| ≤ 1 + cc_nεR R = 1 + cc_nε, and in the other direction, |f_1x − f_1y| |x − y| ≥ |x − y| − |fx − x| |x − y| ≥ 1 − cc_nεR R = 1 − cc_nε ≥ 1 1 + 2cc_nε , because cc_nε ≤ cc_nδ^′ ≤ δ/2 ≤ 1/2. Since 2cc_nε ≤ δ(6c, n), the map f_1 has an extension F : R^n → R^n, which is bilipschitz with the constant 1 + 2C(6c, n)cc_nε = 1 + C^′(c, n)ε. Hence F is the desired extension of f. □

¿From now on, we assume that A is unbounded, closed and c-sturdy. Then θ(A(a, r)) ≥ 2r/c whenever a ∈ A and r ≥ cs(a).

To prove Theorem 2.8, assume that f : A → R^n is (1 + ε)-bilipschitz. We shall define an extension F : R^n → R^n of f and prove that F is (1 + Cε)- bilipschitz for small ε with C = C(c, n).

In the proof, we let C_0, C_1, . . . denote constants C_i ≥ 0 depending only on c and n.

Let K be a decomposition of G = R^n \ A into Whitney cubes Q such that

(1) 1 ≤ d(Q, A)/d(Q) < 3, (2) 1/2 ≤ d(Q)/d(Q^′) ≤ 2 if Q, Q^′ ∈ K and Q ∩ Q^′ ≠ ∅;

see [Gu, p. 10] or [Re, p. 165]. We first define the extension F on the set K^0 of the vertices of the cubes Q ∈ K.

Let v ∈ K^0 and choose a_v ∈ A such that r_v = |v − a_v| = d(v, A). Set

t_v = s(a_v) ∨ 8r_v.

By 3.10 there is a special isometry S_v for (f, a_v, ct_v ) satisfying (4.4) S_va_v = fa_v, ‖S_v − f‖_{A(av ,ctv )} ≤ C_0εt_v, where C_0 = 4c^2c_n. These isometries can be chosen so that

(4.5) S_u = S_v

whenever a_u = a_v = a and u, v ∈ B̄(a, s(a)/8).

We define F v = S_vv.

By 3.15, all special isometries of A have the same orientation, provided that ε ≤ δ_1(c, n). Thus we assume from now on that ε ≤ δ_1 and that all isometries S_v are sense-preserving.

In order to extend the function F : K^0 → R^n to G, we use the method in [Tr]. (Alternatively, one can make use of the less economical Whitney triangulation given in [Vä, 5.1]) We recall the construction. Let Q be a cube in K with side 2λ. We divide Q into 2^n subcubes with side λ bisecting the sides of Q. Each subcube is divided into mutually congruent n-simplexes Δ without new vertices such that

(4.6) d(Δ) = λ √ n, b(Δ) = λ/ √ 2, ϱ(Δ) = √ 2n, Let W be the collection of all these simplexes, i.e. W = {Δ ⊂ Q: Q ∈ K}. The extension F is defined on the set W^0 of vertices of W as follows. If u ∈ K^0, then F u was defined above. If u ∈ W^0 \K^0, then u =^1_2 (u^′ +u^{′′}) for some vertices u^′, u^{′′} of Q such that u^′_i ≤ u_i ≤ u^{′′}_i for all 1 ≤ i ≤ n. The vertices u^′ and u^{′′} are uniquely determined by u, and we define F u =^1_2 (F u^′ + F u^{′′}). Since W consists of n-simplexes, we can extend F affinely into each Δ ∈ W to get a map F : G → R^n.

Finally, we define F |A = f and obtain an extension F : R^n → R^n of f. We claim that F is the desired bilipschitz extension.

The proof will be carried through by stating and proving eight facts, and drawing these together in the final step 4.12.

Fact 1. Let Q ∈ K and let u, v ∈ Q ∩ K^0. Then (1) |a_u − a_v| ≤ 3(r_u ∨ r_v), (2) r_v ≤ 2r_u, (3) ‖S_u − S_v‖_Q ≤ C_1(r_u ∨ r_v)ε.

Proof. Since |u − v| ≤ d(Q) ≤ d(Q, A) ≤ r_u ∧ r_v, we obtain (1) and (2) as follows: |a_u − a_v| ≤ r_u + |u − v| + r_v ≤ 3(r_u ∨ r_v), r_v ≤ |a_u − v| ≤ r_u + |u − v| ≤ 2r_u. To prove (3) we may assume that r_u ≤ r_v. Assume first that t_v = s(a_v) ≥ 8r_v. Now a_v is isolated in A. If a_u ≠ a_v, then (1) and (2) yield s(a_v) ≤ |a_u − a_v| ≤ 3r_v ≤ 3s(a_v)/8, a contradiction. Thus a_u = a_v. Since r_u ≤ r_v ≤ s(a_v)/8, we have S_u = S_v by (4.5), and (3) holds with C_1 = 0.

Next assume that t_v = 8r_v ≥ s(a_v). We consider two cases. Case 1. r_u ≥ cs(a_u). Now t_u = 8r_u and r_v ≥ r_u ≥ cs(a_u). By 3.7 there is a c-special simplex Δ_u for (A, a_u, r_v ) satisfying Δ^0_u ⊂ A(a_u, r_v), b(Δ_u) ≥ r_v/c, ϱ(Δ_u) ≤ 2c.

Since r_v ≤ 2r_u < t_u by (2), we obtain by (4.4) the inequality ‖S_u − f‖_Δ0_u ≤ C_0εt_u ≤ C_0εt_v. By (1) we also have B̄(a_u, r_v) ⊂ B̄(a_v , 4r_v), and thus (4.4) implies that ‖S_v − f‖_Δ0_u ≤ C_0εt_v. Consequently, ‖S_u − S_v‖_Δ0_u ≤ 2C_0εt_v.

Let x ∈ Q. Choose a vertex z ∈ Δ^0_u and apply 3.16 to get |S_ux − S_vx| ≤ 2C_0εt_v(1 + M|x − z|/d(Δ_u)), where

M = 4 + 6nϱ(Δ_u)(1 + ϱ(Δ_u))^{n−1} ≤ 4 + 12cn(1 + 2c)^{n−1} = M_1(c, n), |x − z| ≤ |x − u| + |u − a_u| + |a_u − z| ≤ d(Q) + r_u + r_v ≤ 3r_v, d(Δ_u) ≥ b(Δ_u) ≥ r_v/c. Since t_v = 8r_v , these estimates imply (3) with C_1 = 16C_0(1 + 3cM_1).

Case 2. r_u ≤ cs(a_u). By 3.7 we can choose a c-special simplex Δ_u for (A, a_u, cs(a_u)). Since s(a_u) ≤ t_u, we have ‖S_u − f‖_Δ0_u ≤ C_0εt_u by (4.4). We next show that (4.7) s(a_u) ≤ 8r_v, Δ^0_u ⊂ A(a_v , 8cr_v ). Let z ∈ Δ^0_u. If a_u ≠ a_v, then s(a_u) ≤ |a_u − a_v| ≤ 3r_v by (3), and |z − a_v| ≤ cs(a_u) + |a_u − a_v| ≤ 3cr_v + 3r_v ≤ 6cr_v . If a_u = a_v, then s(a_u) = s(a_v) ≤ 8r_v and |z − a_v| = |z − a_u| ≤ cs(a_u) = cs(a_v ) ≤ 8cr_v , and (4.7) is proved.

Since t_v = 8r_v , it follows from (4.7) that t_u ≤ t_v and ‖S_v − f‖_Δ0_u ≤ 8C_0εr_v. Consequently, ‖S_u − S_v‖_Δ0_u ≤ 16C_0εr_v.

As in Case 1, we choose a vertex z of Δ_u and apply 3.16. For each x ∈ Q we have |x − z| ≤ d(Q) + r_u + cs(a_u) ≤ 3cs(a_u) and d(Δ_u) ≥ b(Δ_u) ≥ s(a_u). We again obtain (3) with C_1 = 16C_0(1+3cM_1). □ Fact 2. There is a number δ_2(c, n) > 0 such that if ε ≤ δ_2 and Δ ∈ W , then F |Δ is sense-preserving and (1 + C_2ε)-bilipschitz.

fProof. Let Q ∈ K be the cube containing Δ and let v be a point in Q ∩ K^0 such that r_v = |v − a_v| = d(v, A) is maximal. From Fact 1(3) and from the construction of F it follows that ‖S_v − F ‖_Δ ≤ C_1r_vε. By (4.6) we obtain r_v ≤ d(Q, A) + d(Q) ≤ 4d(Q) = 8λ √ n ≤ 8b(Δ) √ 2n. Hence ‖S_v − F ‖_Δ ≤ αb(Δ)/(n + 1), where α = 8C_1 √ 2n(n + 1)ε ≤ 1/2 if

ε ≤ δ_2(c, n) = (16 √ 2n(n + 1)C_1)^{−1}.

For ε ≤ δ_2 it follows from [TuV, 3.3] that F |Δ is sense-preserving and (1 + C_2ε)-bilipschitz with C_2 = 2α/ε = 16C_1 √ 2n(n + 1). □ ¿From now on, we assume that ε ≤ δ_1 ∧ δ_2. We shall show that Theorem 2.8 holds with C = C_2, but we need an additional bound for ε.

Fact 3. For each a ∈ A and r > 0 there is a sense-preserving isometry T of R^n such that T a = fa and ‖T − F ‖¯_{B(a,r)} ≤ C_3εr.

Proof. If s(a) > 0, it follows from (4.5) that the map F |K^0 agrees with an isometry T in B̄(a, s(a)/8). This implies that F = T in B̄(s(a)/16). We may thus assume that

(4.8) s(a) ≤ 16r.

By 3.10 there is a special isometry T for (f, a, 20cr). The map T is sense-preserving and T a = fa. Let x ∈ B̄(a, r). We must find an estimate |T x − F x| ≤ C_3εr. Since (4.9) ‖T − f‖_{A(a,20cr)} ≤ 20C_0εr with C_0 = 4c^2c_n as before, we may assume that x ∈ G.

Let Q ∈ K be a cube containing x and let v ∈ Q ∩ K^0. It clearly suffices to find an estimate (4.10) |T v − F v| ≤ C_3εr. Recall from (4.4) that F v = S_vv with (4.11) ‖S_v − f‖_{A(av ,ctv)} ≤ C_0εt_v , where t_v = s(a_v) ∨ 8r_v. Since ct_v ≥ cs(a_v), there is a c-special simplex Δ_v for (A, a_v , ct_v). As d(Q) ≤ d(Q, A) ≤ r, we have r_v ≤ |v − a| ≤ |v − x| + |x − a| ≤ 2r. If a_v ≠ a, this yields s(a_v) ≤ |a_v − a| ≤ 4r. If a_v = a, then s(a_v) = s(a) ≤ 16r by (4.8). Hence t_v ≤ 16r ∨ 8r_v = 16r. It follows that Δ^0_v ⊂ A(a, 20cr). By (4.9) and (4.11) we obtain

‖S_v − T ‖_Δ0_v ≤ 20C_0εr + C_0εt_v ≤ 36C_0εr.

Fix a point z ∈ Δ^0_v. By 3.16 we obtain |F v − T v| ≤ 36C_0εr(1 + M_1|v − z|/d(Δ_v )), where M_1 = M_1(c, n) is as in the proof of Fact 1, and |v − z| ≤ r_v + ct_v, d(Δ_v) ≥ b(Δ_v) ≥ t_v. Since r_v ≤ t_v/8, we obtain (4.10) with C_3 = 36C_0(1 + 2cM_1). □

We set δ_3 = 1/3C_3 and δ = δ(c, n) = δ_1 ∧δ_2 ∧δ_3. From now on we assume that ε ≤ δ.

Fact 4. We have F A ∩ F G = ∅.

Proof. Let a ∈ A, x ∈ G and write r = |a − x|. Let T be the isometry given by Fact 3 for these a and r. Then |F a − F x| ≥ |T a − T x| − 2C_3εr ≥ r − C_3δ_3r = 2r/3 > 0. □ Fact 5. The extension F is (1 + C_2ε)-Lipschitz.

Proof. By Fact 2, the restriction F |G is locally (1 + C_2ε)-Lipschitz, and F |A = f is (1+ε)-Lipschitz. By 3.17, it suffices to show that F is continuous at an arbitrary point a ∈ A.

Let x ∈ R^n and let T be the isometry given by Fact 3 for a and r = |x−a|. Then |F x − F a| ≤ |F x − T x| + |T x − T a| ≤ r/3 + r. Hence F is continuous at a. □

Fact 6. The restriction F |G is sense-preserving, discrete and open. Proof. If y ∈ F G, then F^{−1}y ⊂ G is a discrete set, since F |Δ is injective for each Δ ∈ W . Thus F is discrete.

By 3.19 it remains to prove that F |G is sense-preserving. Let D be a domain with D̄ ⊂ G compact. Let y ∈ F D \ F ∂D and let V be the ycomponent of R^n \ F ∂D. Then z → μ(z, F, D) is constant in V . Set B = ∪{∂Δ: Δ ∈ W }. Since int F B = ∅, there is a point z ∈ V ∩ F D \ F B. Then D ∩ F^{−1}{z} is a nonempty finite set whose elements are interior points of certain simplexes Δ ∈ W . For each Δ, the restriction F |Δ is affine and sense-preserving by Fact 2. This implies that μ(y, F, D) = μ(z, F, D) = ∑ {i(x, F ): x ∈ D ∩ F^{−1}{z}} = #(D ∩ F^{−1}{z}) > 0.

This completes the proof of Fact 6. □

Before proceeding, we make the normalization 0 ∈ A and f(0) = 0. Fact 7. We have μ(y, F, B(r)) = 1 for each r > 0 and y ∈ B(r/2). Proof. Let T be the isometry given by Fact 3 for a = 0. If |x| ≤ r, then |T x−F x| ≤ C_3εr ≤ r/3 so that z → μ(z, F, B(r)) is constant for z ∈ B(r/2). Moreover, the segmental homotopy h_t : T ∼ F, h_t(x) = (1 − t)T x + tF x has the property h_t(0) = 0 ∉ h_tS(r). By a basic property of degree, this implies that μ(0, F, B(r)) = μ(0, T, B(r)) = 1, since T is affine and sense-preserving. □ Fact 8. The extension F : R^n → R^n is a homeomorphism. Proof. Fact 7 implies that B(r/2) ⊂ F R^n for all r > 0, and thus F R^n = R^n.

To show that F is injective, let y ∈ R^n. We show that #F^{−1}y = 1 by considering three cases. Recall that B = ∪{∂Δ: Δ ∈ W }.

Case 1. y ∈ F A = fA. The claim is obvious by Fact 4. Case 2. y ∈ F G\F B. Let r > 2|y|. By Fact 7, we have μ(y, F, B(r)) = 1.

Therefore, the set B(r) ∩ F^{−1}y is nonempty, and since F |G is discrete by Fact 6, this set is finite. In a neighborhood of each point of this set, the map F is affine and sense-preserving by Fact 2. Thus 1 = μ(y, F, B(r)) = ∑ {i(x, f): x ∈ B(r) ∩ F^{−1}y} = #(B(r) ∩ F^{−1}y). Since r > 2|y| was arbitrary, the claim follows from this.

Case 3. y ∈ F B. Assume that x_1, x_2 ∈ F^{−1}y and x_1 ≠ x_2. Choose disjoint neighborhoods U_1, U_2 of x_1, x_2 in G. By Fact 8, the sets F U_1 and F U_2 are open. Since F B has no interior, there is a point z ∈ F U_1 ∩F U_2 \F B, and the previous cases imply that #F^{−1}z = 1. This is a contradiction, since F^{−1}z meets both U_1 and U_2.

This completes the proof of injectivity of F , and Fact 8 is proved. □

4.12. Final Step. By Facts 5 and 8, the extension F : R^n → R^n is a (1+C_2ε)- Lipschitz homeomorphism provided that ε ≤ δ(c, n). It remains to show that F^{−1} is (1 + C_2ε)-Lipschitz as well.

Assume that [y, z] ⊂ F G. Then [y, z] can be divided into a finite number of subintervals J such that each J is contained in F Δ for some Δ ∈ W . By Fact 2, the restriction F^{−1}|J is (1 + C_2ε)-Lipschitz. This implies that F^{−1}|F G is locally (1 + C_2ε)-Lipschitz, and thus, by 3.17, the inverse F^{−1} is (1 + C_2ε)-Lipschitz.

We have proved that F is (1+C_2ε)-bilipschitz. Hence Theorem 2.8 holds with C = C_2 and δ = δ_1 ∧ δ_2 ∧ δ_3. □

4.13. Numerical estimates. Using the numerical bounds in [ATV, 3.8] one can show that Theorem 2.8 holds with C(c, 2) = 3·10^{14}c^6, C(c, 3) = 8·10^{24}c^7, and with δ(c, 2) = 1/C(c, 2), δ(c, 3) = 1/C(c, 3).

4.14. Open problems. We close this article with some open problems related to our results.

(i) Sturdiness is a sufficient condition for c-linear bilipschitz extension property; is it also necessary under some additional conditions? For example, is it true that if A is c-relatively connected in the sense of [TrV], then A has the c_1-linear bilipschitz extension property if and only if it is c_2-sturdy?

(ii) In general, bilipschitz maps f : A → R^n cannot be extended to R^n.

In some special cases this may be possible, so we ask the following questions. Let L ≥ 1 and let f : A → R^n be L-bilipschitz. Does f have an L_1-bilipschitz extension to R^n with L_1 = L_1(L, n) if (a) A = Z^n or, more generally, if (b) A ⊂ R^n is an (α, β)-net?

If the answer is affirmative in the latter case, then the constant L_1 must also depend on α, β. Note that (a) and (b) are not as closely related as it may seem, since for every n ≥ 2 there are nets A ⊂ R^n, which are not bilipschitz equivalent to Z^n; see [BK, Theorem 1.1 and Remark 1] and [Mc].

References

[ATV] P. Alestalo, D.A. Trotsenko and J. Väisälä, Isometric approximation. - Israel J. Math. 125, 2001, 61–82.

[BK] D. Burago and B. Kleiner, Separated nets in Euclidean space and Jacobians of bi-Lipschitz maps. - Geom. Funct. Anal. 8, 1998, 273– 282.

[Do] A. Dold, Lectures on algebraic topology. - Springer, 1972.

[Gu] M. de Guzmán, Differentiation of integrals in R^n. - Lecture Notes in Math. 481, Springer, 1975.

[Mc] C. McMullen, Lipschitz maps and nets in Euclidean space. - Geom.

Funct. Anal. 8, 1998, 304–314.

[PV] J. Partanen and J. Väisälä, Extension of bilipschitz maps of compact polyhedra. - Math. Scand. 72, 1993, 235–264.

[RR] T. Rado and P.V. Reichelderfer, Continuous transformations in analysis. - Springer, 1955.

[Re] Yu.G. Reshetnyak, Stability theorems in geometry and analysis, Kluwer, 1994.

[TY] Titus and Young, The extension of interiority, with some applications. - Trans. Amer. Math. Soc 103, 1962, 329–340.

[Tr] D.A. Trotsenko, Extension of nearly conformal spatial quasiconformal mappings. - Sibirsk. Mat. Zh. 28, 1987, 126–133 (Russian), translation in Siberian Math. J. 28, 1987, 966–971.

[TrV] D.A. Trotsenko and J. Väisälä, Upper sets and quasisymmetric maps. - Ann. Acad. Sci. Fenn. Math. 42, 1999, 465–488.

[TuV] P. Tukia and J. Väisälä, Extension of embeddings close to isometries or similarities. - Ann. Acad. Sci. Fenn. Math. 9, 1984, 153–175.

[Vä] J. Väisälä, Bilipschitz and quasisymmetric extension properties. - Ann. Acad. Sci. Fenn. Math. 11, 1986, 239–274.

[VVW] J. Väisälä, M. Vuorinen and H. Wallin, Thick sets and quasisymmetric maps. - Nagoya Math. J. 135, 1994, 121–148.

P. Alestalo Matematiikan laitos Teknillinen korkeakoulu PL 1100 02015 TKK, Finland

pekka.alestalo@hut.fi

D.A. Trotsenko Institut Matematiki SO RAN Koptjuga prospekt 4 630090 Novosibirsk, Russia

trotsenk@math.nsc.ru

J. Väisälä Matematiikan laitos Helsingin yliopisto PL 4, Yliopistonkatu 5 00014 Helsinki, Finland

jvaisala@cc.helsinki.fi