PATH SPACE LARGE DEVIATIONS OF A LARGE BUFFER WITH GAUSSIAN INPUT TRAFFIC

YU. KOZACHENKO, T. SOTTINEN, AND O. VASYLYK

Abstract. We consider a queue fed by Gaussian traffic and give conditions on the input process under which the path space large deviations of the queue are governed by the rate function of the fractional Brownian motion. As an example we consider a superposition of independent fractional Brownian motions with different Hurst indexes.

1. Introduction

A teletraffic model based on the fractional Brownian motion (fBm) was introduced in [8]. The asymptotics of the busy periods of such model were studied in [9]. We generalise the results given in the latter article to a setting where the input traffic is not quite the fBm but behaves as one in the large time scales.

As input traffic consider a zero mean Gaussian process Z = (Z_t : t ∈ R) with stationary increments and regularly varying variance with index 2H , i.e.

Var Z_t = L(t)|t|^{2H} .

Here H ∈ (0, 1) and L is an even function satisfying lim_{α→∞} L(αt) L(α) = 1 for all positive t, i.e. L is slowly varying at infinity. Moreover, assume that Z_0 = 0, i.e. lim_{t→0} |t|^{2H} L(t) = 0. Note that if L ≡ 1 the process Z is a fBm, i.e. the (upto a multiplicative constant) unique Gaussian process with stationary increments and self-similarity index H.

The normalised Gaussian storage is the process

V_t := sup_{s≤t} (Z_t − Z_s − (t − s)) .

Thus V is a non-negative stationary process indicating the storage occupancy when the storage is fed by the process Z and the service rate is one (this is no restriction if the effective service rate is constant c , since we can always consider an input process c^{−1}Z ).

We are interested in the distribution of the excursions of V, i.e. the busy periods of the storage, and the distribution of V_0, i.e. the queue length. We study them in the so-called large deviations framework. In particular, we show that the large

Date: July 30, 2001.

1991 Mathematics Subject Classification. Primary 60K25; Secondary 60F10, 60G15. Key words and phrases. Fluid queue; Gaussian input; large deviations. 1

deviations asymptotics of the busy periods and the queue length are governed by the same rate function as in the case when the queue is fed by a fBm.

The paper is organised as follows. Section 2 is devoted to the technicalities needed to invoke the large deviations machinery. In particular, Lemmas 2.7 and 2.8 provide us sufficient conditions (referred to as Assumption C and Assumption B, respectively) for the slowly varying function L for the results of Section 3 to hold. The main result, Theorem 3.5, is stated in Section 3.

2. Technicalities

2.1. Weak convergence. Define a family of processes (Z^{(α)} : α ≥ 1) by setting

(2.1) Z^{(α)}_t := 1 α^H √ L(α) Z_{αt}. Proposition 2.1. The family (2.1) converges to a fBm in finite dimensional distributions.

Proof. Consider first a single time point t ∈ R. Now the random variable Z^{(α)}_t is Gaussian with mean zero and variance^{L(αt)}_{L(α)} t^{2H} . Since L is slowly varying at infinity it follows that

(2.2) lim_{α→∞} Var Z^{(α)}_t = t^{2H} ,

i.e. the marginal distributions of Z^{(α)} converge to those of a fBm. Since each Z^{(α)} is a process with stationary increments the limit process must be one with stationary increments also. Moreover, the asymptotic covariances are determined by the asymptotic variances, viz.

Cov(Z^{(α)}_s , Z^{(α)}_t ) = 1 2 ( Var Z^{(α)}_s + Var Z^{(α)}_t − Var Z^{(α)}_{t−s} )

→ 1 2 ( t^{2H} + s^{2H} − |t − s|^{2H} )

as α tends to infinity by virtue of (2.2). But this is the covariance function of a fBm. The claim follows, since in the centred Gaussian case the covariance function determines the distribution. □

Having proved the finite dimensional convergence let us turn to the weak convergence. To this end denote by C (X) the space of continuous real valued functions over the set X equipped with the supremum norm. Consider the weighted space Ω defined by

Ω := { ω ∈ C (R) : ω(0) = 0, lim_{|t|→∞} ω(t) 1 + |t| = 0 }

equipped with the norm

‖ω‖_Ω := sup_{t∈R} |ω(t)| 1 + |t| .

Remark 2.2. The space Ω is a separable Banach space. Hence, the weak convergence is equivalent to finite dimensional convergence with tightness (cf. Billingsley [1], theorems 5.1 and 5.2).

We have the following characterisations of pre-compact sets and tightness in Ω. For the proofs we refer to Lemma 1 and Lemma 3 of [3]. Lemma 2.3. A set B is pre-compact in Ω if and only if

(i) for any T > 0 the set { ω|_{[−T,T ]} : ω ∈ B } is pre-compact in C ([−T, T ]).

(ii) lim_{T →∞} sup_{ω∈B} sup_{|t|≥T} |ω(t)| 1 + |t| = 0.

The Ascoli–Arzelà equicontinuity characterisation of pre-compact sets in the space C ([−T, T ]) yields the following tightness characterisation. Lemma 2.4. The family (2.1) is tight in Ω if and only if

(i) for any ε, T > 0

lim_{δ↓0} sup_{α≥1} P sup s,t∈[−T,T ] |t−s|≤δ |Z^{(α)}_t − Z^{(α)}_s | > ε = 0

(ii) for any ε > 0

lim_{T →∞} sup_{α≥1} P ( sup_{|t|≥T} |Z^{(α)}_t | 1 + |t| > ε ) = 0.

So far we have assumed nothing about Z that would make its sample paths to belong to the space Ω or even to be continuous. Just assuming that Z ∈ Ω would not give us enough to prove the tightness and later the so-called exponential tightness.

Assumptions C and B below will ensure that Z has sample paths in Ω almost surely. Moreover, they provide us quantitative information on the regularity of the sample paths of Z needed to check the conditions (i) and (ii) of Lemma 2.4. Assumption C concerns the continuity of Z ensuring equicontinuity of the family (Z^{(α)} : α ≥ 1) on any compact interval [−T, T ] ⊂ R. Assumption B concerns the boundedness of Z_t as t tends to infinity. (Actually, Assumption C is included in Assumption B(ii).)

Define a majorising variance

σ̄^2(t) := sup_{0<s<t} sup_{α≥1} L(αs) L(α) s^{2H} and the associated “metric entropy integral” J(κ, T ) := κ∫ 0 ( ln ( T 2σ̄^{(−1)}(u) + 1 )) 1_2 du.

Assumption C. The integral J(σ̄(T ), T ) is finite for every T > 0. Assumption B. There exists a sequence (x_k : k ∈ N) increasing to infinity such that

(i) for all T ∈ N

d_T := ∞∑ k=T c(x_k) < ∞, (ii) ∞∑ k=1 c(x_k)J(σ̄(Δx_k), Δx_k) < ∞, where we have donoted Δx_k := x_{k+1} − x_k and c(x) =^1_{1+x} .

Remark 2.5. (i) One can replace the majorising variance σ̄ by any increasing function σ such that σ̄(u) ≤ σ(u) for all u.

(ii) Assumption C is satisfied if for some ε > 0 , such that σ̄^{(−1)}(ε) < 1 , the “Dudley integral” ε∫ 0 | ln σ̄^{(−1)}(u)|^{12} du

converges.

Theorem 2.6. If the assumptions C and B hold then the family (2.1) converges weakly in Ω to a fBm.

Theorem 2.6 follows from the lemmas 2.7 and 2.8 below, providing us the conditions (i) and (ii) of Lemma 2.4, respectively. Lemma 2.7 can be proved like Theorem 3.4.2 of Buldygin and Kozachenko [2]. Lemma 2.8 is a corollary of Kozachenko and Vasilik [7], Lemma 4.2.

Lemma 2.7. If Assumption C holds then the Z^{(α)} ’s are almost surely continuous on [0, T ]. Moreover, for δ > 8 p(1 − p) J(pσ̄(ε), T ) we have

P sup s,t∈[0,T ] |t−s|<ε |Z^{(α)}_t − Z^{(α)}_s | > δ ≤ 2 exp − ( δ −^8_{p(1−p)} J(σ̄(ε), T ) )_2

4σ̄^2(ε)c(p) ,

where ε ≤ T, and p ∈ (0, 1).

Lemma 2.8. If Assumption B holds then for any integer T ≥ 0 and ε > B_T (p) P ( sup_{t≥xT} |c(t)Z^{(α)}_t | > ε ) ≤ 2 exp ( − (ε − B_T (p))^2 2A_T (p) ) , where

B_T (p) = 1 p(1 − p) ∞∑ k=T c(x_k)J(pσ̄(Δx_k), Δx_k),

A_T (p) = d^2_T (1 − p) ( 1 + 2β^2_T p(1 − p) ) ,

β_T = sup_{k≥T} σ̄(Δx_k) σ̄(x_k) , and p ∈ (0, 1).

Proof of Theorem 2.6. Lemma 2.7 corresponding to Assumption C and the symmetry of the process Z gives us the condition (i) of Lemma 2.4 since for all T > 0

lim_{ε↓0} σ̄(ε) = 0 and lim_{ε↓0} J(σ̄(ε), T ) = 0.

Also, Lemma 2.8 corresponding to Assumption B together with the symmetry of Z gives us the condition (ii) of Lemma 2.4 since

lim_{T →∞} B_T (p) = 0 and lim_{T →∞} A_T (p) = 0

for all p ∈ (0, 1). Hence, the family (2.1) is tight. The claim follows now from Proposition 2.1. □

Example 2.9. Suppose the input traffic is composed of n independent streams, each of which is a fBm, with different Hurst indexes, i.e. Z = n∑ k=1 a_kB^{Hk} . Denote by H and h the maximal and minimal Hurst index, respectively. Now Z has regularly varying variance with index 2H and

σ̄^2(t) = sup_{α≥1} ∑_n k=1 a^2_kα^{2Hk} t^{2Hk} ∑_n k=1 a^2_kα^{2Hk} ≤ sup_{α≥1} max_{k=1,...,n} t^{2Hk} ∑_n k=1 a^2_kα^{2Hk} ∑_n k=1 a^2_kα^{2Hk}

= t^{2h}1_{[0,1]}(t) + t^{2H} 1_{(1,∞)}(t).

The assumptions C and B are satisfied. Indeed, since for each β ∈ (0, 2H) there exists a constant C_β such that ln(x + 1) ≤ C_β x^β, we obtain J(κ, T ) ≤ C_{β,H} T^{β2} ( κ^{1− β2h} 1_{[0,1]}(κ) + κ^{1− β2H} 1_{(1,∞)}(κ) ) . Now, e.g. a sequence x_k = k^2, with β ≤^{2H2}_{2−H} , will do.

The same reasoning as above applies also to the case Z = ∞∑ k=1 a_kB^{Hk} , where (a_k) ∈ ℓ^2 and 0 < inf H_k ≤ sup H_k < 1 or even to

Z = H_1∫

H_0 a(H)B^H dH,

where a ∈ L^2([0, 1]) and 0 < H_0 ≤ H_1 < 1. The case H_0 = 0 or H_1 = 1 is a more delicate one. Indeed, if H = 1 then the corresponding fBm does not belong to the space Ω. For H = 0 the corresponding fBm does not even exist.

(Admittedly, it is also easy to check directly that the conditions of Lemma 2.4 are satisfied for the processes above.)

2.2. Large deviations. Let us briefly define the large deviations framework. For details we refer to Dembo and Zeitouni [4].

Definition 2.10. A rate function I is a lower semicontinuous mapping I : Ω → [0, ∞]. If the level sets {ω : I(ω) ≤ a}, a ∈ R, are compact then the rate function I is called good. A set A ⊂ Ω is called good (with respect to I ) if inf_{ω∈A}∘ I(ω) = inf_{ω∈A} I(ω). A scale is a mapping v : R_+ → R_+ such that lim_{α→∞} v(α) = ∞. Remark 2.11. In what follows the rate functions are always good. Definition 2.12. A scaled family ((X^{(α)}, v(α)) : α ≥ 1) of Ω -valued random variables satisfies the large deviations principle (LDP) on Ω if there exists a rate function I : Ω → [0, ∞] such that for all closed F ⊂ Ω and open G ⊂ Ω

lim sup α→∞ 1 v(α) ln P ( X^{(α)} ∈ F ) ≤ − inf_{ω∈F} I(ω), lim inf α→∞ 1 v(α) ln P ( X^{(α)} ∈ G ) ≥ − inf_{ω∈G} I(ω). Remark 2.13. In the case of good sets the upper and lower bounds above coincide giving a proper limit.

Motivated by [9] we define the scale v as

v(α) := α^{2−2H} L(α) . Our aim is to show that the scaled family

(2.3) (( 1√_{v(α)} Z^{(α)}, v(α) ) : α ≥ 1 )

satisfies the LDP on Ω.

In order to prove the LDP on the function space Ω we follow the usual approach by first proving the LDP in the finite dimensional spaces R^d for all d ∈ N. Then we lift the LDP to Ω by means of the so called inverse contraction principle. For details of this approach see Dembo and Zeitouni [4], Chapters 2 and 4.

Fix a dimension d ∈ N and a vector t = (t_1, . . . , t_d) ∈ R^d . Denote by Z^{(α)}(t) the projection Z^{(α)}(t) := (Z^{(α)}_{t1} , . . . , Z^{(α)}_{td} ).

The vector Z^{(α)}(t) is a multivariate normal random variable. Let Γ_α(t) denote its covariance matrix. Similarly let Γ(t) denote the covariance matrix of the corresponding projection of the fBm and define the rate function I(·, t) by

I(x, t) := 1 2 ‖x‖^2_Γ−1_{(t)} := 1 2 ⟨ Γ^{−1}(t)u, u ⟩ , where ‖ · ‖_Γ−1_{(t)} is the (reproducing kernel Hilbert space) norm on R^d induced by the covariance matrix Γ(t).

Lemma 2.14. For all d ∈ N and t ∈ R^d the scaled family (( 1√_{v(α)} Z^{(α)}(t), v(α) ) : α ≥ 1 )

satisfies LDP in R^d with the good rate function I(·, t).

Proof. Let d ∈ N and t ∈ R^d be fixed and omitted in the notation. For any u ∈ R^d set Λ_α(u) := ln E exp ⟨ u, √_{L(α)} α^{1−H} Z (α) ⟩ , where ⟨·, ·⟩ denotes the usual inner product in R^d . Now

Λ_α (_{α2−2H} L(α) u ) = 1 2 α^{2−2H} L(α) ⟨Γ_αu, u⟩ . Since Z^{(α)} converges weakly to the fBm, we have ⟨Γ_αu, u⟩ → ⟨Γu, u⟩ , for all u ∈ R^d . Hence

Λ(u) := lim_{α→∞} 1 v(α) Λ_α(v(α)u)

exists and is finite for all u ∈ R^d . In particular,

Λ(u) = 1 2 ⟨Γu, u⟩ . Moreover, the Fenchel–Legendre transform Λ^∗ of Λ is of the familiar Gaussian form Λ^∗(x) = I(x) = 1 2 ‖x‖^2_Γ−1 := 1 2 ⟨ Γ^{−1}u, u ⟩ , where ‖ · ‖_Γ−1 is the norm on R^d induced by the covariance matrix Γ.

The calculations above show that the assumptions of the Gärtner–Ellis theorem (cf. Dembo and Zeitouni [4], Theorem 2.3.6) are satisfied. The claim follows. □

Let us turn now to the infinite dimensional case. Since we have proved the LDP for all finite dimensional projections of Ω, i.e. the R^d ’s, we can lift it to Ω endowed with the so-called projective limit topology, or the topology of pointwise convergence. In particular, by the Dawson–Gärtner theorem (cf. Dembo and Zeitouni [4], Theorem 4.6.1) we have the next lemma.

Lemma 2.15. The family (2.3) satisfies the LDP on Ω equipped with the projective limit topology with the good rate function

(2.4) I(x) = sup_{p∈Π} 1 2 ‖p(x)‖^2_Γ−1_p ,

where Γ_p is the covariance function of the fBm projected by p and Π is the set of all finite dimensional projections of Ω.

The rate function (2.4) above is that of the fBm in the generalised Schilder’s theorem concerning the norm topology in Ω. For details we refer to Deuschel and Stroock [5] and Norros [9]. In particular, note that the rate function I is the same that appears in [9] eq. (2.2), where the so-called reproducing kernel Hilbert space norm is used.

It should be noted that this projective limit topology is not a very strong one. Hence, the result of Lemma 2.15 is rather inadequate. However, if we show that the family (2.3) is exponentially tight with respect to the ‖ · ‖_Ω topology the LDP follows from the inverse contraction principle. For details see Dembo and Zeitouni [4], Theorem 4.2.4 and Corollary 4.2.6.

Definition 2.16. A scaled family ((X^{(α)}, v(α)) : α ≥ 1) is exponentially tight in Ω if for each ℓ > 0 there exist pre-compact sets K_ℓ ⊂ Ω such that

lim_{ℓ→∞} lim sup α→∞ 1 v(α) ln P ( X^{(α)} ∉ K_ℓ ) = −∞ holds.

Lemma 2.3 provides us the following characterisation of the exponential tightness in Ω.

Lemma 2.17. The family (2.3) is exponentially tight if and only if (i) for each T > 0

sup_{α≥1} 1 v(α) ln P sup s,t∈[−T,T ] |t−s|≤δ |Z_{αt} − Z_{αs}| ≥ αε ≤ −ℓ.

for all ε > 0 given δ = δ(ε, ℓ) is small enough. (ii)

sup_{α≥1} 1 v(α) ln P ( sup_{t≥m} |Z_{αt}| 1 + t ≥ αε ) ≤ −ℓ for all ε > 0 given m = m(ε, ℓ) is big enough.

Proof. The necessity is easy to see (and we have no use for it). To prove the sufficiency note that (i) is just a formulation the exponential tightness of the family (2.3) on C ([−T, T ]) using the Ascoli–Arzelà theorem. So we can choose pre-compact sets K_{ℓ,T} from C ([−T, T ]) satisfying

(2.5) 1 v(α) ln P ( 1√_{v(α)} Z^{(α)} ∉ K_{ℓ,T} ) ≤ −ℓ 2T for all α ≥ 1. Choose K_{ℓ,∞} by (ii) setting ℓ to 2ℓ. For each ℓ > 0 consider the set K_ℓ = ∞⋂ T =1 K_{ℓ,T} ∩ K_{ℓ,∞}. By Lemma 2.3 it is pre-compact in Ω. Let P_α denote the law of Z^{(α)}/ √ v(α) under P. Using Boole’s inequality and the inequalities (ii) and (2.5) together with the fact that v(α) tends to infinity as α increases we obtain

P_α(K^c_ℓ ) ≤ ∞∑ T =1 P_α(K^c_{ℓ,T} ) + P_α(K^c_{ℓ,∞})

≤ ∞∑ T =1 ( e^{−2ℓv(α)} )_T + e^{−2ℓv(α)}

= e^{−2ℓv(α)} 1 − e^{−2ℓv(α)} + e^{−2ℓv(α)} ≤ const e^{−2ℓv(α)} ≤ e^{−ℓv(α)}, given sufficiently large ℓ. It follows from this that

lim_{ℓ→∞} lim sup α→∞ 1 v(α) ln P_α(K^c_ℓ ) = −∞,

which is to say that (2.3) is exponentially tight. □

The lemmas 2.7 and 2.8 which provided us tightness also imply the inequalities (i) and (ii) of Lemma 2.17, i.e. the exponential tightness. The main result of this section follows.

Theorem 2.18. If the assumptions C and B hold then the scaled family (2.3) satisfies the LDP on Ω with the good rate function I.

Proof. By Lemma 2.7 we have

ln P sup s,t∈[0,T ] |t−s|≤δ |Z_{αt} − Z_{αs}| ≥ αε = ln P sup s,t∈[0,T ] |t−s|≤δ |Z^{(α)}_t − Z^{(α)}_s | ≥ √ v(α)ε

≤ ln 2 − (√ v(α)ε −^8_{p(1−p)} J(σ̄(δ), T ) )_2 4σ̄(δ)c(p) .

Hence, 1 v(α) ln P sup s,t∈[0,T ] |t−s|≤δ |Z_{αt} − Z_{αs}| ≥ αε ≤ ln 2 v(α) − ( ε −^8_{p(1−p)} J(σ̄(δ), T )/ √ v(α) )_2 4σ̄(δ)c(p) .

Condition (i) of Lemma 2.17 follows since v(α) tends to infinity as α increases to infinity and σ̄(δ) and J(σ̄(δ), T ) can be made arbitrarily small by choosing a small enough δ.

Similarly, by Lemma 2.8 we have 1 v(α) ln P ( sup_{t≥T} |Z_{αt}| 1 + t ≥ αε ) ≤ ln 2 v(α) − ( ε − B_T (p)/ √ v(α) )_2

2A_T (p) . The inequality (ii) of Lemma 2.17 follows since v(α) tends to infinity as α increases to infinity and B_T (p) and A_T (p) converge to zero for all p ∈ (0, 1) as T increases to infinity.

The claim follows now from the symmetry of the process Z. □

3. Large buffer and busy period asymptotics

Consider the storage process

V_t(ω) := sup_{s≤t} (Z_t(ω) − Z_s(ω) − (t − s)) = sup_{s≤t} (ω(t) − ω(s) − (t − s)) .

Note that if the conditions C and B are satisfied then Z ∈ Ω. Consequently, V is finite.

In the large buffer case the LDP gives us asymptotics of the sets

(3.1) Q_x = {V_0 ≥ x}.

Lemma 3.1. For any x ≥ 1

P (Z ∈ Q_x) = P ( √_{L(x)} x^{1−H} Z (x) ∈ Q_1 ) , where Q_x is defined by (3.1)

Proof. A simple calculation yields

P (Z ∈ Q_x) = P ( sup_{t≤0} (Z_t − t) ≥ x )

= P ( sup_{t≤0} (Z_{xt} − xt) ≥ x )

= P ( sup_{t≤0} (^{L(x)}_{x1−H} Z^{(x)}_t − t) ≥ 1 )

= P (_{L(x)} x^{1−H} Z (x) ∈ Q_1 ) . The claim follows. □

Proposition 3.2. Let Q_x be as in (3.1) and suppose that the assumption C and B are satisfied. Then lim_{x→∞} L(x) x^{2−2H} ln P(Z ∈ Q_x) = − inf_{ω∈Q1} I(ω) where I is the good rate function defined in (2.4). Proof. Since Q_1 is a good set (cf. Norros [9]), i.e. inf_{ω∈Q} 1 I(ω) = inf_{ω∈Q∘1} I(ω), the proposition follows from Lemma 3.1 and the LDP. □ Remark 3.3. The result of Proposition 3.2 is not a new one. Indeed, it appears in Duffield and O’Connel [6] eq. (54) with

inf_{ω∈Q1} I(ω) =

(1 − H)^{2H−2} 2H^{2H} . The conditions of [6] reduce in our case to

lim_{t→∞} inf_{c> 1−H} H (c + 1)^2 c^{2−2H} L(ct) L(t) = (1 − H)^{2H−2} H^{2H} , i.e. their Hypothesis 2.2(ii) on p. 367.

The busy periods of V are its positive excursions, i.e. stochastic intervals [D, E] such that V_t > 0 for all t ∈ (D, E) and V_D = 0 = V_E . The busy period containing 0 is defined as a stochastic interval [A, B] := [sup{t ≤ 0 : V_t = 0} , inf{t ≥ 0 : V_t = 0}] , if A < 0 < B. Otherwise the system is not busy at time 0. For a T > 0 denote (3.2) K_T := {A < 0 < B, B − A > T } the set of paths for which the ongoing busy period at 0 is strictly longer than T. Lemma 3.4. For any T ≥ 1 P (Z ∈ K_T ) = P (√_{L(T )} T^{1−H} Z (T ) ∈ K 1 ) , where K_T is defined by (3.2). Proof. Since

P (Z ∈ K_T ) = P ( ∃a < 0, b > (a + T )^+∀t ∈ (a, b) : Z_t − Z_a > t − a ) = P ( ∃a < 0, b > (a + 1)^+∀t ∈ (a, b) : Z_{T t} − Z_{T a} > T t − T a ) = P ( ∃a < 0, b > (a + 1)^+∀t ∈ (a, b) : T^{−1}(Z_{T t} − Z_{T a}) > t − a )

= P ( √_{L(T )} T^{1−H} Z (T ) ∈ K 1 ) , the lemma follows. □

Finally, for the asymptotics of the busy periods we have the following generalisation of Theorem 4.5 of Norros [9].

Theorem 3.5. Let K_T be as is (3.2) and suppose that the assumptions C and B are satisfied. Then lim_{T →∞} L(T ) T^{2−2H} ln P(Z ∈ K_T ) = − inf_{ω∈K1} I(ω),

where I is the rate function defined in (2.4).

Proof. Since K_1 is a good set by Proposition 4.3 of [9], the theorem follows from Lemma 3.4 and the LDP. □

Example 3.6. For the superposition of n streams in Example 2.9 we have the scaling function L(T ) T^{2−2H} = n∑ k=1 a^2_kT^{2Hk−2}. Acknowledgements

We would like to thank Ilkka Norros for suggesting the problem studied here and for his comments on the manuscript. Thanks are also due to Esko Valkeila for his comments on the manuscript. T. Sottinen was financed by Academy of Finland grants 42535 and 51356.

References

[1] Billingsley, P. Convergence of Probability Measures. Second Edition. Wiley, 1999. [2] Buldygin, V. V. and Kozachenko, Yu. V. Metric Characterization of Random Variables and Random Processes. American Mathematical Society, Providence, RI, 2000.

[3] Buldygin, V. and Zaiats, V. A global asymptotic normality of the sample correlograms of a stationary Gaussian process. Random operators and stochastic equations, Vol. 7(2), pp. 109– 132, 1999.

[4] Dembo, A. and Zeitouni, O. Large Deviations Techniques and Applications. Second Edition.

Springer, 1998.

[5] Deuschel, J.-D., Stroock, D. Large Deviations. Academic Press, 1984.

[6] Duffield, N.G. and O’Connel, N. Large deviations and overflow probabilities for the general single-server queue, with applications. Proc. Camb. Phil. Soc., Vol. 118(2), pp. 363–374, 1995.

[7] Kozachenko, Yu. and Vasilik, O. On the Distribution of Suprema of Subφ(Ω) Random Processes. Theory of Stochastic Processes, Vol. 4(20), no. 1–2, pp. 147–160, 1998.

[8] Norros, I. A storage model with self-similar input. Queueing Systems, Vol. 16, pp. 387–396, 1994.

[9] Norros, I. Busy Periods of Fractional Brownian Storage: A Large Deviations Approach. Advances in Performance Analysis, Vol. 2(1), pp. 1–19, 1999.

Yuriy Kozachenko, Department of Probability Theory and Math. Statistics, Kyiv National University, 64, Volodymyrska, Kyiv 01033, Ukraine

E-mail address: yvk@mechmat.univ.kiev.ua

Tommi Sottinen, Department of Mathematics, P.O. Box 4, 00014 University of Helsinki, Finland, (Corresponding author)

E-mail address: tommi.sottinen@helsinki.fi

Olga Vasylyk, Department of Probability Theory and Math. Statistics, Kyiv National University, 64, Volodymyrska, Kyiv 01033, Ukraine