. ON BOUNDARY BEHAVIOR OF Q-HOMEOMORPHISMS

O. Martio, V. Ryazanov, U. Srebro and E. Yakubov

Abstract. The known Gehring–Martio results (1985) on the boundary behavior of quasiconformal mappings are extended to a wide class of the so–called Q-homeomorphisms and, in particular, to BMO–quasiconformal mappings. Our proofs are based on extremal length methods and properties of BMO functions.

1. Introduction

Let D be a domain in R^n, n ≥ 2, and Q : D → [1, ∞]. We say that a homeomorphism f : D → R^n is a Q-homeomorphism if

(1.1) M(fΓ) ≤ ∫ D Q(x)ρ^n(x)dm(x)

for every family Γ of paths in D and every admissible function ρ for Γ.

Here we use only open paths γ : (a, b) → R^n. Recall that, given a family of paths Γ in a domain D, a Borel function ρ : R^n → [0, ∞] is called admissible for Γ, abbr. ρ ∈ admΓ, if

(1.2) ∫ γ ρ(x)|dx| ≥ 1

for each γ ∈ Γ. The (conformal) modulus M(Γ) of Γ is defined as

(1.3) M(Γ) = inf_{ρ∈admΓ} ∫ D ρ^n(x)dm(x).

1991 Mathematics Subject Classification. Primary 30C65; Secondary 30C75.

Typeset by AMS-TEX 1

An example of Q(x)–homeomorphisms is provided by a class of homeomorphisms f ∈ W^{1,n}_{loc} (D) whose dilatation Q is in L^{n−1}_{loc} (D), see [MRSY]. Given a function Q : D → [1, ∞), we say that a sense-preserving homeomorphism f : D → R^n is Q(x)-quasiconformal, abbr. Q(x)-qc, if f ∈W^{1,n}_{loc} (D) and

(1.4) K(x, f) ≤ Q(x) a.e.

We also say that f : D → R^n is BMO-quasiconformal, abbr. BMO-qc, if f is Q(x)-qc for some BMO (bounded mean oscillation) function Q : D → [1, ∞). In particular, for Q ∈ L^∞(D), we obtain usual quasiconformal mappings.

We use the standard notation for the maximal dilatation, or in short the dilatation, of f at x (1.5) K(x, f) = max(K_O(x, f), K_I (x, f))

where , for |f^′(x)| = max{|f^′(x)h| : h ∈ R^n, |h| = 1} and l(f^′(x)) = min{|f^′(x)h| : h ∈ R^n, |h| = 1}, (1.6) K_O(x, f) =

|f^0(x)|n |J(x,f)| , if J(x, f) ≠ 0 1, if f^′(x) = 0 ∞, otherwise, is the outer dilatation of f at x and

(1.7) K_I (x, f) = |J(x,f)| l(f^0(x))n , if J(x, f) ≠ 0

1, if f^′(x) = 0 ∞, otherwise, is the inner dilatation of f at x, cf. [MRV] and [Re].

For the investigations of the boundary behavior, some regularity of the boundary is needed and, for this purpose, we introduce a number of classes of domains below.

We say that a proper subdomain D of R^n is an L^1-BMO domain if u ∈ L^1(D) whenever u ∈BMO(D). By [Sta], p. 106–107, cf. [Go_1], p. 69, D is an L^1-BMO domain if and only if k_D(·, x_0) ∈ L^1(D) where k_D is quasihyperbolic metric on D,

(1.8) k_D(x, x_0) = inf_γ ∫ γ ds d(y, ∂D) where ds denotes the Euclidean length element, d(y, ∂D) the Euclidean distance from y ∈ D to ∂D, and the infimum is taken over all rectifiable paths γ ∈ D joining x to x_0. L^1-BMO domains are not invariant under quasiconformal mappings of R^n, however, they are invariant under quasi–isometries, see [Sta], p. 119 and 112.

In particular, every John domain is an L^1-BMO domain, see Theorem 3.14 in [Sta], p. 115. A domain D ⊂ R^n is called John domain if there exist 0 < α ≤ β < ∞ and a point x_0 ∈ D such that, for every x ∈ D, there is a rectifiable path γ : [0, l] → D, parametrized by arclength such that γ(0) = x, γ(l) = x_0, l ≤ β and

(1.9) d(γ(t), ∂D) ≥ α l · t

for all t ∈ [0, l]. Note that John domains are invariant under qc mappings of R^n, see [MS], p. 388. More generally, the Hölder domains, see [SS], are also L^1-BMO domains.

We say that a domain D in R^n is a BMO extension domain if every u ∈BMO(D) has an extension to R^n which belongs to BMO(R^n). Evidently, D is an L^1-BMO domain, if D is bounded and a BMO extension domain. It was shown in [GO] and [Jo] that a domain D is a BMO extension domain if and only if D is a uniform domain, i.e., for some a and b > 0, each pair of points x_1, x_2 ∈ D can be joined by a rectifiable arc γ ⊂ D such that

(1.10) l(γ) ≤ a · |x_1 − x_2|

and, for all x ∈ γ,

(1.11) min_{i=1,2} l(γ(x_i, x)) ≤ b · d(x, ∂D)

where l(γ) is the Euclidean length of γ, γ(x_i, x) is the part of γ between x_i and x.

The uniform domains have been introduced in [MS] and their various characterizations can be found in [Ge], [Ma], [Mar], [Vä_2] and [Vu]. It has been shown in [MS], p. 387, that the notion of uniform domains is invariant under quasiconformal mappings of R^n. In particular, every domain which is bounded by a quasisphere, i.e., the image of ∂B^n under qc automorphism of R^n, is a uniform domain and, consequently, a BMO extension domain. We also write u ∈BMO(D) if u has a BMO extension to an open set U ⊂ R^n such that D ⊂ U. Domains D in R^n for which every u ∈BMO(D) admits such extension can be characterized as relatively uniform domains, see e.g. [Go_2].

A domain D ⊂ R^n is called a quasiextremal distance domain or a QED domain if there is K ≥ 1 such that, for each pair of disjoint continua E and F in D,

(1.12) M(Γ(E, F ; R^n)) ≤ K · M(Γ(E, F ; D))

where Γ(E, F ; D) denotes the family of all paths joining E and F in D. Here we say that an open path γ : (a, b) → R^n joins E and F in D if γ((a, b)) ⊂ D and γ is the restriction of a closed path γ : [a, b] → R^n to (a, b) such that γ(a) ∈ E and γ(b) ∈ F. It is known that every uniform domain D is a QED domain and there exist QED domains which are not uniform, see [GM], p. 189 and 194. Every QED domain D ⊂ R^n is quasiconvex, i.e., (1.10) holds for all x_1 and x_2 ∈ D, see Lemma 2.7 in [GM], p. 184. Hence D is locally connected at ∂D, i.e., every point x ∈ ∂D has an arbitrarily small neighborhood U such that U ∩ D is connected, cf. also Lemma 2.11 in [GM], p. 187, and [HK_1], p. 190. Note that every Jordan domain D in R^n is locally connected at ∂D, see [Wi], p. 66.

Below we denote by B^n(a, r) the Euclidean ball |x − a| < r in R^n with center a and radius r, S^n(a, r) = ∂B^n(a, r). We also let B^n(r) = B^n(0, r) and B^n = B^n(1), S^n = ∂B^n . A history survey of closely ralated investigations can be found in our previous preprint [MRSY].

2. On weakly accessible and flat boundaries We say that ∂D is weakly accessible if, for nondegenerate continua E and F in D,

(2.1) M(Γ(E, F ; D)) > 0,

and that ∂D is weakly flat if, for nondegenerate continua E and F in D with E ∩ F ≠ ∅,

(2.2) M(Γ(E, F ; D)) = ∞.

These properties are clearly invariant under qc mappings of R^n and they are closely related to properties P_1 and P_2 by Väisälä in [Vä_1, 17.5] as well as to the notions of quasiconformal flatness and quasiconformal accessibility by Näkki in [Nä] and by Herron–Koskela in [HK_1].

We shall show below that the weak flatness implies the weak accessibility. The converse conclusion does not hold as an example of the unit disk with a cut shows. Note that the conditions (2.1) and (2.2) automatically hold if E and F are inside of D, see e.g. Lemma 1.15 in [Nä], p. 16, and [Vä_1 , 10.12], but not if E and F are in ∂D. It is known that in a QED domain the inequality (1.12) holds for each pair of disjoint continua E and F in D, see Theorem 2.8 in [HK_2], p. 173, cf. Lemma 6.11 in [MV], p. 35. Hence QED domains and, consequently, uniform domains have weakly flat boundaries, cf. Lemma 3.1 in [HK_1], p. 196.

2.3. Lemma. If a boundary of a domain D in R^n, n ≥ 2, is weakly flat, then it is weakly accessible.

Proof. Let E and F be nondegenerate continua in D. Without loss of generality we may assume that E ∩ F = ∅, ∞ lies outside of E ∪ F and E ⊂ ∂D, see Lemma 1.15 in [Nä], p. 16. Take 0 < ε <^1_2 dist(E, F ). Then E_ε ∩ F_ε = ∅ where E_ε = {x ∈ D : dist(x, E) < ε} and F_ε = {x ∈ D : dist(x, F ) < ε}. Since each path in Γ(E, E; D) contains a subpath which belongs to Γ(E, E_ε; D), it follows that M(Γ(E, E; D)) ≤ M(Γ(E, E_ε; D)). In view of the weak flatness of ∂D, M(Γ(E, E; D)) = ∞. Therefore M(Γ(E, E_ε; D)) = ∞. By the

Lindelöf principle, see e.g. [Ku], p. 54, the open subsets E_ε and F_ε of D can be covered by countable collections of open and, consequently, closed balls B inside of E_ε and F_ε, respectively. Thus, by countable subadditivity of the modulus we can find a couple of closed balls, B_0 ⊂ E_ε and B^∗_0 ⊂ F_ε, B_0 ∩ B^∗_0 = ∅, such that (2.4) M(Γ(E, B_0; D)) > 0 and (2.5) M(Γ(F, B^∗_0 ; D)) > 0, see Theorem 1 in [Fu], p. 176, as well as (2.6) M(Γ(B_0, B^∗_0 ; D)) > 0, see e.g. Lemma 1.15 in [Nä].

Now, we use the idea of Näkki in the proof of Theorem 1.16 in [Nä]. More precisely, let ρ ∈ adm Γ(E, B^∗_0 ; D). If (2.7) ∫ γ ρds ≥ 1 3 or ∫ γ^0 ρds ≥ 1 3 for all rectifiable paths γ ∈ Γ(E, B_0; D) and γ^′ ∈ Γ(B_0, B^∗_0 ; D), respectively, then 3ρ ∈ adm Γ(E, B_0; D) or 3ρ ∈ adm Γ(B_0, B^∗_0 ; D), and hence by (2.4) and (2.6) (2.8) ∫ D ρ^ndm ≥ 3^{−n} min(M(Γ(E, B_0; D)), M(Γ(B_0 , B^∗_0 ; D))) > 0.

If (2.7) does not hold for a couple of such paths γ and γ^′, then (2.9) ∫ α ρds > 1 3 for every rectifiable path α ∈ Γ(γ, γ^′; R_0) where R_0 is a ring r_0 < |x − c_0| < r^′_0, c_0 and r_0 is the center and the radius of B_0, respectively, and r^′_0 = r_0 + dist(B_0, B^∗_0 ∪ ∂D), i.e., 3ρ ∈ adm Γ(γ, γ^′; R_0), and hence (2.10) ∫ D ρ^ndm ≥ 3^{−n}c_n log r^′_0 r_0 > 0, see [Vä_1, 10.12]. Thus, by (2.8) and (2.10)

(2.11) M(Γ(E, B^∗_0 ; D)) > 0.

If I = IntB^∗_0 ∩ F ≠ ∅, then by Lemma 1.15 in [Nä] M(Γ(B_0, I; D)) > 0, and arguing as above (take I = B^∗_0 ∩ F instead of B^∗_0 ) we obtain M(Γ(E, I; D)) > 0 and hence by monotonicity of the modulus

(2.12) M(Γ(E, F ; D)) > 0.

If B^∗_0 ∩ F = ∂B^∗_0 ∩ F ≠ ∅, then by subadditivity of the modulus we obtain (2.5), (2.6) and (2.11) for another ball B^′_0 ⊂ IntB^∗_0 with B^′_0 ∩ F = ∅. Finally, if B^∗_0 ∩ F = ∅, then repeating the above arguments (as in the proof of (2.11), replace B_0 and B^∗_0 by B^∗_0 and F, respectively) we again obtain (2.12) by (2.5) and (2.11).

3. Boundary extension Here Q ∈ BMO(D) means that Q ∈ BMO(U) for some open set U which contains D.

3.1. Lemma. Let D ⊂ R^n, n ≥ 2, be locally connected at ∂D and let f : D → D^′ ⊂ R^n be a Q-homeomorphism onto D^′ with Q ∈ BMO(D). If ∂D^′ is weakly accessible, then f has a continuous extension f̃ : D → D^′.

Proof. Let x_0 ∈ ∂D. As BMO functions and Q-homeomorphisms are Möbius invariant, we may assume that x_0 = 0 and that ∂B^n ∩ D ≠ ∅. We will show that the cluster set E = C(0, f) of f at 0 is a point, which will prove that f(x) has a limit at 0.

Since D is locally connected at 0, E is a continuum. Suppose that E is nondegenerate. For t ∈ (0, 1/e), let D_t denote the component of B^n(t) ∩ D for which 0 ∈ D_t. Note, that D_t is well defined, since D is locally connected at 0, and that D_t ⊂ D_t0 for t < t^′. For t ∈ (0, e^{−2}], let Γ_t denote the family of path joining D_t and the set S = D ∩ ∂B^n(1/e) in

D_{1/e} \D_t. As in Lemma 2.3 in [MRSY], we let A(t) denote the spherical ring t < |x| < 1/e. Then the function ρ(x) given by

(3.2) ρ(x) = 1 (log log 1/t)|x| log 1/|x| for x ∈ A(t) and ρ(x) = 0 otherwise, is admissible for Γ_t, and hence

(3.3) M(fΓ_t ) ≤ ∫ Dt Q(x)ρ^n(x)dm(x)

For Q ∈ BMO(D), we may apply (3.3) in [RSY] for n = 2 and Lemma 2.3 in [MRSY] for n ≥ 3, and get

(3.4) ∫ Dt Q(x)ρ^n(x)dm(x) ≤ ∫ A(t) Q(x)ρ^n(x)dm(x) → 0

as t → 0. On the other hand

(3.5) M(fΓ_t ) ≥ M(Γ(f(S)), E; D^′).

Now, ∂D^′ is weakly accessible, f(S) contains a nondegenerate continuum and E is nondegenerate. Therefore, the right hand side in (3.5) is positive contradicting (3.3) and (3.4). This shows that the cluster set of f at every point of ∂D is degenerate and thus f has a continuous extension on D.

3.6. Lemma. Let D be a domain in R^n and f a Q-homeomorphism of D onto a domain D^′ in R^n with Q ∈ L^1(D). Suppose that D is locally connected at ∂D. If ∂D^′ is weakly flat, then C(x_1, f) ∩ C(x_2, f) = ∅ for every two distinct points x_1 and x_2 in ∂D.

Proof. Without loss of generality we may assume that the domain D is bounded. For i = 1, 2, let E_i denote the cluster sets C(x_i, f) and suppose that E_1 ∩ E_2 ≠ ∅. Write d = |x_1 − x_2|. Since D is locally connected in ∂D, there are neighborhoods U_i of x_i, such that W_i = D ∩ U_i is connected and U_i ⊂ B^n(x_i, d/3), i = 1, 2. Then the function ρ(x) = 3/d if x ∈ D ∩ B^n((x_1 + x_2)/2, d) and ρ(x) = 0 elsewhere is admissible for the family Γ = Γ(W_1, W_2; D). Thus,

(3.7) M(fΓ) ≤ ∫ D Q(x)ρ^n(x)dm(x) ≤ 3^n d^n ∫ D Q(x)dm(x) < ∞.

On the other hand

(3.8) M = M(Γ(E_1, E_2; D)) ≤ M(fΓ).

But as ∂D^′ is weakly flat, and E_i, i = 1, 2, are nondegenerate continua in D^′ with nonempty intersection, it follows that M = ∞, contradicting (3.7). The assertion follows. 3.9. Corollary. Let D, D^′, f and Q be as in Lemma 3.6. Then f^{−1} has a continuous extension to D^′.

3.10. Corollary. Let E be a nondegenerate continuum in B^n and Q ∈ L^1(B^n \ E). Then there exists no Q-homeomorphism of B^n \ E onto B^n \ {0}. If Q ∈ L^{n−1}(B^n \ E), then there exists no Q(x)-qc mapping of B^n \ E onto B^n \ {0}.

3.11. Corollary. Let f : D → D^′ ⊂ R^n be a Q-homeomorphism onto D^′ with Q ∈ BMO(D). If D locally connected at ∂D and ∂D^′ is weakly flat, then f has a homeomorphic extension f̃ : D → D^′.

3.12. Theorem. Let f : D → D^′ be a Q-homeomorphism between QED domains D and D^′ with Q ∈ BMO(D). Then f has a homeomorphic extension f̃ : D → D^′.

This and the next theorem extend the Gehring–Martio results, see [GM], p. 196, and [MV], p. 36, from qc mappings to Q–homeomorphisms with Q ∈ BMO(D) and to BMO– qc mappings, respectively.

3.13. Theorem. Let f : D → D^′ be a BMO–qc mapping between uniform domains D and D^′. Then f has a homeomorphic extension f̃ : D → D^′.

3.14. Corollary. If D is a domain in R^n which is locally connected at ∂D but not a Jordan domain, then D cannot be mapped onto B^n by a Q-homeomorphism with Q ∈ BMO(D). 3.15. Corollary. If a domain D in R^n is uniform but not Jordan, then there is no BMO–qc mapping of D onto B^n .

The following example shows that, for every n ≥ 3, there is a proper subdomain of R^n which is a topological ball and not a BMO–quasiball. Here we say that a domain D in

R^n, n ≥ 2, is a BMO-quasiball if there exists a homeomorphism of D onto B^n which is

BMO-qc.

3.16. Example. Let B = B^n \ C^n(ε) where C^n(ε) is a cone with its vertex v at the point of S^{n−1} = ∂B^n in the hyperplane x_n = 1 and with the (n − 1)–ball B^{n−1}(ε), 0 < ε < 1, in the hyperplane x_n = 0 as its base. For n ≥ 3, the domain B is uniform. Evidently B is a topological ball. However, the boundary of B is not homeomorphic to the sphere S^{n−1} because the point v splits ∂B into two components. Thus, B is not a BMO-quasiball by Corollary 3.15.

Acknowledgments. The research of the second author was partially supported by grants from the University of Helsinki and the Israel Technology Institute (Technion), Haifa, as well as by the grant 01.07/00241 of SFFI of Ukraine; the research of the third author was partially supported by a grant from the Israel Science Foundation and by Technion Fund for the Promotion of Research, and the fourth author was partially supported by a grant from the Israel Science Foundation.

References

[Fu] B. Fuglede, Extremal length and functional completion, Acta Math. 98 (1957), 171–219. [Ge] F.W. Gehring, Uniform domains and ubiquitous quasidisk, Jahresber. Deutsch. Math.-Verein 89 (1987), 88–103.

[GM] F.W. Gehring and O. Martio, Quasiconformal distance domains and extension of quasiconformal mappings, J. Analyse Math. 45 (1985), 181–206.

[GO] F.W. Gehring and B.J. Osgood, Uniform domains and the quasi–hyperbolic metric, J. Analyse Math. 36 (1979), 50–74.

[Go1] Y. Gotoh, On global integrability of BMO functions on general domains, J. Analyse Math. 75 (1998), 67–84.

[Go2] Y. Gotoh, BMO extension theorem for relatively uniform domains, J. Math. Kyoto Univ. 33 (1993), 171–193.

[HK1] D.A. Herron and P. Koskela, Locally uniform domains and quasiconformal mappings, Ann. Acad.

Sci. Fenn. Ser. A1. Math. 20 (1995), 187–206.

[HK2] D.A. Herron and P. Koskela, Quasiextremal distance domains and conformal mappings onto circle domains, Complex Variables Theory Appl. 15 (1990), 167–179.

[Jo] P.M. Jones, Extension theorems for BMO, Indiana Univ. Math. J. 29 (1980), 41–66. [Jo�] F. John, Rotation and strain, Comm. Pure Appl. Math. 14 (1961), 391–413. [Ku] K. Kuratowski, Topology, v. 1, Academic Press, New York and London, 1966. [Ma] O. Martio, Definitions for uniform domains, Ann. Acad. Sci. Fenn. Ser. A I. Math. 5 (1980), 197–205.

[Mar] G.J. Martin, Quasiconformal and bi–lipschitz homeomorphisms, uniform domains and the quasihyperbolic metric, Trans. Amer. Math. Soc. 292 (1985), 169–191.

[MRV] O. Martio, S. Rickman and J. Väisälä, Definitions for quasiregular mappings, Ann. Acad. Sci.

Fenn. Ser. A I. Math. 448 (1969), 40 pp.

[MS] O. Martio and J. Sarvas, Injectivity theorems in plane and space, Ann. Acad. Sci. Fenn. Ser. A I. Math. 4 (1978/1979), 383–401.

[MV] O. Martio and M. Vuorinen, Whitney cubes, p–capacity, and Minkowski content, Expo. Math. 5 (1987), 17–40.

[Nä] R. Näkki, Boundary behavior of quasiconformal mappings in n-space, Ann. Acad. Sci. Fenn. Ser.

A1. 484 (1970), 1–50.

[Re] Yu.G. Reshetnyak, Space Mappings with Bounded Distortion, Transl. of Mathematical Monographs, AMS, Vol. 73, 1989.

[RSY] V. Ryazanov, U. Srebro and E. Yakubov, BMO-quasiconformal mappings, J. d’Analyse Math.

83 (2001), 1–20.

[SS] W.S. Smith and D.A. Stegenga, Exponential integrability of the quasi–hyperbolic metric on Hölder domain, Ann. Acad. Sci. Fenn. Ser. A I. Math. 16 (1991), 345–360.

[Sta] S.G. Staples, Lp–averaging domains and the Poincare inequality, Ann. Acad. Sci. Fenn. Ser. A I. Math. 14 (1989), 103–127.

[Vä1] J. Väisälä, Lectures in n-Dimensional Quasiconformal Mappings, Lecture Notes in Math. 229, Springer, Berlin etc., 1971.

[Vä2] J. Väisälä, Uniform domains, Tohoku Math. J. 40 (1988), 101–118. [Wi] R.L. Wilder, Topology of Manifolds, Amer. Math. Soc. Colloquium Publ., 1949.

O. Martio: Department of Mathematics, P.O. Box 4 (Yliopistonkatu 5), FIN–00014 University of Helsinki, Finland

E-mail address: olli.martio@helsinki.fi V. Ryazanov: Institute of Applied Mathematics and Mechanics, NAS of Ukraine, 74 Roze Luxemburg St., 83114, Donetsk, Ukraine

E-mail address: ryaz@iamm.ac.donetsk.ua, ryazanov@www.math.helsinki.fi Uri Srebro: Technion - Israel Institute of Technology, Haifa 32000, Israel E-mail address: srebro@math.technion.ac.il Eduard Yakubov: Holon Academic Institute of Technology, P.O.Box 305, Holon 58102, Israel

E-mail address: yakubov@hait.ac.il