ONE-POINT COMPACTIFICATION OF GENERALIZED SPACES

O. Martio and V. Ryazanov

Abstract. We prove that the one-point compactification of a generalized proper homotopy n-space is a generalized homotopy n-sphere.

1. Introduction

It is well–known that the one–point compactification of the n–dimensional Euclidean space R^n is homeomorphic to the n–dimensional sphere S^n = {x ∈ R^{n+1} : |x| = 1}. On the other hand, it is also known that the one–point compactification of n–dimensional homotopy (contractible) spaces can be even not simply connected, see e.g. [MS], p. 121. Here we prove that the one-point compactification of a generalized proper homotopy n-space is a generalized homotopy n-sphere.

Recall that a separable metric space M is said to be an n-manifold if every point x ∈ M has a neighborhood U ⊂ M which is homeomorphic to R^n. All manifolds are assumed to be connected. A locally compact separable metric space X is said to be a generalized n-manifold if X is a finite-dimensional ANR, absolute neighborhood retract, which is a singular homology n-manifold, i.e., for each x ∈ X, H_k(X, X \ {x}) is isomorphic to H_k(R^n, R^n \ {0}) for all k (local singular homology over the integers).

Note that among finite-dimensional metric spaces, X is ANR if and only if X is locally contractible, i.e., for every x_0 ∈ X and neighborhood U of x_0 there is a neighborhood V of x_0 such that the inclusion V → U is homotopic in U to the constant map x_0, see e.g. [MS^∗], p. 40. Furthermore, a metric space X of finite (covering) dimension dimX = n is an ANR if and only if X is LC^n, see [Du], p. 244, cf. [Li], p. 142, for metric separable spaces. The last means that X is k–LC, k ≤ n, at every point x ∈ X, i.e., for each neighborhood U of x there is a neighborhood V of x, V ⊂ U, such that every map f : S^k → V extends to a map

f : B^{k+1} → U.

A (generalized) compact n-manifold G^n of the same homotopy type as S^n is said to be a (generalized) homotopy n-sphere. Similarly, a (generalized) open n-manifold G^n of the same homotopy type as R^n (in the other words, contractible) is called a (generalized) homotopy n-space. Finally, a (generalized) open n-manifold G^n which

1991 Mathematics Subject Classification. Primary 57N65; Secondary 57M40, 55N15. The second author thanks the Department of Mathematics of the Helsinki University for the support.

Typeset by AMS-TEX 1

is proper homotopy equivalent to R^n is called a (generalized) proper homotopy nspace. Here open means noncompact. For compact spaces, the concept of proper homotopy coincides with the ordinary concept of homotopy, see [Mas], p. 38.

By the well-known theorem of Alexandroff, see e.g. [Bou_1], p. 92, every locally compact topological space X has the one-point compactification X = X ∪ {∞} where ∞ is an ideal element with open neighborhoods of the form (X \ K) ∪ {∞} where K is a compact subset of X. Since a natural extension f : X → Y with f (∞) = ∞ for every proper continuous mapping f : X → Y is continuous, see [Bou_1], p. 104, we have the following.

1.1. Proposition. Let X and Y be proper homotopy equivalent locally compact topological spaces. Then their one-point compactifications X and Y are (proper) homotopy equivalent.

2. The main lemma

A locally compact space X is said to be σ–compact or countable at infinity if it is a countable union of compact subsets. Note that X is σ-compact if and only if ∞ has a countable fundamental system of neighborhoods in X, see [Bou_1], p. 94. It is also known that, if a locally compact space X is not σ–compact, then the Alexandroff compactification X is not locally connected, see [Ba], p. 397. A space X is said to be 1-LC at ∞, 1-locally connected at infinity, if X is not compact and, for every compact set C ⊂ X, there is a compact set K such that C ⊂ K ⊂ X and every loop in X \ K is contractible in X \ C. A topological space X is said to have one end if X is not compact and if, for every compact set C ⊂ X, there is a compact set K such that C ⊂ K ⊂ X and X \ K is 0-connected, i.e., path connected.

2.1. Lemma. Let a space X be 1-LC at ∞, σ-compact and have one end. Then its one-point compactification X is 1-LC at the point ∞.

Proof. Since X is σ-compact and 1-LC at ∞ there is an expanding sequence of compacta K_l ⊂ X, l = 1, 2, . . . , exhausting X such that every loop in X \ K_{l+1} is contractible in X \ K_l. We may also assume that X \ K_l is path connected for all l = 1, 2, . . . because X has one end.

Let D be the unit closed disk in R^2 and let φ : ∂D → X \ K_{l+1} be a loop L with ∞ ∈ φ(∂D). We show that the loop is contractible along X \ K_l with a homotopy keeping ∞. Note that the set φ^{−1}(∞) is closed in ∂D and hence ∂D \ φ^{−1}(∞) consists of a countable collection of open subarcs of the unit circle ∂D with their end points at φ^{−1}(∞). The image of every such closed arc under φ is a loop in X passing once through ∞. Thus, without loss of generality we may assume that φ^{−1}(∞) consists of one point c_0 ∈ ∂D only.

Choose a couple of points c_1, c_2 ∈ ∂D in the component of φ^{−1}(φ(∂D) \ K_{l+2}) including c_0 such that c_0 separates c_1 and c_2. Since X \ K_{l+2} is path connected we can join φ(c_1) and φ(c_2) by a path α in X \ K_{l+2}. Let β be the path φ(∂D \ γ) in X \ K_{l+1} where γ is an open subarc of ∂D with c_1 and c_2 as ends including c_0. Then α and β form a loop ω in X \ K_{l+1}. Let ψ : ∂D → X \ K_{l+1} be some parametrization of ω such that ψ|_γ = φ|_γ. Then ψ can be extended to a continuous mapping ψ^∗ : D → X \ K_l. Take an arbitrary homotopy φ(τ, t), t, τ ∈ [0, 1], of γ to

ONE-POINT COMPACTIFICATION OF GENERALIZED SPACES 3

∂D \ γ inside of D keeping c_1 and c_2. Then κ(τ, t) = ψ^∗(φ(τ, t)) gives a homotopy of the path β to the path α inside of X \ K_l keeping the points φ(c_1) and φ(c_2) fixed. Thus, the loop L in X \ K_{l+1} can be homotopied along X \ K_l to the loop L^∗ formed by α and φ(γ) in X \ K_{l+2} keeping φ(γ) fixed. Arguing by induction we complete the proof.

3. The main result

3.1. Theorem. Let X be a generalized proper homotopy n-space. Then its onepoint compactification X is a generalized homotopy n-sphere.

Proof. By Proposition 1.1 the space X is homotopy equivalent to R^n ≃ S^n and, say by the Urysohn criterion, see e.g. [Ku], p. 241–242, X is metrizable, cf. [Bou_2], p. 156, and Theorem 2 in [Man], p. 1113. It is also evidently separable and compact.

Now, the one–point compactification X is ANR. Indeed, as ANR the space X is locally contractible, consequently, LC^∞, and hence lc^∞_s , singular homology locally connected in all dimension, see Theorem 4.22 in [Gr], p. 228. Thus, X is a cohomology n–manifold by Wilder, see Theorem 2 in [Ra_1], p. 1372. Note that the cohomology dimension of X coincides with its topological dimension n, see Theorem 3.2(b) in [Wa], p. 109.

Singular cohomology with compact support is invariant under proper homotopy equivalence, see e.g. Theorem 2.1 in [Mas], p. 39. Therefore, being lc^∞_s , X has the same Cech cohomology with compact support as R^n, see Theorem 1 in [Mar], p. 153. In particular, the latter includes its orientability, see Theorem 4.3(2) in [Bo], p. 12. Then by Corollary 4.7 in [Ra_2], p. 958, we have that X is also an orientable cohomology n–manifold.

X has one end, and it is σ–compact and 1-LC at ∞ by the invariance of these properties under proper homotopy equivalence. Hence by Lemma 2.1 X is 1-LC at the point ∞. Thus, X is LC^∞, see Theorem 1 in [Hu], p. 468, cf. Theorem 4.1 in [Ne_2], p. 50, and hence X is a real ANR.

Finally, since X is lc^∞_s and a cohomology n–manifold, we obtain that X is also a singular homology n–manifold, see again Theorem 2 in [Ra_1], p. 1372.

References

[Ba] Banaschewski B., Local connectedness of extension spaces, Canad. J. Math. 8 (1956), 395–398.

[Bo] Borel A., Seminar on Transformation Groups, Ann. of Math. Studies 46, Princeton, Princeton Univ. Press, 1960.

[Bou1] Bourbaki N., General Topology, Part 1, Massachussets etc., Addison-Wesley, 1966. [Bou2] Bourbaki N., General Topology, Part 2, Massachussets etc., Addison-Wesley, 1966. [Gr] Griffiths H.B., Local topological invariants, Trans. Amer. Math. Soc. 89 (1958), 201–244. [Hu] Hurewicz W., Homotopie, Homologie and lokaler Zusammenhang, Fund. Math. 25 (1935), 467–485.

[Ku] Kuratowski K., Topology. V. 1, New York and London, Academic Press, 1966. [Li] Liao S.D., On locally connected sets and absolute neighborhood retracts, Portugal. Math.

8 (1949), 137–142.

[Man] Mandelkern M., Metrization of the one–point compactification, Proc. Amer. Math. Soc.

107 (1989), 1111–1115.

[Mar] Mardesič S., Comparison of singular and Čech homology in locally connected spaces, Mich. Math. J. 6 (1959), 151–166.

[Mas] Massey W.S., Homology and cohomology theory, New York-Basel, Marcel Dekker, Inc., 1978.

[MS�] Mardesic S. and Segal J., Shape Theory, New York-Basel, Marcel Dekker, Inc., 1978. [MS] McMillan D.R.Jr. and Shrikhande N., On simple connectivity of a quotient space, Glasnik. Mat. Ser. III 12(32) (1977), 113–124.

[Ne] Newman M.H.A., Local connection in locally compact spaces, Proc. Amer. Math. Soc.

1 (1950), 44–53.

[Ra1] Raymond F., Some remarks on the coefficients used in the theory of homology manifolds, Pacific J. Math. 15 (1965), 1365–1376.

[Ra2] Raymond F., The end point compactification of manifolds, Pacific J. Math. 10 (1960), 947–963.

[Wa] Walsh J.J., Dimension, cohomological dimension, and cell-like mappings, Lecture Notes in Math. 870 (1981), 105–118.

O. Martio: Department of Mathematics, P.O. Box 4 (Yliopistonkatu 5), FIN–00014 University of Helsinki, Finland

E-mail address: olli.martio@helsinki.fi

V. Ryazanov: Institute of Applied Mathematics and Mechanics, NAS of Ukraine, 74 Roze Luxemburg St., 83114, Donetsk, Ukraine

E-mail address: ryaz@iamm.ac.donetsk.ua, ryazanov@www.math.helsinki.fi