TARTAR CONJECTURE AND BELTRAMI OPERATORS

DANIEL FARACO

Abstract. We study the set H^p(E) of W^{1,p} homogeneous Gradient Young measures supported on a given closed set E ⊂ M^{2×2} in relation with the K-quasiconformality of E. We prove that if the set E has no rank-one connections and it is K-quasiconformal at infinity H^p(E) is trivial for every p >^{2K}_{K+1} . If the set is Kquasiconformal at every point we also get results for the quasiconvexification of the distance function. The results are shown to be sharp by constructing sets E K- quasiconformal at every point and W^{1,q} gradient Young measures supported in E for every q <^{2K}_{K+1} . The main tool is the invertibility of Beltrami Operators.

1. introduction

The study of the oscillation of sequences of gradients of Sobolev functions is a central topic in the Calculus of Variations and Non- Linear Partial Differential Equations. In this note we examine which subsets of the space of 2 by 2 matrices M^{2×2} “forbid” the oscillation of sequences of gradients approaching them. In precise words; Let E be a subset of M^{2×2} and 1 ≤ p ≤ ∞. Is the set stable in the sense that every sequence {f_j} such that

(1.1) dist_E (Df_j) → 0 in L^p

satisfies that {Df_j} is compact in L^p?. The natural tool to study this problem are Young measures, which have proved to be an efficient devise when trying to capture properties of oscillating sequences. In particular we will need the following type of Young measures,

Definition 1.1. Let 1 ≤ p ≤ ∞. A probability measure ν ∈ M(M^{2×2}) is a W^{1,p} Homogeneous Gradient Young measure if there exists a sequence {f_j }, weakly convergent in W^{1,p}(Ω, R^2 ), such that for every φ ∈ C^∞_0 (M^{2×2}) φ(Df_j)^⋆⇀ ∫ M^{2×2} φ(λ)dν(λ) in L^∞(Ω). The set of W^{1,p} Homogeneous Gradient Young measures supported in a closed set E is denoted by H^p(E).

0Mathematics Subject Classification: 30C62, 49J45, 35J45. 0D.F, is supported by the Academy of Finland (Project # 53292) 1

The sequence {Df_j} is called the generating sequence. A standard covering argument shows that the above definition does not depend on the domain Ω. It follows form ([P, Proposition 6.12]) that if the sequence {|Df_j|^p} is known to be weakly convergent in L^1(Ω) we are concerned with the following question,

Question 1.2. Which closed sets E ∈ M^{2×2} satisfy that

(1.2) H^p(E) = {δ_A : A ∈ E}?

When (1.2) holds we say that H^p(E) is trivial. Gradient Young measures are closely related to the so-called quasiconvex hulls. If E is compact E^{qc}, the quasiconvex hull of E is a crucial notion in the study of martensitic phase transitions [BJ],[Mü]. For unbounded sets the quasiconvex hull has turned out to be an important object to be understood in a number of different problems; Singular solutions of elliptic systems [S1], stability of the conformal set [Y],[Y1], G-closure problems and control [F], [P1], linear growth minimizing problems [FoM], etc. For unbounded sets, the most used definition of quasiconvex hull is the following:

Definition 1.3. Let E ∈ M^{2×2} be a closed set and 1 ≤ p < ∞. Then E^{p,qc}, the p-quasiconvex hull of E, is defined by

E^{p,qc} = {A ∈ M^{2×2} : Qdist^p_E (A) = 0}.

The above definition makes sense after recalling that for a continuous function f we have that

Definition 1.4. Let f a be continuous function. Then Qf,the quasiconvexification of f, is defined by Qf(A) = inf_{φ∈C∞0 (D )} ∫ D f ( A + Dφ(z) ) dz. Thorough discussions on quasiconvexification of functions and their relation with the lower semicontinuous envelope of the related functionals can be found in [D],[Mü],[P].

In our setting, the definition of p-quasiconvex hull immediately yields the following question.

Question 1.5. Which closed sets E have trivial p-quasiconvex hull?

Let us start with question 1.2. It goes back at least to Tartar that a necessary condition on a set E to have trivial H^p(E) is that for every A and B in E

(1.3) det(A − B) ≠ 0.

A set satisfying (1.3) is called a set without rank-one connections. In 1982 Tartar conjectured that this condition might be also sufficient (see [T]). However, later on Tartar himself provided an example of four matrices (independently discovered by other people) without rankone connections but supporting a W^{1,∞} Homogeneous Gradient Young measure different from a Dirac delta ( see [Mü, section 2.5] for a detailed description of this example).

On the other hand, in [S1] Šverák proved that if instead of (1.3) we have that

(1.4) det(A − B) > 0 for every (A, B) in E × E,

the weak continuity of the determinant implies that H^2(E) is trivial. In the same work he showed that for some sets (1.4) and (1.3) are equivalent. In particular, this is true for connected sets ( precisely we have that the determinant does not change sign), and for the the unions of orthogonal wells, fundamental in the study of martensitic phase transitions.

Since a result of Zhang in [Z] states that for a compact set E, H^p(E) = H^∞(E), Šverák arguments work for each 1 ≤ p ≤ ∞. In addition, the compactness of E implies that

(1.5) E^{p,qc} = {A ∈ M^{2×2} : A = ∫ M^{2×2} λν(λ), ν ∈ H^p(E)}. Thus, compact sets satisfying (1.4) have trivial quasiconvex hulls.

In the papers [Z1], [Z2] Zhang extended Šverák result to unbounded sets. The prize to pay was that the set E needs to satisfy condition (1.4) in a stronger way. He considered sets E such that, in addition to (1.4), satisfy that the quantity K_E defined by,

(1.6) K_E = sup { ‖A − B‖2 det(A − B) : (A, B) ∈ E × E }

is finite (although he used complex notation, see section 2). Recall that the set of K-quasiconformal matrices is defined by

(1.7) Q(K) = {A ∈ M^{2×2} : ‖A‖^2 ≤ K det(A).}

This motivated us to name a set E such that K_E ≤ K, Kquasiconformal at every point. Therefore, K-quasiconformality at every point is the natural quantitative version of (1.4).

An important feature of these type of sets is that the answers to questions (1.2) and (1.5) depend on p. Zhang discovered the existence of a certain threshold p(K_E ) such that for p > p(K_E ) the set H^p(E) is trivial. Unfortunately, in his proof the relation between p and K_E depends on the norm of the Beurling Ahlfors transform, and this norm remains as perhaps the most challenging open problem in planar quasiconformal geometry.

In this note we get around this difficulty by means of the invertibility of the Beltrami Operators proved by Astala, Iwaniec and Saksman in [AIS]. We obtain that p(K_E) =^{2KE}_{KE +1} , the Weyl exponent for quasiregular mappings determined by Astala in [A]. In fact, we present a more general condition than (1.6) depending on the complex dilatation of the matrices in E which still implies the triviality of H^p(E) (see Remarks 3.7, 4.4 and condition (3.10)). It is remarkable that our proofs make no appeal to the weak continuity of the determinant. Therefore, we recover the previous results of Šverák and Zhang using a new viewpoint to deal with questions (1.2) and (1.5). In addition, our method yields a characterization of the behaviour of the distance function and its quasiconvexification, extending the work of Iqbal and Zhang [I] [Z3].

In a more recent article [Z4] Zhang proved that condition (1.4) and certain control on how the set E behaves near ∞ were enough to establish the triviality of H^2(E). We introduce the notion of sets asympotically K-quasiconformal.

Definition 1.6. A closed set E ⊂ M^{2×2} is said to be asymptotically K-quasiconformal if

(1.8) lim_{M→∞} sup{ ‖A‖^2 det A , A ∈ E \ B(0, M)} ≤ K. and (1.9) lim_{M→∞} inf{det A, A ∈ E \ B(0, M)} > 0.

We prove that for sets E satisfying (1.4) and asymptotically Kquasiconformal p(E) =^{2K}_{K+1} as well. The basic ingredient is a higher integrability argument. However, here we need to use the weak continuity of the determinant since we do not have control of the quasiconformality of the set when det(A − B) is close to 0. This also prevents us from understanding the relaxation of the distance function in this case.

In the same paper [Z4] it is asked if (1.4) toguether with the asymptotic K-quasiconformality for some K imply the triviality of H^1(E). We present sets E such that K_E < ∞ but for q < p(K_E ) H^q(E) is not trivial. Since they contain 0 our sets are trivially asymptotically K-quasiconformal. Hence the question is solved in negative. In a future project we plan to investigate how some version of the method of convex integration applied to our examples gives new very weak quasiregular mappings.

If we look at our results as a whole, we see two things. Firstly, regularity results for elliptic PDEs give restriction on the kind of sets that can support non trivial Gradient Young measures. Secondly, if we examine unbounded sets E, the scale of exponents for which the p-quasiconvex hull behaves naturally coincides with the range of the exponents for which the associated PDE can be solved. If we are below these exponents very weak solutions give surprising p-quasiconvex hulls and surprising p-quasiconvex hulls give very weak solutions.

Since in the plane sharp results for elliptic PDEs are avalaible due to Astala’s Theorem [A] we could get sharp results when studying sets growing linearly at infinity. In case we want to understand sets growing non-linearly at infinity we should look for/prove regularity results for the associated non-linear elliptic PDE.

The paper will be organized as follows. Section 2 will review some basic notation and facts on Beltrami Operators. We will prove a corollary of Astala, Iwaniec, Saksman theorem on the invertibility of Beltrami Operators to obtain the most general conditions on the complex dilatations of the matrices in a set E guaranteeing the triviality of H^p(E). In section 3 we deal with sets asymptotically K-quasiconformal. We present coercivity results for the distance function, and higher integrability results for homogeneous Gradient Young measures supported in such a set E. We also show that for asymptotically K-quasiconformal sets the characterization 1.5 for the p-quasiconvex hull holds provided p stays in the right range. In section 4 we analyze sets without rank-one connections. Firstly, when they are quasiconformal at every point , and then when we only have control of their quasiconformality at infinity. We also present a result characterizing sequences of gradients approaching to unions of these sets. In Section 5 we will construct examples of sets K-quasiconformal at every point and such that E^{qc,q} = co(E) for every 1 ≤ q <^{2K}_{K+1} . They will show the optimality of our results and answer the questions raised by Zhang.

Acknowledgments. It is pleasure to thank Kari Astala for useful discussions.

2. Notation and Preliminaries

In the paper we will be living in two different worlds, the domain of the functions under consideration, i.e the complex plane C , and the range of their derivatives, i.e the space of two by two matrices M^{2×2}. In C , D will be the unit disc and D (a, r) the disc centered at a with radius r. The supports of a function f and of a measure ν will be denoted by spt(f) and spt(ν), respectively. For preimages of Borel Sets we will make the standard abuse of notation. For example, if P is a measurable function the set {z ∈ D : P (z) ≥ M} will be denoted by {P (z) ≥ M}. The hyperbolic distance between two points {z_1, z_2} in D is denoted by dist_h(z_1, z_2). The length element in the hyperbolic distance is ds = 2 1 − |z|^2 |dz|.

Let A ∈ M^{2×2}. Then ‖A‖ will stand for the operator norm of A and |A| for the Hilbert-Smith norm. The set CO_+ = {A ∈ M^{2×2} : A = ρR, ρ > 0, R ∈ SO(2)} is called the set of conformal matrices. Similarly,

CO_− = {A ∈ M^{2×2} : A = CH, H = ( 1 0 0 −1 ) , C ∈ CO_+} is the set of anticonformal matrices. The function Π_{CO±} : M^{2×2} → CO_± will denote the orthogonal projections on CO_±. By means of the natural identification between matrices in SO(2) and complex numbers with modulus 1,

(2.1) ( cos(θ) − sin(θ) sin(θ) cos(θ) ) = cos(θ) + i sin(θ)

the projections Π_{CO±} induce complex coordinates for matrices; A = (A_+, A_−) : A_+, A_− ∈ C (see [Al]). Since A_± are complex numbers |A_±| denote their absolute values. Let us remark that (2.1) implies that |Π_{CO±} (A)| = √ 2|A_±|. In complex coordinates we have the identities,

(2.2) det(A) = |A_+|^2 − |A_−|^2 , ‖A‖ = |A_+| + |A_−| and

|A|^2 = 2(|A_+|^2 + |A_−|^2).

Given two matrices A, B we say that [A, B] = {tA+(1−t)B : t ∈ [0, 1]} is a rank-one segment if det(A − B) = 0. In conformal coordinates the latter condition is equivalent to |A_+ − B_+| = |A_− − B_−|. Complex coordinates give rise to the concept of complex dilatation of a matrix A, μ_A =^{A−}_{A+} ∈ C . Let k =^{K−1}_{K+1} . Then it follows from (2.2) that A ∈ Q(K) if and only if |μ_A| ≤ k. Let E ⊂ M^{2×2}. Then co(E) denotes the closed convex hull of E.

Let us turn now our attention to mappings. The space C^∞_0 (D ) is the space of infinitely differentiable functions with compact support. The space of vector valued Sobolev mappings is denoted by W^{1,p}(D , C ) or W^{1,p}(D , R^2 ) indistinctly. If f ∈ W^{1,2}(D , C ) and Df ∈ Q(K) almost everywhere in D , f is said to be K-quasiregular. If in addition f is an homeomorphism it is said to be K-quasiconformal. We will also use complex coordinates to study the Jacobian derivative of a Sobolev mapping f; Df(z) = ( ∂_zf(z), ∂_z f(z) ) , μ_f = ∂_zf(z) ∂_zf(z) , J_f (z) = det(Df(z)).

In case we are dealing with functions supported in the whole space the complex derivatives of a (non-homogeneous) Sobolev function are related by the Beurling-Ahlfors transform S(∂_zf) = ∂_zf, where S is a Calderon-Zygmund Operator with Fourier multiplier equal to^ξ . Hence, the general theory of these operators says that S is bounded from L^p(C ) to L^p(C ) if 1 < p < ∞. One can interpret the boundness of S as a coercivity result for the PDE ∂_zf(z) = h where h ∈ L^p(C ). This is the simplest example of the so-called Beltrami equations. In general, each function μ ∈ L^∞(C ) with ‖μ‖_∞ < 1 determines an elliptic equation. The function μ is called a Beltrami coefficient and the equation the Beltrami equation. For a given μ the associated Beltrami equation is ∂_zf − μ∂_zf = h, were h in L^p(C ). These equations are well understood thanks to the work of Astala, Iwaniec and Saksman [AIS]. The key result in [AIS] is the coercivity of the so-called Beltrami Operator I − μS. (See [AIS, Lemma 14])

Theorem 2.1. Let g ∈ L^p(C , C ) and μ ∈ L^∞(C , B(0, k)). Let 1 + k < p < 1 +^1_k . Then, ∫ C |g(z)|^pdz ≤ C(k, p) ∫ C |g(z) − μ(z)S(g(z))|^pdz.

This theorem will be the main tool used in this paper. However, in some places we will need more general versions. The main ingredient in the proof of Proposition 4.5 is the analogous result to Theorem 2.1 where the associated equation is nonlinear. Astala, Iwaniec and Saksman also established the following invertibility result for non-linear Beltrami operators ([AIS, Theorem 1]).

Theorem 2.2. Let H be a measurable function H : C × C → C such that H is k-Lipschitz (k < 1) in the second variable and H(w, 0) = 0 for almost every w. Let B(g) = g − H(z, S(g)). Then B : L^p(C ) → L^p(C ) is an invertible operator provided that 1 + k < p < 1 +^1_k .

To get the optimal results with respect to the question studied in this work it is better to express Theorem 2.1 in the following more general version.

Corollary 2.3. Let K > 1 and let μ ∈ L^∞(C ) such that there exists a complex number μ_0 ∈ D with dist_h(μ(z), μ_0) ≤ log(K). Let^{2K}_{K+1} < p < 2K K−1 . Then the operator (I − μS)^{−1} is bounded from L^p(C ) into itself.

Notice that if K =^{k+1}_{1−k} and μ_0 = 0 the corollary just rephrase Theorem 2.1.

Proof:

The proof of Theorem 2.1 in [AIS] uses |μ(z)| ≤ k only to obtain that for every K-quasiconformal homeomorphic solution to the homogeneous Beltrami equation ∂_zf = μ∂_zf, w = |J_f |^{1− p}2 is an A_p-weight for 2 ≤ p < 1 +^1_k see [AIS, Lemma 6]. Therefore it is enough to prove that if μ is as in the Corollary 2.3 every quasiconformal solution to ∂_z F = μ∂_zF gives rise to the corresponding A_p-weights . This is a consequence of the appropriate linear change of variables. Consider the linear mapping A_0(z) = z + μ_0z. Then the chain rule gives that

μ_{F ∘A}−1_0 (A_0(z)) = μ_F (z) − μ_0 1 − μ_F (z)μ_0 1. The point is that T (z) =^{z−μ0}_{1−zμ0} is a Möbius transformation from the disc to the disc mapping μ_0 to 0. Hence, it is an isometry with respect to the hyperbolic metric of the disc. Thus, for every w ∈ C , dist_h(μ_{F ∘A}1_0 (w), 0) ≤ log K and hence ‖μ_{F ∘A}−1_0 ‖_∞ ≤ k, i.e F ∘ A^{−1}_0 is K-quasiconformal. Then if we set f = F ∘ A^{−1}_0 , we have shown that F (z) = f(A_0(z)) where f is K-quasiconformal. Since A_p properties are not affected by linear change of variables |J_F |^{1− p}2 is also an A_p-weight. Similarly, |J_F −1 |^{1− p}2 is an A_p-weight because |J_f −1 |^{1− p}2 is an A_p- weight.

The above theorem is almost sharp if we look at the regularity of the solutions to the Beltrami equations in terms of the range of the Beltrami coefficient μ. Take two complex numbers w_1, w_2 ∈ D such that dist_h(w_1, w_2) = 2 log(K). Pick the point w_0 in the hyperbolic geodesic γ joining w_1 and w_2 such that dist_h(w_0, w_1) = dist_h(w_0, w_2) = log(K). Consider the Möbius transformation from the disc into itself T_{w0} such that T_{w0} (w_0) = 0. Since T_{w0} (γ) is an hyperbolic geodesic passing through 0 it must be an straight line. Moreover, dist_h(T_{w0} (w_1), 0) = dist_h(T_{w0} (w_2), 0) = log(K). Hence, composing with a rotation we can assume that there is a Möbious transformation T mapping w_1 and w_2 to k and −k, respectively. It follows from the ideas in [F1] that one can saturate the bounds for the integrability of the gradient of quasiregular mappings with mappings f such that μ_f ∈ {k, −k} almost everywhere. Let f be one of these mappings.

Now if A is a linear mapping the chain rule gives μ_{f∘A}−1 (A(z)) = μ_f (z) − μ_A 1 − μ_f (z)μ_A A_+ A_+ .

This implies that we can find a matrix A_0 such that μ_{f∘A}−1_0 = T^{−1}(μ_f (z)). Therefore the mapping F (z) = f(A^{−1}_0 z) satisfies that μ_F (z) = {w_1, w_2} almost everywhere and F behaves as badly as f.

3. Quasiconvex hulls and Quasiconformality of sets

Quasiconvex hulls have arisen as the right analogous to convex hulls in the vectorial calculus of variations. After proper interpretation the quasiconvex hull of a closed set E expresses the possible macroscopical effects of a system constrained by the set E at the microscopical level. There are several definitions in use of quasiconvex hulls [Z4],[Y1]. The Definition 1.3 is the least restrictive, whereas the characterization (1.5) is the most. In other words for a general set E we always have

{A ∈ M^{2×2} : A = ∫ M^{2×2} λν(λ), ν ∈ H^p(E)} ⊂ E^{p,qc}, and the other existing definitions of p-quasiconvex hull (see [Z4]) give sets in between.

In [Z4] Zhang presented examples where the above inclusion is strict. His sets are asymptotically close to rank-one lines. The following less subtle example illustrates the idea behind them.

Example 3.1. The set E will be contained in the plane of all diagonal matrices in M^{2×2}. Hence we use the identification ( d_1 0 0 d_2 ) = (d_1, d_2).

In this notation let E = {(d_1, 0) ∪ (0, d_2) with 0 ≤ d_1, d_2 < ∞}. Then E^{p,qc} = co(E), for every 1 ≤ p < ∞. Nevertheless if ν ∈ H^2(E), ∫ M^{2×2} λdν(λ) ∈ E. Proof:

Let A ∈ co(E). Then A = (d_1, d_2) with 0 < d_1, d_2 < ∞. We use that finite quasiconvex functions are convex along rank-one segments, and that in the diagonal plane vertical segments are rank-one segments. Therefore for every natural number j

Qdist^p_E (A) ≤ θ_j dist^p_E ( (d_1, j) ) + (1 − θ_j )dist^p_E ( (d_1, 0) ) = θ_j dist^p_E(d_1, j)

where θ_j j = d_2. Since dist_E(d_1, j) = min{d_1, j}

Qdist^p_E (A) ≤ d^p_1d_2 j for every j, whence co(E) ∈ E^{p,qc}. The claim is proved because E^{p,qc} is always included in co(E).

However. if A ∈ co(E) \ E was the centre of mass of a measure ν ∈ H^2(E), by [Mü, Theorem 1], ν would satisfy Jensen inequality for separately convex functions with quadratic growth. The function f(d_1, d_2) = max(d_1, 0) max(d_2, 0) yields a contradiction.

Observe that what we have done in this example is finding a sequence {g_j} ∈ C^∞_0 (D , R^2 ), which yields the infimum in the definition of Qdist^p, but such that dist_E(A + Dg_j) ∈ {0, d_1}, and lim_{j→∞} ∫ D |Dg_j(z)|^2dz = ∞. When the sequence giving the infimum in the definition of the quasiconvexification is bounded in W^{1,p} the characterization (1.5) for the p-quasiconvex hull holds.

Lemma 3.2. Let E ∈ M^{n×m} be a closed set such that for every matrix A ∈ M^{n×m} there exists a constant C_A such that for every function ϕ ∈ C^∞_0 (Ω, R^m )) ∫ Ω |Dϕ(z)|^pdx ≤ C_A ( 1 + ∫ D dist^p_E ( A + Dϕ(z) ) dz ) . Then

E^{qc,p} = {A ∈ M^{2×2} : A = ∫ M^{2×2} λν(λ), ν ∈ H^p(E)}.

Proof:

This is well-known. Under our assumptions one can arguee as in [P, chapter 4, section 3]. More precisely, the claim is a corollary of Theorem 4.4, Corollary 4.5 and Corollary 4.7.

Beltrami Operators yield natural sets satisfying the above coercivity condition. Using them as the main tool we can show that the examples containing rank-one lines or asymptotic to them [Z4] are quite extremal. Roughly speaking, if a set E ⊂ M^{2×2} is bounded away from the rankone lines the both previous notions of p- quasiconvex hulls agree for a range of exponents depending on how much we are off the rank-one lines. This can be made quantitatively precise.

Proposition 3.3. Let M > 0 , K > 0 and^{2K}_{K+1} < p <^{2K}_{K−1} . Set E = B(0, M) ∪ Q(K). Then for every A ∈ M^{2×2} there exists a constant C_A depending on A,p,M and K such that for every function ϕ ∈ C^∞_0 (D , R^2 ) ∫ D |Dϕ(z)|^pdz ≤ C_A ( 1 + ∫ D dist^p_E ( A + Dϕ(z) ) dz )

Proof:

Let v(z) = Az + ϕ(z). By smoothness there exists R(v) > 0 such that |Dv(z)| ≤ R. Thus, the so-called Measurable Selection Lemma ([E, page 236]) provides us with a measurable function P : D → E ∩ B(0, 2R) such that for every z

(3.1) |Dv(z) − P (z)| = dist_E ( Dv(z) ) . We declare

(3.2) μ(z) = {_{P (z)−} P (z)_+ if z ∈ D and |P (z)| ≥ M

0 otherwise.

We only need a bound for the L^p norm so it is enough to control Dϕ in some ball independent of ϕ centered at ∞. Since ϕ(z) has zero boundary values its zero extension belong to W^{1.p}(C , C ). In addition, it follows from the definition of μ that ‖μ‖_∞ ≤ k. Hence, we can use the key Theorem 2.1 and the L^p boundness of the Beurling transform to obtain

(3.3) ∫ D |Dϕ(z)|^pdz ≤ C(k, p) ∫ D |∂_zϕ(z) − μ∂_zϕ(z)|^pdz. Therefore, if we find a constant C such that ∫ D |∂_zϕ(z) − μ∂_zϕ(z)|^pdz ≤ C ( 1 + ∫ D dist^p_E ( Dv(z) ) dz )

the Proposition will be proved. Let us plug in the definition of μ. Then,

(3.4) ∫ D |∂_zϕ(z) − μ∂_zϕ(z)|^pdz ≤ ∫ {P (z)≤M} |∂_zϕ(z)|^pdz + ∫ {P (z)≥M} |∂_zϕ(z) − μ∂_zϕ(z)|^pdz. Now, we estimate each term separately: For the first term we have ∫ {|P (z)|≤M} |Dϕ(z)|^pdz ≤ C(p) ( ∫ {|P (z)|≤M} dist^p_E ( Dv(z) ) + |P (z)|^pdz + |A|^p ) (3.5) ≤ C(p, A, M)(1 + ∫ {|P (z)|≤M} dist^p_E ( Dv(z) ) dz); For the second term, use (3.1) to get ∫ {|P (z)|≥M} |∂_zϕ(z) − μ∂_zϕ(z)|^pdz ≤ ∫ {|P (z)|≥M} |∂_zv(z) − μ∂_zv(z)|^pdz + ∫ {|P (z)|≥M} |A_− − μ(z)A_+|^pdz (3.6) ≤ C ( 1 + ∫ D dist^p_E (Dv(z))dz ) . We have only added and subtracted the appropriate quantities and used the respective domains of integration. Combining (3.5) and (3.6) with (3.4) and (3.3) we obtain the desired result.

Corollary 3.4. Let K > 1 and^{2K}_{K+1} < p <^{2K}_{K−1} . Let E = B(0, M) ∪ Q(K). Then

E^{qc,p} = {A ∈ M^{2×2} : A = ∫ M^{2×2} λν(λ), ν ∈ H^p(E)}

Proof:

The proof readily follows from Lemma 3.2 and Proposition 3.3.

One of the remarkable features of quasiregular mappings is the automatic improvement of their regularity. Precisely, a mapping f ∈ W^{1,q}_{loc} (D , R^2 ) with q >^{2K}_{K+1} and such that Df(z) ∈ Q(K) belongs to W^{1,p}_{loc} (D , R^2 ) for every p <^{2K}_{K−1} . In [AF] this was generalized to Gradient Young measures. In that paper, it was proved that H^q(Q(K)) = H^p(Q(K)) for^{2K}_{K+1} < q, p <^{2K}_{K−1} . In this work we shall need the following sharper result. The idea of the proof is push the sequence to the quasiconformal cone when is close to the cone. In this way, we find another generating sequence {Dφ_j} which is either quasiconformal or close to the ball.

This implies that the elements of the new generating sequence satisfy Beltrami equations with the right hand sides uniformly bounded in L^∞(D ). Then by means of cut-off functions the new sequence is shown to have local higher integrability. Since the Young measure is homogeneous, this is enough to imply the correct integrability for the measure.

Proposition 3.5. Let M > 0 , K > 1 and^{2K}_{K+1} < q, p <^{2K}_{K−1} . Set E = B(0, M) ∪ Q(K). Then

H^q(E) = H^p(E).

Proof:

Let ν ∈ H^q(E). A well known property of gradient Young measures (See [P, Proposition 8.15]) is that there exists generating sequence φ_j ∈ W^{1,∞}(D , R^2 ) such that |Dφ_j|^q is equiintegrable. Therefore ∫ D dist^q_E ( Dφ_j (z) ) dz → 0. It is easy to see that this implies that,

(3.7) ∫ {|Dφ_j (z)|≥2M} dist^q_{Q(K)}(Dφ_j(z))dz → 0.

Then, let P_j(z) be the measurable function obtained from the Measurable selection Lemma such that dist_{Q(K)} ( Dφ_j(z) ) = |Dφ_j(z) − P_j(z)|, P_j (z) ∈ Q(K) (we need here that φ_j ∈ W^{1,∞}(D , R^2 )). Declare μ_j(z) = μ_{Pj (z)}χ_{{|Dφj (z)|≥2M}}(z) and h_j = (∂_zφ_j − μ_j∂_zφ_j )χ_{{|Dφj (z)|≥2M}}. Arguing as in the proof of Proposition 3.3, we find a constant C such that |∂_zφ_j − μ_j φ_j|^q ≤ Cdist^q_{Q(K)}(Dφ_j). Hence (3.7) implies that

‖h_j ‖_Lq_{(D )} → 0.

By means of the invertibility of the Beltrami Operators and the Cauchy transform we find a sequence {F_j} ∈ L^q(C ) such that

(3.8) ∂_zF_j − μ_j∂_zF_j = h_j

in the whole complex plane C , and ‖DF_j‖_Lq_{(C )} ≤ C‖h_j‖_Lq_{(D )} (For a related argument see [AF, Theorem 1.2]). Thus the sequence {D(φ_j − F_j )} also generates the measure ν. Set g_j = φ_j − F_j . Combining (3.8) and the definition of h_j we get that in D (3.9) ∂_zg_j − μ_j∂_z g_j = ∂_zφ_j χ_{{|Dφj (z)|<2M}}. That is, g_j satisfies locally a non homogeneous Beltrami equation with a right hand side bounded by 2M and compactly supported.

In order to apply Theorem 2.1 we need to extend g_j to the whole plane. Formally, let η_1 ∈ C^∞_0 (D ) be a cut-off function such that η(z) = 1 if |z| ≤^1_2 . Then, by the chain rule

∂_zη_1g_j − μ_j∂_zη_1g_j = η_1(∂_zg_j − μ_j∂_z g_j) + g_j(∂_zη_1 − μ_j∂_zη_1),

in the distributional sense.

Let us denote the new sequence of right hand sides by h̃_j. Since Dg_j is uniformly bounded in L^q, the Sobolev Embedding Theorem implies that g_j is uniformly bounded in L^{q∗} (D , C ), where q^∗ is the Sobolev conjugate exponent of q (notice that D is an extension domain).

Since η_1 is compactly supported, ‖η_1(∂_zg_j − μ_j∂_z g_j)‖_Lp_{(C )} ≤ 2M| spt (η_1)|^{1p} for every p and therefore h̃_j is uniformly bounded in L^{q∗} (C ). Now we need to consider two different cases:

If q^∗ ≥^{2K}_{K−1} , given that ∂_z(η_1g_j) = (I − μ_j S)^{−1}h̃_j, we can use once more Theorem 2.1 to obtain that {D(η_1g_j)} is uniformly bounded in L^p(C ) for every^{2K}_{K+1} < p <^{2K}_{K−1} . Therefore {Dg_j} is uniformly bounded in L^p(D (0,^1_2 )).

If q^∗ <^{2K}_{K−1} , the above argument only gives that the sequence {Dg_j} is uniformly bounded in L^{q∗} ( D (0,^1_2 ) ) . Next, we take a second cut-off function η_2 ∈ C^∞_0 ( D (0,^1_2 ) ) η_2(z) = 1 if |z| ≤^1_4 . Proceeding as above, we find that η_2g_j satisfies a non homogeneous Beltrami equation with the same Beltrami coefficient μ_j but with a new right hand side H_j ,

H_j(z) = η_2(∂_zg_j − μ_j∂_zg_j ) + g_j(∂_zη_2 − μ_j∂_zη_2).

The key is that now g_j ∈ W^{1,q∗} ( D (0,^1_2 ) ) . Since q^∗ > 2, the Sobolev embedding gives us that there are representatives of g_j which are uniformly Hölder continuous (again we use that discs are extension domains). There is no loss of generality assuming that g_j (0) = 0 so in particular the g_j are uniformly bounded in L^∞ ( D (0,^1_4 ) ) . Therefore, since we already knew that ∂_z g_j − μ_j∂_z g_j were uniformly bounded in L^∞(D ) we obtain that the sequence {H_j} is uniformly bounded in L^p(C ) for each p > 1. Now as above the invertibility of the Beltrami Operators gives that {D(η_2g_j)} is uniformly bounded in L^p(C ) for p <^{2K}_{K−1} , which implies that {Dg_j} is uniformly bounded in L^p(D (0,^1_4 )). Lastly, the homogeneity of ν implies that both {Dg_{j|D(0,} 1_{2 )}} and {Dg_{j|D (0,} 1_{4 )}} generate ν. This gives the desired fact: ν ∈ H^p(E) as well.

Let us put the above theorems together and extend the result to sets asymptotically K-quasiconformal.

Theorem 3.6. Let E ∈ M^{2×2} be a set asymptotically Kquasiconformal in the sense of definition 1.6 and let^{2K}_{K+1} < q, p <^{2K}_{K−1} . Then E enjoys the following properties:

i) For every A ∈ M^{2×2} there exists a constant C(K, A) such that for every φ ∈ C^∞_0 (D , R^2 ) ∫ D |Dϕ(z)|^pdz ≤ C(K, A) ( 1 + ∫ D dist^p_E (A + Dϕ(z))dz ) . ii) E^{qc,p} = {A ∈ M^{2×2} : A = ∫ M^{2×2} λν(λ), ν ∈ H p(E)}. iii) H^q(E) = H^p(E).

Proof:

Let^{2K}_{K+1} < p. Pick ϵ > 0 such that^{2K}_{K+1} <^{2(K+ε)}_{K+ε+1} < p. If E is asymptotically K-quasiconformal, the definition provides us with M(ε) such that E ⊂ B(0, M(ε)) ∪ Q(K + ε). Therefore we can apply Proposition 3.3, Corollary 3.4 and 3.5 to such a set and such a p. The result follows

Remark 3.7. Theorem 3.6 concerns the quasiconformal set of matrices Q(K). However it should be clear, that Corollary 2.3 immediately yields the following more general result. Let p and K as above. Let E a closed set such that K =^{k+1}_{1−k} . Then if

(3.10) lim_{M→∞} { inf_{μ0∈D} { sup ‖A‖>M,A∈E dist_h(μ_A, μ_0)} } ≤ log(K)

then Theorem 3.6 holds.

4. Sets with trivial quasiconvex hulls

Let E be a set such that for A, B ∈ E , det(A − B) > 0 . In [Z2], Zhang discovered that an enlightening way to express this fact is to describe E as the graph of a Lipschitz function H : Π_{CO+} (E) → CO_−. Precisely, H is defined by H(A) = Π_{CO−} ∘ Π^{−1}_{CO+} (A). Furthermore, it is an straightforward calculation to see that E is K-quasiconformal at every point (1.6) if and only if the Lipcschitz norm of H is at most k =^{K−1}_{K+1} . We combine Beltrami Operators with the ideas of Zhang and Iqbal [Z3], [I] from the case K = 1 to obtain the following theorem.

Theorem 4.1. Let K > 1 and let E ⊂ M^{2×2} be K-quasiconformal at every point in the sense of (1.6). Let^{2K}_{K+1} < p. Then E has the following properties:

i) H^p(E) is trivial. ii) E^{p,qc} = E. iii) There exists a constant C(p, k) such that dist^p_E(A) ≤ C(p, k)Qdist^p_E (A).

Proof:

Let H : Π_{CO+} (E) → CO_− be the k Lipschitz function such that E is the graph of H. We extend H, by means of Kirzsbraun extension theorem to a Lipschitz map, still denoted by H, defined on the whole conformal set CO_+(2).

Let A ∈ M^{2×2} and let P (A) be such |A − P (A)| = dist_E (A). Then |A_− − H(A_+)| = |A − P (A) + P (A)_+ − A_+ + H(P (A)_+) − H(A_+)|. The Lipschitz condition implies that

(4.1)

|A_− − H(A_+)| ≤ |A − P (A)| + (1 + k)|P (A)_+ − A_+| ≤ (2 + k)dist_E(A).

Let A ∈ M^{2×2} and {φ_j} ∈ C^∞_0 (D , R^2 ) be a sequence such that lim_{j→∞} ∫ D dist^p_E(A + Dφ_j(z))dz = Qdist^p_E (A).

A rescaling argument as in [Z3] shows that we can assume that (4.2) φ_j ⇀ 0 in W^{1,p}_0 (D , R^2 ).

Let φ_j, φ_i be two elements in the sequence. Using the estimate (4.1) at almost every point z we get: ∫ D |A_− + ∂_z φ_j(z) − H(A_+ + ∂_z φ_j(z))|^pdz+ ∫ D |A_− + ∂_zφ_i(z) − H(A_+ + ∂_z φ_i(z))|^pdz ≤ (2 + k)^p( ∫ D dist^p_E (A + Dφ_j(z))dz + ∫ D dist^p_E (A + Dφ_i(z))dz.)

By the convexity of the pth-power the left hand side of the inequality is larger than 1 2^{p−1} ∫ D |∂_z(φ_j − φ_i)(z) − H(A_+ + ∂_zφ_j(z)) + H(A_+ + ∂_zφ_i(z))|^p.

The important point here is choosing appropriate sequence of Beltrami coefficients. Let

(4.3) μ_j(z) = {_{H(A++∂z φj (z))−H(A++∂z φi(z))} ∂_z (φ_j (z)−φ_i(z)) if φj (z) − φi(z) ≠ 0

0 otherwise.

Putting the above equations together we arrive to the following inequality: ∫ D |∂_z(φ_j − φ_i)(z) − μ_j (z)∂_z (φ_j − φ_i)(z)|^pdz ≤ 2^{p−1}(2 + k)^p ( ∫ D dist^p_E (A + Dφ_j(z))dz + ∫ D dist^p_E (A + Dφ_j(z))dz ) . The Lipschitz condition on H implies that μ_j (z) ≤ k and (φ_j − φ_i)(z) belongs to C^∞_0 (D , R^2 ). Hence we can apply Theorem 2.1. Together with the boundness of the Beurling-Alhfors transform this yields

(4.4) ∫ D |D(φ_j − φ_i)(z)|^pdz ≤ C(k, p) ( ∫ D dist^p_E(A + Dφ_j(z))dz + ∫ D dist^p_E(A + Dφ_j (z))dz ) . Now we compute the limit when i tends to ∞. On the right hand side we obtain Qdis^p_E (A). On the left hand side, we use that the functional I(φ) = ∫ D |Dφ_j − Dφ|^p is sequentially weakly lower semicontinuous in W^{1,p} due to the convexity of F_z(A) = |Dφ_j(z) − A|^p for every z. We obtain

(4.5) C(k, p) ( ∫ D dist^p_E(A + Dφ_j(z))dz + Qdis^p_E (A) )

≥ lim inf_{i→∞} ∫ D |D(φ_j − φ_i)(z))|^pdz ≥ ∫ D |Dφ_j(z)|^pdz. Finally, we use the following norm estimate. Let M_1, M_2 two matrices in M^{2×2} and E a closed set. Then

(4.6) |M_1|^p ≥ 1 2^{p−1} dist^p_E(M_2) − dist^p_E (M_1 + M_2).

Take M_1 = Dφ_j and M_2 = A at every z in D . Rearranging the inequality 4.5 we get 1 2^{p−1} dist_E (A) ≤ C(k, p) ( ∫ D dist^p_E (A + Dφ_j(z))dz + Qdis^p_E (A). )

Letting j → ∞ the claim (iii) is proved.

The definition of p-quasiconvex hull (1.3) immediately yields (ii). Let ν ∈ H^p(E). Then, by general principles we know the existence of a sequence {ϕ_j} ∈ W^{1,∞}(D , R^2 ) generating ν and such that lim_{j→∞} ∫ D dist^p_E (A + Dϕ_j(z))dz = 0.

Applying the argument of the proof to {ϕ_j}, in particular inequality (4.4), gives that the sequence {Dϕ_j} is a Cauchy sequence in L^p. This implies that ν is a Dirac Delta and hence proves (i).

Remark 4.2. Sets quasiconformal at every point enjoy further interesting properties. It was proved by Zhang that Theorem 4.1 iii) implies that if we denote by E_ϵ the epsilon neighborhood of E there exists a constant C such that E^{p,qc}_ϵ ⊂ E_{Cϵ}.

In a different direction Theorem 4.1 implies that the only mappings φ ∈ W^{1,p}(D , C ) affine in the boundary and such that Dφ ∈ E almost everywhere are affine. Šverák proved in [S] that for E Kquasiconformal at every point and compact there exists p > 2 such that every Lipschitz mapping φ such that Dφ(z) ∈ E a.e.z ∈ D actually belongs to W^{2,p}_{loc} (D , C ). He studied the behaviour of the quotients φ_h =^{φ(x+ah)−φ(x)}_h with a any unit vector and proved that they satisfy Cacciopoli inequalities. Our notation simplifies his proof and extends the result, removing the compactness assumption and yielding the precise value of p. The idea is that E being K-quasiconformal at every point implies that for every h φ_h are K-quasiregular mappings. This observation yields rather easily the following result.

Let^{2K}_{K+1} < q and φ ∈ W^{1,q}_{loc} (D , C ) be such Dφ ∈ E, E Kquasiconformal at every point. Then φ ∈ W^{2,p}_{loc} for every p <^{2K}_{K−1} and Dφ is locally^1_K Hölder continuous. The argument is a simple integration by parts and Astala’s Theorem [A].

If we have control on the quasiconformality of E only at ∞ we can not estimate the norm of the Lipschitz function H whose graph is E and hence the above proof does not work. However, the results from the previous sections and the weak continuity of the determinant when the integrability is large enough, immediately yield the following weaker theorem.

Theorem 4.3. Let E ⊂ M^{2×2} be an asymptotically K-quasiconformal set (Definition 1.6) such that

(4.7) det(A − B) > 0, for all A, B ∈ E.

Then for every q >^{2K}_{K+1} ,

1) H^q(E) is trivial. 2) E^{q,qc} = E. Proof:

By Theorem 3.6 i) it is enough to prove 1). But by Theorem 3.6 ii) H^q(E) = H^p(E) for some p > 2. The determinant is weakly continuous in W^{1,p} thus every ν ∈ H^p(E) satisfies the so-called minor relations: det ( ∫ M^{2×2} λdν(λ) ) = ∫ det(λ)dν(λ).

Then we can apply the arguments from [S] to conclude that ν must be a Dirac mass.

Remark 4.4. Corollary 2.3 gives generalizations of the above results. In Theorem 4.1 we could replace the requirement of the Kquasiconformality of E at every point by requiring that E belongs to the graph of a Lipschitz function H such that, for every A, B the complex number^{H(A)−H(B)}_{A−B} belongs to some hyperbolic ball in the unit disc with radius log(K). Similarly, the asymptotic quasiconformality can be replaced by the condition (3.10) in the Remark 3.7. This should be compared with the infinite rank-laminates constructed in section 5.

The content of the last result of the section is that if we are studying Gradient Young measures supported in a union of graphs of Lipschitz functions we can use the Non-linear Beltrami Operators to obtain a generating sequence with gradients almost everywhere in the graphs.

Proposition 4.5. Let {H_i}^N_{i=1} with H_i : CO_+(2) → CO_−(2) be a collection of k- Lipschitz functions with k < 1. Denote by E_i ⊂ M^{2×2} the graph of H_i. Let q > 1+k and E = ∪^n_{i=1}E_i. Then every ν ∈ H^q(E) can be generated by gradients Dg_j such that Dg_j(z) ∈ E for a.e.z.

Proof:

Let ν ∈ H^q and Dφ_j be the usual equiintegrable generating sequence. Then as always we have that lim_{j→∞} ∫ M^{2×2} dist q E (Dφ_j(z))dz = 0. By the pointwise estimate (4.1) we obtain that

(4.8) lim_{j→∞} ∫ M^{2×2} |∂_zφ_j(z) − H_j (∂_zφ_j(z), z)|^pdz = 0, where H_j(A, z) = H_{i(z)}(A) for some i. The existence and measurability of H_j is guaranteed by the Measurable Selection Lemma.

Denote h_j = ∂_zφ_j (z) − H_j ( ∂_zφ_j (z), z ) . We want to correct φ_j to obtain another sequence satisfying the homogeneous elliptic PDE determined by H_j and with the same oscillating behavior. It clearly suffices finding for every j a solution F_j to the equation

(4.9) ∂_z F_j − H_j(∂_z φ_j + ∂_zF_j , z) + H_j(∂_zφ_j , z) = −h_j

Then g_j = F_j + φ_j would satisfy

∂_zg_j − H_j(∂_zg_j , z) = 0

in D . To solve the equation (4.9) we observe that for almost every z Ĥ_j(A, z) = H_j (∂_zφ_j(z) + A, z) − H_j (∂_zφ_j(z), z) is a k-Lipschitz map and Ĥ_j(0, z) = 0. Hence, we can apply Theorem 2.2 and obtain that the operator I − Ĥ_j (S, z) is invertible for^{2K}_{K+1} < p <^{2K}_{K−1} . Then we can follow the proof of [AF, Theorem 1.2] with I − Ĥ_j(S, z) in the place of I − μ_j S to obtain a solution to (4.9) in the whole complex plane. Furthermore, the solution comes with the estimate ‖DF_j‖_p ≤

C‖h_jχ_D ‖_p. From here on we can repeat the arguments in [AF] line by line obtaining that the sequence {Dg_{j|D} } is a generating sequence for ν.

5. Examples

In this section we present examples of connected sets E without rank-one connections, and even K- quasiconformal at every point, but with non-trivial p-quasiconvex hulls. Precisely, for every 1 < q < 1 + k we construct non trivial measures ν ∈ H^q(E). We use the two known methods to construct Homogeneous Gradient Young measures. The first, known in the literature as the Riemann-Lebesgue Lemma, consists in homogenizing a function with affine boundary values. It is of interest to observe that the appropriate function is a so-called very weak quasiregular mapping.

Example 5.1. Let E ⊂ M^{2×2} be defined by E ≡ {A : A_− = k|A_+|, A_− ∈ R} and 1 < q < 1 + k. Then E^{q,qc} = co(E). Proof:

The example lives in the space of reflected symmetric matrices. Throughout all the example we will use conformal coordinates. In these coordinates a matrix A is the composition of a reflection and a symmetric matrix if and only if its anticonformal coordinate is real. Consider the quasiconformal inversion, f(z) = z|z|^{2KK+1} . A direct computation shows that the mapping belongs to the class W^{1,q}(D , C ) and that Df(z) ∈ E a.e.z. Moreover on the boundary of the unit disc f(z) = z. Since f is affine on the boundary of the unit disc, we can apply the classical theorem from Gradient Young Measures theory [P, Lemma 8.2], which says that the probability measure ν_f defined by ∫ M^{2×2} φ(λ)dν_f (λ) = ∫ D φ(Df(z))dz belongs to H^q(E), q being the integrability of Df. Moreover, the centre of mass of ν_f is equal to the affine boundary values. Therefore, in conformal coordinates we have that ∫ M^{2×2} λdνf (λ) = (0, 1). Thus,

(0, 1) is in E^{q,qc}. Similarly, (0, ρ) ∈ E^{q,qc} for every ρ > 0.

To deal with the rest of co(E) we notice that A ∈ co(E) if and only if A_− ≥ k|A_+|. By drawing a picture on the diagonal plane, one sees that if A = (A_+, A_−) with A ∈ co(E) and A_+ > 0 A belongs to a rank-one segment between the set E and the half line {(0, ρ), ρ < 0}. Hence if A ∈ co(E) we can find positive numbers t, ρ, B̃_+ such that

(5.1) (|A_+|, A_−) = t(0, ρ) + (1 − t)(B̃_+, kB̃_+),

with B̃_+ = ρ − kB̃_+. The last follows because we must have that det(B̃_+, ρ − kB̃_+) = 0. It is easy to see that this implies that A belongs to a rank-one segment between (0, ρ) and (^{A+}_{1−t} , k^{A+}_{1−t} ) with t as in (5.1). Since Qdist^q is convex along rank-one segments we obtain that A ∈ E^{q,qc}. This example already answers in negative a question raised in [Z4].

There it was asked if that E being asymptotically quasiconformal for some K is enough to guarantee E^{1,qc} = E. As observed in [Z3] the result is true if K = 1 but the above example shows that it is false in general.

The next example is devoted to showing that our Theorem 4.1 is almost sharp. There are sets, consisting only on two lines, saturating the bounds between the integrability of the approaching sequence and the quasiconformality of the set. We use the second method to construct Homogeneous Gradient Young measures, the so-called plaminates. The literature on these measures is already extensive (see in the case p = ∞ [P], [K]). Laminates in relation with integrability issues were first considered in [F]. In fact, the next example might be considered dual to the one in [F].

Let us recall that in the plane of diagonal matrices we use the notation ( d_1 0 0 d_2 ) = (d_1, d_2).

We also recall the definition of laminates and prelaminates.

Definition 5.2. The family of prelaminates PL is the smallest family of probability measures on M^{n×m} such that

(1) PL contains all Dirac masses in M^{n×m}. (2) Let ν = ∑_k i=1 λ_iδ_{Ai} ∈ PL and let A_1 = λB+(1−λ)C where λ ∈ [0, 1] and [B, C] is a rank-one segment. Then the probability measure ∑_k i=2 λ_iδ_{Ai} + λ_1(λδ_B + (1 − λ)δ_C ) ∈ PL .

Definition 5.3. Let ν be a probability measure on M^{n×m} and 1 ≤ p < ∞. Then ν is said to be a p-laminate if there exists a sequence of prelaminates ν_j such that

a) sup_j ∫ M^{n×m} |λ| pdν_j(λ) < ∞, b) ν_j^⋆⇀ ν in M(M^{n×m}).

Example 5.4. Let E ⊂ D, where D is the diagonal plane, be defined by E = {(a, Ka) if a ≥ 0, (Ka, a) if a < 0.}

Let q < 1 + k =^{2K}_{K+1} . Then E^{q,qc} = co(E). Proof:

For the proof we construct a laminate ν with centre of mass (−1, 1). Since a dual construction was explained in detail in [F], we shall briefly sketch the main steps in the construction of ν. Consider the sequence A_n = (−n, n). Then we will build prelaminates ν_n supported in E ∪ A_n and then take the weak star limit when n → ∞. A computation of the integrability of limit measure ν will yield the result. The key are the following equalities:

(−n, n) =^K_{n(K+1)+K} (^n_K , n) + (1 −^K_{n(K+1)+K} )(−(n + 1), n)

(−(n + 1), n) =^K_{(n+1)(1+K)} (−(n + 1),^{−(n+1)}_K )

+(1 −^K_{(n+1)(1+K)} )(−(n + 1), n + 1).

(5.2)

In the picture 1 we use the following notation for the auxiliary matrices B_n = (^n_K , n), C_n = (−(n + 1), n), D_n = (−(n + 1),^{−(n+1)}_K ) Since the convex combinations in (5.2) happen along rank-one segments (see the picture 1) we can use the closedness of prelaminates under splitting, this is property 2 in the definition 5.2. The basic idea is as follows. The matrix A_1 is the centre of mass of a laminate ν_1 supported on B_1 and C_1. Then δ_{C1} can be splitted into a measure supported in A_2 and D_1. This gives as the measure ν_2 supported on {B_1, D_1, A_2}. However, δ_{A2} can be splitted in a measure supported on B_2 and C_2. Further, δ_{C2} can be splitted into a measure supported on D_2 and A_3 so we have a prelaminate ν_3 supported on {B_1, D_1, B_2, D_2, A_3}. The picture 1 and the equalities (5.2) indicate how the construction can be iterated to obtain the required sequence of measures ν_n. It is easy to check that these prelaminates will enjoy the following properties. Firstly, they can be written as ν_n = μ_n + λ_nδ_{An} , where

(5.3) λ_n = Π^{n−1}_{i=1} (1 − K i(K + 1) + K

)(1 − K (i + 1)(1 + K) ) and ν_n is supported in E ∩B(0, n|(1,^1_K )|). Secondly, the centre of mass is fixed, ∫ M^{2×2} λdν(λ) = (−1, 1) for every n. The measure ν is then

defined as the weak star limit of the measures ν_n. The integrability of ν follows from standard arguments in measure theory and the basic properties of the logarithms. The details are explained in the dual construction in [F]. Let us state the result; For every q <^{2K}_{K+1} ∫ M^{2×2} |λ|^qdν(λ) < ∞, but ∫

M^{2×2} |λ|^{2KK+1} dν(λ) = ∞.

Figure 1. Black dots denote the support of the measure ν_n, and the white dot is the centre of mass.

Thus we have proved that (−1, 1) ∈ E^{q,qc}. It is clear that our construction remains the same if we multiply everthing by a scalar ρ > 0, whence it follows that (−ρ, ρ) ∈ E^{q,qc}. As in the previous example this suffices to conclude that E^{q,qc} = co(E) as desired.

Remark 5.5. Let μ_1, μ_2 such that dist_h(μ_1, μ_2) = 2 log(K). The affine change of variables used in section 2 gives us the natural plane of matrices where a q-laminate supported in two lines with dilatations μ_1, μ_2 lives. The changes of variables is given by the unique matrix A such such that if μ_f ∈ {k, −k}, μ_{f∘A} ∈ {μ_1, μ_2}. Here of course, k =^{K+1}_{K−1} .

References

[A] Astala, Kari Area distortion of quasiconformal mappings. Acta Math. 173 (1994), no. 1, 37–60.

[Al] Ahlfors, Lars V. Lectures on quasiconformal mappings. With the assistance of Clifford J. Earle, Jr. Reprint of the 1966 original. The Wadsworth & Brooks/Cole Mathematics Series. Wadsworth & Brooks/Cole Advanced Books & Software, Monterey, CA, 1987.

[AF] Astala, Kari; Faraco, Daniel. Quasiregular mappings and Young measures.

Proc. Roy. Soc. Edinburgh Sect. A 127 (To appear) [AIS] Astala, Kari; Iwaniec, Tadeusz; Saksman, Eero. Beltrami operators in the plane. Duke Math. J. 107 (2001), no. 1, 27–56.

[BJ] Ball, J. M.; James, R. D. Fine phase mixtures as minimizers of energy. Arch.

Rational Mech. Anal. 100 (1987), no. 1, 13–52.

[D] Dacorogna, Bernard Direct methods in the calculus of variations. Applied Mathematical Sciences, 78. Springer-Verlag, Berlin, 1989.

[F] Faraco, Daniel. Quasiconvex hulls and the homogenization of differential operators. Licenciate thesis. University of Jyväskylä.

[F1] Faraco, Daniel. Milton’s conjecture on the regularity of isotropic equations.

Preprint.

[FoM] Fonseca, Irene; Müller, Stefan Relaxation of quasiconvex functionals in BV(Ω, R^p) for integrands f(x, u, ∇u). Arch. Rational Mech. Anal. 123 (1993), no. 1, 1–49.

[I] Iqbal,Zam. Variational methods in solids mechanics. Doctoral thesis. University of Oxford.

[E] Ekeland, Ivar; Temam, Roger Convex analysis and variational problems. Translated from the French. Studies in Mathematics and its Applications, Vol. 1. North-Holland Publishing Co., Amsterdam-Oxford; American Elsevier Publishing Co., Inc., New York, 1976.

[K] Kirheim, Bern. Geometry and rigidity of microstructures. Habilitation Thesis, Leipzig 2001.

[Mü] Müller, Stefan Variational models for microstructure and phase transitions.

Calculus of variations and geometric evolution problems (Cetraro, 1996), 85– 210, Lecture Notes in Math., 1713, Springer, Berlin, 1999.

[Mü1] Müller, Stefan Rank-one convexity implies quasiconvexity on diagonal matrices. Internat. Math. Res. Notices 1999, no. 20, 1087–1095.

[P] Pedregal, Pablo Parametrized measures and variational principles. Progress in Nonlinear Differential Equations and their Applications, 30. Birkhäuser Verlag, Basel, 1997.

[P1] Pedregal, Pablo Fully explicit quasiconvexification of the mean-square deviation of the gradient of the state in optimal design. Electron. Res. Announc. Amer. Math. Soc. 7 (2001), 72–78 [S] Šverák, Vladimir On Tartar’s conjecture. Ann. Inst. H. Poincaré Anal. Non Linéaire 10 (1993), no. 4, 405–412.

[S1] Šverák, Vladimir Lower-semicontinuity of variational integrals and compensated compactness. Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Zürich, 1994), 1153–1158, Birkhäuser, Basel, 1995.

[T] Tartar, Luc The compensated compactness method applied to systems of conservation laws. Systems of nonlinear partial differential equations (Oxford, 1982), 263–285, [Y] Yan, Baisheng; Zhou, Zhengfang Stability of weakly almost conformal mappings. Proc. Amer. Math. Soc. 126 (1998), no. 2, 481–489.

[Y1] Yan, Baisheng Semiconvex hulls of quasiconformal sets. J. Convex Anal. 8 (2001), no. 1, 269–278.

[Z] Zhang, Kewei A construction of quasiconvex functions with linear growth at infinity. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 19 (1992), no. 3, 313–326.

[Z1] Zhang, Kewei On connected subsets of M^{2×2} without rank-one connections.

Proc. Roy. Soc. Edinburgh Sect. A 127 (1997), no. 1, 207–216. [Z2] Zhang, Kewei On non-negative quasiconvex functions with unbounded zero sets. Proc. Roy. Soc. Edinburgh Sect. A 127 (1997), no. 2, 411–422.

[Z3] Zhang, Kewei On some quasiconvex functions with linear growth. J. Convex Anal. 5 (1998), no. 1, 133–146.

[Z4] Zhang, Kewei Rank-one connections at infinity and quasiconvex hulls. J. Convex Anal. 7 (2000), no. 1, 19–45.