Embeddings of weakly compact sets and ∗-paired Banach spaces

H.J.K. Junnila^1

ABSTRACT. We use properties of Day’s norm on c_0(κ) to prove that, for every Eberlein compact space K , there exists a separately continuous symmetric mapping d : K × K → R such that we have d(x, y) <^{d(x,x)+d(y,y)}_2 for any two distinct points x and y of K . As a consequence, we have that every Eberlein compact space K can be embedded as a point–separating set in its own function space C(K) equipped with pointwise (or weak) topology; in the terminology of A.V. Arhangel’skij, this means that every Eberlein compact space is “self–dual”.

We consider the problem whether every Eberlein compact space K can be embedded as a generating set in C(K) (equipped with the weak topology). We show that such an embedding exists for every uniformly Eberlein compact space. We also show that every Eberlein compact space can be embedded as a free generating set in some c_0(κ). These results are obtained as special cases of properties of “∗-paired Banach spaces”, a notion generalizing the relation of a reflexive Banach space and its dual.

AMS Classification 46B20 46E15 54C35 54D30

1. Introduction. We only consider real linear spaces. For any Banach space X , we denote by X_w the topological vector space obtained by equipping the underlying vector space of X with the weak topology of X . For every compact Hausdorff space K, we consider the function space C(K) as a Banach space, equipped with the supremum-norm, and we denote the space C(K)_w by C_w(K) ; moreover, we denote by C_p(K) the linear space C(K) equipped with the topology of pointwise convergence.

A topological space K is Eberlein compact provided that, for some Banach space X , K is homeomorphic with a compact subspace of X_w ; we show below that we can choose here X = C(K). Moreover, we answer a question of A.V. Arhangel’skii [Ar] by constructing the embedding x → f_x from K into C_w(K) so that the image–set {f_x : x ∈ K} separates the points of K .

A topological space K is uniformly Eberlein compact provided that, for some Hilbert space H , K is homeomorphic with a compact subspace of H_w . We show below that every uniformly Eberlein compact space K can be embedded in C_w(K) as a generating set, i.e., as a set whose linear span is dense in C_w(K). We do not know if the same conclusion holds for every Eberlein compact space.

A point–separating embedding x → f_x from K into C_w(K) is very easy to construct for a uniformly Eberlein compact space K : if K is a subspace of H_w , where H is a Hilbert

1 While writing this paper, the author was a senior fellow at the Academy of Finland space with an inner product (· , ·), then we can define f_x by the condition f_x(y) = (y, x). The same argument works for a compact subspace X_w , when X is a Banach space which admits a separately continuous inner product, in particular, for a weakly compact subspace of a separable Banach space; however, for a Banach space admitting a separately continuous inner product, the weakly compact subspaces are all uniformly Eberlein compact, and hence the argument does not work with all Eberlein compact spaces. Below we show that the function (x, y) → ||x y||, where || · || denotes Day’s norm on c_0(κ), has some properties analogous to those of an inner product, and we derive the embedding result for all Eberlein compact spaces using those properties.

For a uniformly Eberlein compact space K , the space C(K)^∗ has a separately weak^∗ - continuous inner product, and the embedding of K as a generating set in C(K)_w can be derived from such an inner product. We characterize below uniform Eberlein compactness of a compact Hausdorff space K by the condition that C(K) is “∗-paired” with some Hilbert space. In a similar way, Eberlein compactness of K is characterized by the condition that C(K) is ∗-paired with some reflexive space.

2. Embedding K as a point–separating set in C_w(K).

According to a fundamental result of D. Amir and J. Lindenstrauss [AL], every Eberlein compact space can be embedded, for a suitable cardinal κ, in the Banach space c_0(κ) equipped with its weak topology. This makes it possible to obtain the desired embedding of an Eberlein compact space as a point-separating set in its own function space by using properties of c_0(κ)-spaces. The space c_0(κ) does not have a separately continuous inner product for κ > ω (because there exist non-uniformly Eberlein compact spaces of weight ω_1 ; for example, the modification of [Ju, Example 5.8], where I is replaced by a subset of power ω_1 ), but we can use instead the function (x, y) → ||x y||, where || · || is a special norm of c_0(κ).

Let κ be an infinite cardinal. Let us recall a definition of the equivalent strictly convex norm || · || for c_0(κ) introduced by M. Day in [Da]:

||x||^2 = sup <α_1,...,α_n> n∑ i=1 4^{−i}(x_{αi} )^2 , (1)

where the supremum is taken over all finite sequences < α_1, ..., α_n > of distinct elements of κ.

In his original definition, Day first defined a mapping D : c_0(κ) → ℓ_2(κ) as follows: for x ∈ c_0 , let (α^x_n)^∞_{n=1} be a sequence of distinct elements of κ such that we have {α ∈ κ : x_α ≠ 0} ⊂ {α^x_n : n ∈ N} and the sequence (|x_αx_n |)^∞_{n=1} is non–increasing; the element D(x) of ℓ_2(κ) is then defined by setting D(x)_αx_n = 2^{−n} · x_αx_n for every n and D(x)_α = 0 for α ∈ D \ {α^x_n : n ∈ N}. Even though it is possible to make the mapping D homogeneous, the mapping is not linear; nevertheless, Day showed in [Da] that we obtain a norm || · || of c_0(κ) by setting ||x|| = ||D(x)||_{ℓ2} = √∑ α∈κ D(x)^2_α = √∑ n∈ω 4^{−n} x^2_αx_n

for every x ∈ c_0(κ). Day showed that the norm || · || is strictly convex, and later J. Rainwater [Ra] established that || · || is locally uniformly convex.

As mentioned above, c_0(κ) does not have any separately continuous inner product when κ > ω . However, with Day’s norm, the function (x, y) → ||x y|| has some properties similar to those of an inner product.

2.1 Proposition The following conditions hold for all x, y ∈ c_0(κ) and r ∈ R : (a) ||x y||^2 ≤ ||x^2|| · ||y^2||. (b) ||x y||^2 = ||x^2|| · ||y^2|| only if x ≡ 0 or y^2 = t x^2 for some t ∈ R . (c) ||x y|| <^{||x2||+||y2||}_2 if x^2 ≠ y^2 . (d) The function (x, y) → ||x y|| is separately weakly sequentially continuous.

Proof. (a) and (b): We have, by Schwarz inequality, that

||x y||^4 = (_∞ ∑ n=1 4^{−n}x^2_αxy_n y^2_αxy_n

)_2 ≤ ∞∑ n=1 4^{−n} x^4_αxy_n · ∞∑ n=1 4^{−n} y^4_αxy_n ≤ ||x^2||^2 · ||y^2||^2 .

As a consequence, ||x y||^2 ≤ ||x^2|| · ||y^2||.

Let us now assume that x ≢ 0 and ||x y||^2 = ||x^2|| · ||y^2||. Then the inequalities in the above sequence are equalities. By the condition for equality in the Schwarz inequality, we get that there exists t ∈ R such that y^2_αxy_n = t x^2_αxy_n for every n ∈ N . Moreover, we get that ∑_∞ n=1 4^{−n}x^4_αxy_n = ||x^2||^2 and ∑_∞ n=1 4^{−n}y^4_αxy_n = ||y^2||^2 , and this implies that all the α’s such that either x_α ≠ 0 or y_α ≠ 0 are among the α^{xy}_n ’s. As a consequence, we have that y^2 = t x^2 .

(c): We assume that ||x y|| ≥^{||x2||+||y2||}_2 , and we show that x^2 = y^2 . The left side of the assumed inequality is zero if x ≡ 0. On the other hand, the right side of the inequality is strictly positive if y ≢ 0. As a consequence, if we have x ≡ 0, then we also must have y ≡ 0. We now assume that x ≢ 0. By Condition (a), we have that ||x y|| ≤ √ ||x^2|| · ||y^2|| ≤ ||x^2||+||y^2|| 2 . It follows from the assumed inequality that ||x y|| = √ ||x^2|| · ||y^2|| =^{||x2||+||y2||}_2 . By Condition (b), there exists t ≥ 0 such that y^2 = t^2 x^2 . We now have that ||x y|| = t||x^2|| and ||y^2|| = t^2||x^2||, and it follows that t||x^2|| =^{||x2||+t2||x2||}_2 . As a consequence, we have that t^2 + 1 = 2t; this shows that t = 1 and y^2 = x^2 .

(d): Let y ∈ c_0(κ). To show that the mapping x → ||x y|| is weakly sequentially continuous, first note that this is obvious if y is the zero function; hence we may assume that y is not identically zero. Let x and x^i , i ∈ N , be members of c_0(κ) such that the sequence (x^i)^∞_{i=1} converges weakly to x. We show that ||x^i y|| → ||x y||. Let ϵ > 0. Then there exists 0 < ϵ^′ < min(ϵ, 1, ||y||_∞) such that ϵ^′ /∈ |xy|(κ). We show that there exists i_0 ∈ ω such that | |||xi y||2 − ||x y||2 | | ≤ 2ϵ′ for every i > i_0 . The weakly converging sequence (x^i)^∞_{i=1} is bounded; let M ≥ 1 be such that ||x^i||_∞ ≤ M for every i. Denote by A the finite set {α ∈ κ : |y_α| >^{ϵ′}_M }. For every α ∈ κ \ A, we have |x_α y_α| ≤ ϵ^′ and |x^i_α y_α| ≤ ϵ^′ for every i. Let B = {α ∈ A : |x_αy_α| > ϵ^′}. Note that there exists j ∈ ω such that we have {α ∈ A : |x^i_αy_α| > ϵ^′} = B for every i > j . We have that ∑ α∈κ\B D(zy) 2 α ≤ ϵ^′ for every z ∈ {x} ∪ {x^i : i > j}, and it follows that if B = ∅, then we have that | |||xi y||2 − ||x y||2 | | ≤ 2ϵ′ for every i > j . Assume that B ≠ ∅. Now it suffices to show that there exists k ∈ ω such that | ∑ α∈B D(x^iy)^2_α − ∑ α∈B D(xy)^2_α| ≤ ϵ^′ for every i > k . Denote by r the minimum positive difference of two numbers from the set {|xy|_α : α ∈ B} ∪ {0,^{ϵ′}_M }, and let r^′ =^r_2 . Let k ≥ j be such that we have |(x^iy)_α − (xy)_α| < r^′ for all α ∈ B and i > k . Let m = |B|, and note that we have {α^{xiy}_n : 0 ≤ n < m} = B for every i > k .

It follows from the foregoing that, for each i > k , we have ∑ α∈B D(x^iy)^2_α − ∑ α∈B D(xy)^2_α = m−1∑ n=0 4^{−n}(x^iy)^2_{αx}i_{yn} − m−1∑ n=0 4^{−n}(xy)^2_αxy_n

= m−1∑ n=0 4^{−n} [ (x^iy)^2_{αx}i_{yn} − (xy)^2_αxy_n ] . Hence it suffices to show that, for i > k , we have |(x^iy)^2_{αxiyn} − (xy)^2_αxy_n | < ϵ^′ for every n < m. So let i > k . Let t_0, ..., t_p be a decreasing enumeration of the numbers |xy|_α for α ∈ B . For every q < p, let C_q = {α ∈ κ : |xy|_α ≥ t_q} and let c_q = |C_q|. Since i > k , it follows from the definitions of k and r^′ that C_q = {α ∈ κ : |x^iy|_α > t_q − r^′}. As a consequence, we have that C_q = {α^{xy}_n : n < c_q} = {α^{xiy}_n : n < c_q}. It follows by induction that we have, for every q < p, that {α ∈ κ : |xy|_α = t_q} = {α^{xy}_n : c_{q−1} ≤ n < c_q} = {α ∈ κ : ||x^iy|(α) − t_q| < r^′} = {α^{xiy}_n : c_{q−1} ≤ n < c_q} . It follows that, for every n < m, we have | ||xiy|_{αxiyn} − |xy|_{αxyn} | | < r′ and hence

|(x^iy)^2_{αx}i_{yn} − (xy)^2_αxy_n | = | ||x^iy|_{αxiyn} + |xy|_{αxyn} | | · | ||x^iy|_{αxiyn} − |xy|_{αxyn} | | ≤ 2M | ||x^iy|_{αxiyn} − |xy|_{αxyn} | | < 2Mr^′ ≤ ϵ^′ .

We shall obtain an embedding K → C_w(K) , for an Eberlein compact space K , from a separately continuous function ρ : K × K → R which satisfies the condition that ρ(x, y) <^{ρ(x,x)+ρ(y,y)}_2 whenever x ≠ y ; we call this condition the subdiagonal inequality and a function satisfying the condition a subdiagonal function. A simple example of a subdiagonal function is −d, where d is a metric on K .

2.2 Lemma Let K be a compact space, and let ρ : K ×K → R be a separately continuous subdiagonal function. For every x ∈ K , denote by ρ_x the function y → ρ(x, y). Then the following hold:

(a) K is a Hausdorff space.

(b) For all x, y ∈ K , if x ≠ y , then either ρ_x(x) ≠ ρ_y(x) or ρ_x(y) ≠ ρ_y(y). (c) The mapping x → ρ_x is an embedding of K into C_p(K).

(d) If the function ρ is bounded, then x → ρ_x is an embedding of K into C_w(K). Proof. Condition (b) follows directly from the subdiagonal inequality, and (a) follows directly from (b). To prove (c), note that it follows from the separate continuity of ρ that, for each x ∈ K , the function ρ_x is continuous, and that the mapping x → ρ_x is continuous from K to C_p(K). By Condition (b), the mapping x → ρ_x is one-to-one, and it follows, since K is a compact Hausdorff space, that the mapping is an embedding of K in C_p(K). To prove (d), assume that ρ is a bounded function. Then the image of K under the mapping x → ρ_x is a bounded subset of C(K); it follows that in this case the mapping is also an embedding of K in C_w(K), since C_p(K) and C_w(K) have the same bounded compact subsets, by a result of A. Grothendieck (see [Di], Lemma 5.3.1). 2.3 Theorem The following conditions are equivalent for a compact space K : A. K is Eberlein compact.

B. K × K admits a separately continuous symmetric subdiagonal function. C. K can be embedded in C_p(K) as a point–separating set. D. K can be embedded in C_w(K).

Proof. A⇒B: Assume that K is Eberlein compact. By a fundamental result of D. Amir and J. Lindenstrauss [AL], K can be embedded in c_0(κ)_w for some cardinal κ. As is well known, we can assume that the image of K in the embedding is contained in the set c_0(κ)^+ = {x ∈ c_0(κ) : x_α ≥ 0 for each α} (we can, for example, accomplish this by using the homeomorphism Θ : c_0(κ)_w → c_0(κ)^+_w , defined by the rule Θ(x)_{λ+2n+i} = max(0, (−1)^ix_{λ+n}), where λ is a limit ordinal, n ∈ ω and i = 0, 1). Hence we can assume that K is a subspace of c_0(κ)^+_w . We define the function ρ : K × K → R by the formula ρ(x, y) = ||x y||, where ||·|| denotes Day’s norm on c_0(κ). Then ρ is clearly symmetric, and ρ satisfies the subdiagonal inequality by Condition (c) of Proposition 2.1; moreover, by Condition (d) of the same proposition, the function ρ is separately sequentially continuous; it follows, since K is Eberlein compact, that ρ is separately continuous on K × K . B⇒C: This follows from Lemma 2.2 (c).

C⇒D: Define θ : C_p(K) → C_p(K) by the formula θ(f)(x) =^{f(x)}_{1+f(x)2} . Then θ is a homeomorphism from C_p(K) onto a bounded subspace of C_p(K). Thus we see that every compact subspace of C_p(K) is homeomorphic with a bounded subspace of C_p(K). The implication C ⇒ D now follows by the result of Grothendieck mentioned above that the weak and pointwise topologies coincide on bounded compact subsets of C_p(K). D⇒A: This follows directly from the definition of Eberlein compactness.

If x → ρ_x is the embedding of an Eberlein compact space K into C_p(K) provided by Theorem 2.3 and Lemma 2.2, then part (b) of the lemma shows that the set {ρ_x : x ∈ K} of functions separates the points of K. Hence we see that every Eberlein compact space is “paired” with itself, in the terminology of I. Namioka and E. Wheeler [NW], or “dual” to itself, in the terminology of A.V. Arhangel’skij [Ar]; this answers a question made in [Ar].

If ⟨·, ·⟩ is an inner product on a linear space X , then the function ρ defined by the formula ρ(x, y) = 2 · ⟨x, y⟩ is a subdiagonal function on X × X . If || · || is the norm of X associated with ⟨·, ·⟩, then we can write ρ(x, y) = ||x + y||^2 − ||x||^2 − ||y||^2 . Now assume that X is a Banach space with norm ||·||. We can use the above formula to define a function ρ on X ×X . It is easy to see that we always have ρ(x, y) ≤^{ρ(x,x)+ρ(y,y)}_2 . Moreover, we see by [DGZ, Proposition II.1.3] that ρ is a subdiagonal function if, and only if, the norm || · || is strictly convex. Even though we cannot produce a separately weakly continuous subdiagonal function for c_0(κ) from an inner product when κ is uncountable, it might be possible to obtain one from the above formula.

2.4 Problem Does c_0(κ) have an equivalent strictly convex norm || · || such that the function (x, y) → ||x + y||^2 − ||x||^2 − ||y||^2 is separately weakly continuous?

Note that a norm satisfying the above continuity condition is a Kadec norm, i.e., the weak and norm topologies agree on the unit sphere.

To close this section, we describe an alternative, more topological, construction of a separately continuous subdiagonal function for an Eberlein compact space K . For this construction, we need the following topological characterization of Eberlein compact spaces due to H.P. Rosenthal. Recall that a family U of subsets of a set K is a point-separating family provided that, for any two distinct points x and y of K , there exists U ∈ U such that U contains exactly one of the points x and y . Note that U is point-separating if, and only if, the set of characteristic functions {χ_U : U ∈ U} separates the points of K .

2.4 Theorem ([Ro]) A compact Hausdorff space K is Eberlein compact if, and only if, K has a σ –point-finite point-separating family of open F_σ –subsets.

To be able to use point-finite families in constructing the function ρ : K × K → R , we need the following notion. We say that a set F ⊂ C(K) is point-finitely supported provided that, for every x ∈ K , the set {f ∈ F : f(x) ≠ 0} is finite.

2.5 Lemma Let F ⊂ C(K, I) be a point-finitely supported set. Then the function d : K × K → I, defined by the formula d(x, y) = sup_{f∈F} f(x)f(y) is separately continuous.

Proof. Since d is symmetric, it suffices to observe that, for each x ∈ K , the function y → d(x, y) is continuous. Let x ∈ K , and let F^′ be the finite set {f ∈ F : f(x) > 0}. Then we have, for every y ∈ K , that d(x, y) = max_{f∈F} ′ f(x)f(y). As a consequence, the function y → d(x, y) is continuous.

We will now sketch the alternative construction of a separately continuous subdiagonal function for an Eberlein compact space K . By Rosenthal’s result, K has a pointseparating family U = ⋃_∞ n=0 U_n of open F_σ –sets such that each U_n is point-finite. Let U^′ = { ⋂ V : V ⊂ U and V is finite}, and note that U^′ consists of open F_σ –sets. For each V ∈ U^′ , let f_V be a continuous function K → I such that V = {x ∈ K : f(x) > 0}. For all n, k ∈ ω , let F_{n,k} = {f_{∩V} : V ⊂ U_n and |V| = k}, and note that F_{n,k} is point-finitely supported.

For all n, k ∈ ω define ρ_{n,k} : K×K → I by the formula ρ_{n,k}(x, y) = sup_{f∈Fn,k} f(x)f(y). By Lemma 2.5, the functions ρ_{n,k} are separately continuous. It follows that the function ρ = ∑_∞ n,k=0 2 −n−k · ρ n,k is separately continuous. Since each ρ_{n,k} is symmetric, the function ρ is symmetric. We leave it to the reader to verify that, for any two distinct points x and y of K , we have that ρ(x, y)^2 < ρ(x, x)ρ(y, y), and hence also that ρ(x, y) <^{ρ(x,x)+ρ(y,y)}_2 ; the proof of the first inequality depends on the observation that there exist n and k such that f(x)f(y) = 0 for every f ∈ F_{n,k} while g(x) + g(y) > 0 for some g ∈ F_{n,k} .

3. Embedding K as a generating set in C_w(K). Above, we showed that every Eberlein compact space K can be embedded in C_w(K) as a point-separating set. The construction described at the end of the preceding section can easily be modified so that the resulting embedding maps some point of K to a non-zero constant function; with this extra condition, the Stone-Weierstrass Theorem implies that the image of K in the embedding generates a dense subalgebra of C(K). In this section, we shall indicate some situations in which an Eberlein compact space K can be embedded in C_w(K) as a generating set, i.e., in such a way that the image of K in the embedding generates a dense linear subspace of C(K). 3.1 Problem Can every Eberlein compact space K be embedded in C_w(K) as a generating set?

According to one of the results in [AL], every weakly compactly generated Banach space is generated by the (topologically) simplest possible kind of a weakly compact set: a set homeomorphic with the one–point compactification of a discrete space. More precisely: a weakly compactly generated Banach space of density κ is generated by a subspace which is homeomorphic, in its relative weak topology, with A(κ), the one–point compactification of the discrete space on κ. According to another result of [AL], a Banach space C(K) is weakly compactly generated if, and only if, the compact space K is Eberlein compact. Moreover, the density of C(K) is κ for an infinite compact Hausdorff space K of weight κ. It follows that if K is an infinite Eberlein compact space of weight κ, then C(K) is generated by a subspace of C_w(K) homeomorphic with A(κ). As a consequence, we have the following partial solution to Problem 3.1: for every cardinal κ, the space A(κ) can be embedded in C_w(A(κ)) as a generating set. With the help of Theorem 2.3, we can generalize this result considerably.

3.2 Proposition Let K be an infinite Eberlein compact space of weight κ such that K contains a clopen copy of the space A(κ). Then K can be embedded in C_w(K) as a generating set.

Proof. By the result of Amir and Lindenstrauss mentioned above, C_w(K) is generated by a subspace A which is homeomorphic with A(κ). By Theorem 2.3, C_w(K) contains a subspace K^′ homeomorphic with K . Since the compact subsets A and K^′ of C_w(K) are bounded, we can move K^′ by a translation (if necessary), and hence we can assume that A ∩ K^′ = ∅. Let A^′ be a clopen subspace of K^′ homeomorphic with A(κ). Then A ∪ (K^′ \ A^′) is a generating set of C_w(K) which is homeomorphic with K .

It follows from the above that every Eberlein compact space can be embedded in a “self-generating” space (of the same weight). As a consequence, we see that a selfgenerating space need not be either strongly or uniformly Eberlein compact. We do not know whether all strongly Eberlein compact spaces are self-generating, but we can show that all uniformly Eberlein compact spaces have this property. Before proving that result, we shall consider a more general situation, a sort of duality between two Banach spaces X and Y , which allows us to obtain “generating embeddings” of compact generating subsets of the space X^∗_w∗ in the space Y_w .

3.3 Definition Two Banach spaces X and Y are ∗-paired if there exists a weak^∗ -toweak continuous, one-to-one and dense-range operator X^∗ → Y ; we call such an operator a ∗-pairing mapping.

Note that a ∗-pairing mapping is a weakly compact operator. It follows from known results on transpose mappings that if T : X^∗ → Y is ∗-pairing, then so is the transpose T^∗ : Y^∗ → X ⊂ X^{∗∗} . As a consequence, the relation of ∗-pairedness is symmetric. This symmetry is very apparent in the following result which shows that two Banach spaces are ∗-paired if, and only if, they form a “∗-dual pair”.

3.4 Lemma Two Banach spaces X and Y are ∗-paired with each other if, and only if, the duals X^∗ and Y^∗ can be put in a separated duality by a separately weak^∗ -continuous bilinear form.

Proof. Necessity. If T : X^∗ → Y is a ∗-pairing mapping, then we can define the bilinear form ⟨· , ·⟩ on X^∗ × Y^∗ by the formula ⟨ϕ, ψ⟩ = ψ(T (ϕ)).

Sufficiency. Assume that ⟨· , ·⟩ is a separately weak^∗ -continuous bilinear form which puts X^∗ and Y^∗ in a separated duality. For every ϕ ∈ X^∗ , since the linear functional ψ → ⟨ϕ, ψ⟩ of Y^∗ is weak^∗ -continuous, there exists y_ϕ ∈ Y such that ⟨ϕ, ψ⟩ = ψ(y_ϕ) for every ψ ∈ C^∗ . Then the mapping T : X^∗ → Y , obtained by setting T (ϕ) = y_ϕ for every ϕ ∈ X^∗ , is ∗-pairing.

A familiar instance of two ∗-paired spaces is that of a reflexive space R and its dual R^∗ ; in this case, the identity mapping R^∗ → R^∗ is ∗-pairing. Here the ∗-pairing mapping is onto, and this is essentially the only situation where that can occur: if T : X^∗ → Y is an onto ∗-pairing mapping, then T is an isomorphism, and it follows (see the proof of (b)⇒(a) below) that the unit ball of Y is weakly compact; as a consequence Y is reflexive and X is isomorphic with the dual of Y . The following result shows that not all ∗-paired Banach spaces are reflexive and not all Banach spaces are ∗-paired with other spaces.

3.5 Proposition The following conditions are equivalent for a Banach space X : (a) X is weakly compactly generated. (b) X is ∗-paired with some Banach space. (c) X is ∗-paired with some reflexive Banach space.

Proof. (a)⇒(c) Assume that X is weakly compactly generated. By ([DFJP], Corollary 3) there exists a reflexive space R and a continuous one-to-one dense-range operator T : R → X . We identify R with R^{∗∗} and we consider T as a mapping (R^∗)^∗ → X . By reflexivity, the weak and weak^∗ topologies coincide on (R^∗)^∗ . As consequence, T is a ∗-pairing mapping.

(b)⇒(a) Assume that Y is a Banach space and that T : Y^∗ → X is a ∗-pairing mapping. By the Alaoglu Theorem, the closed unit ball B_Y of Y is compact in the weak^∗ -topology. Since T is weak^∗ -to-weak continuous, the set T (B_Y ) is compact in the weak topology of X . Since T has dense range in X , the set T (B_Y ) generates a dense linear subspace of X . Next we specify the Banach space in Condition (b) above by showing that all weakly compactly generated Banach spaces of a given density character are ∗-paired with one single space. Note that it is known (see, e.g., [Di], p.190) that the density character of a weakly compactly generated Banach space coincides with the weak^∗ -density character of the dual of the space; it follows from this and Proposition 3.5 that any two ∗-paired Banach spaces have the same density character.

According to ([AL], Proposition 2), for every weakly compactly generated Banach space X , there exists a one-to-one and weak^∗ -to-weak continuous operator X^∗ → c_0(κ) for some κ; the next result shows that we can make the operator also to have dense range.

3.6 Proposition An infinite-dimensional weakly compactly generated Banach space of density character κ is ∗-paired with c_0(κ).

Proof. Let X be an infinite-dimensional weakly compactly generated Banach space of density κ. We show that there exists a ∗-pairing mapping T : X^∗ → c_0(κ). By ([VWZ], Theorem 3.1) there exists a biorthogonal system {(x_α, x^∗_α) : α < λ} such that the set A = {x_α : α < λ} ∪ {0} is a weakly compact generating subset of X . Without loss of generality, we may assume that ||x_α|| ≤ 1 for every α. Note that the set A, in its relative weak topology, is homeomorphic with A(λ). Since the density of X is κ, we have that λ = κ.

For every ϕ ∈ X^∗ , denote by T (ϕ) the (transfinite) sequence ⟨ϕ(x_α)⟩_{α<κ} ; it is easy to see that T (ϕ) is a member of c_0(κ). We show that the mapping T : X^∗ → c_0(κ) is ∗-pairing. The mapping T is clearly linear, and T is one-to-one because the set A generates X . Also, it is easily seen that T is continuous and ||T || ≤ 1.

Next we show that, for every ψ ∈ c_0(κ)^∗ , ψ ≠ 0, there exists y ∈ X , y ≠ 0, such that the mapping ψ ∘ T : X^∗ → R coincides with the evaluation map ϕ → ϕ(y). So let ψ ∈ c_0(κ)^∗ , ψ ≠ 0. There exists ⟨r_α⟩_{α<κ} ∈ ℓ^1(κ) such that ψ(⟨p_α⟩_{α<κ}) = ∑ α<κ r_αp_α for every ⟨p_α⟩_{α<κ} ∈ c_0(κ). Since ψ ≠ 0, we must have r_α ≠ 0 for some α. Denote by y the element ∑ α<κ r_αx_α of X , and note that it follows from properties of a biorthogonal system that y ≠ 0. Let ϕ ∈ X^∗ . Then we have that ϕ(y) = ϕ( ∑ α<κ r_αx_α) = ∑ α<κ r_αϕ(x_α) = ψ(T (ϕ)). We have shown that the mapping ψ ∘ T is the evaluation ϕ → ϕ(y).

By the foregoing, the transpose T^∗ of the mapping T : X^∗ → c_0(κ) maps c_0(κ)^∗ into X ⊂ X^{∗∗} . As a consequence, the mapping T is weak^∗ -to-weak continuous. To show that the range of T is dense in c_0(κ), assume that this is not the case. Then there exists ψ ∈ c_0(κ)^∗ such that ψ ≠ 0 but ψ(T (ϕ)) = 0 for every ϕ ∈ X^∗ . Let y ∈ X , y ≠ 0, be such that the mapping ψ ∘ T : X^∗ → R is the evaluation ϕ → ϕ(y). We now have, for every ϕ ∈ X^∗ , that ϕ(y) = ψ(T (ϕ)) = 0, and it follows that y = 0 – a contradiction.

Next we consider ∗-pairedness of C(K)-spaces. Here we can restrict our consideration to Eberlein compact spaces, because it follows from Proposition 3.5 and a result of [AL] that C(K) is ∗-paired with some Banach space if, and only if, K is Eberlein compact. Our first result shows that the condition that C(K) is ∗-paired with a Banach space X can be characterized by the existence of a special embedding of K as a generating set in X equipped with its weak topology.

3.7 Theorem Let K be a compact Hausdorff space and X a Banach space. The space C(K) is ∗-paired with X if, and only if, there exists a generating subset K̂ of X_w such that K̂ is homeomorphic with K and the subspace {ϕ|K̂ : ϕ ∈ X^∗} is dense in C(K̂).

Proof. Sufficiency. If K̂ has the property mentioned in the theorem, then it is easy to see that the mapping ϕ → ϕ|K̂ from X^∗ to C(K̂) is ∗-pairing.

Necessity. Assume that C(K) and X are ∗-paired, and let T : C(K)^∗ → X be a ∗- pairing mapping. We denote by θ the natural embedding of K in C(K)^∗_w∗ , i.e., θ(k) is the evaluation map f → f(k) defined on C(K). For every k ∈ K , we set k̂ = T (θ(k)). Further, we set K̂ = {k̂ : k ∈ K} = T (θ(K)).

The mapping T ∘ θ is continuous K → X_w and one-to-one, and hence it follows from compactness of K that K̂ , in its relative weak topology, is homeomorphic with K . To see that K̂ generates X , note that the linear subspace of C(K)^∗ generated by θ(K) corresponds to the set of all finitely supported measures on C(K), and this subspace is dense in the weak^∗ -topology of C(K)^∗ . The conclusion now follows since the mapping T : C(K)^∗ → c_0(κ) is weak^∗ -to-weak continuous and has dense range.

It remains to show that {ϕ|K̂ : ϕ ∈ X^∗} is dense in C(K̂). Note that this condition is equivalent with the condition that {(ϕ ∘ T )|θ(K) : ϕ ∈ X^∗} is dense in C(θ(K)), in other words, with the condition that {T^∗(ϕ)|θ(K) : ϕ ∈ X^∗} is dense in C(θ(K)) (here θ(K) is considered as a topological subspace of C(K)^∗_w∗ ). Since the mapping T^∗ : X^∗ → C(K) is ∗-pairing, the set T^∗(X^∗) is dense in in the space C(K) ⊂ C(K)^{∗∗} . Hence our proof is complete once we show that, for all ϕ ∈ X^∗ and k ∈ K , the equation T^∗(ϕ)(k) = T^∗(ϕ)(θ(k)) holds. So let ϕ ∈ X^∗ and k ∈ K . Since T^∗(ϕ) ∈ C(K), there exists f ∈ C(K) such that we have T^∗(ϕ)(μ) = μ(f) for every μ ∈ C(X)^∗ . Now we have that T^∗(ϕ)(k) = f(k) = θ(k)(f) = T^∗(ϕ)(θ(k)), as desired.

Remarks. (a) Note that it follows from the conditions satisfied by K̂ above that K̂ is a free set in X . As a consequence, every function K̂ → R is the restriction of some linear function X → R . However, even though the continuous functionals are dense in C(K̂), the equation {ϕ|K̂ : ϕ ∈ X^∗} = C(K̂) can hold only for a finite K : the ∗–pairing mapping ϕ → ϕ|K̂ from X^∗ to C(K̂) cannot be onto if K̂ is infinite. (b) The above proof shows that the set K̂ constructed there has the following property, stronger than that stated in the theorem: if E ⊂ X^∗ generates a weak^∗ -dense subspace of X^∗ , then {ϕ|K̂ : ϕ ∈ E} generates a dense subspace of C(K̂).

By the above theorem and Proposition 3.6, we have the following result.

3.8 Corollary Let K be an Eberlein compact space of weight κ. Then there is a generating subset K̂ of c_0(κ)_w such that K̂ is homeomorphic with K and the subspace {ϕ|K̂ : ϕ ∈ c_0(κ)^∗} is dense in C(K̂).

For the remainder of this paper, we shall consider Banach spaces which are ∗-paired with themselves. A typical instance is that of a Hilbert space H , where the inner product of H^∗ provides a “∗-pairing form”, and the natural isomorphism H^∗ → H provides a ∗-pairing mapping. Another case is that of the space c_0(κ). If we identify the dual of c_0(κ) with ℓ^1(κ), then the formal identity map ℓ^1(κ) → c_0(κ) ∗-pairs c_0(κ) with itself. On the other hand, not every reflexive space is ∗-paired with itself: it follows from Pitt’s Theorem that there is no continuous one-to-one linear map from ℓ^q(κ) to ℓ^p(κ) when κ is uncountable and 1 ≤ p < q < ∞ (see [HHZ], Exercise 15 on p.209).

Our next result gives simple characterizations for a Banach space to be ∗-paired with some Hilbert space, and it shows that the above observation on “self-∗-pairedness” of Hilbert spaces can be generalized to all Banach spaces ∗-paired with Hilbert spaces.

3.9 Proposition The following are equivalent for a Banach space X : (a) X is ∗-paired with some Hilbert space.

(b) There exists a continuous, dense-range operator from some Hilbert space to X . (c) There exists a weak^∗ -to-weak continuous one-to-one operator from X^∗ into some Hilbert space.

(d) X^∗ has a separately weak^∗ -continuous inner product.

Proof. The implication (a)=⇒(b) holds trivially, and (b)=⇒(c) by well-known properties of transpose operators.

(c)=⇒(d): Let T be a weak^∗ -to-weak continuous one-to-one operator from X^∗ into a Hilbert space H . Since T is linear and one-to-one, we can define an inner product ⟨· , ·⟩ on X^∗ by the formula ⟨ϕ, ψ⟩ = (T (ϕ), T (ψ)), where (·, ·) denotes the inner product of H . The inner product ⟨· , ·⟩ is separately weak^∗ -continuous because T is weak^∗ -to-weak continuous.

(d)=⇒(a) If X^∗ has a separately weak^∗ -continuous inner product ⟨· , ·⟩, then the completion (H, (·, ·)) of the inner product space (X^∗, ⟨· , ·⟩) is a Hilbert space, and the inclusion map from X^∗ to H is ∗-pairing.

3.10 Corollary A Banach space is ∗-paired with itself provided the space is ∗-paired with some Hilbert space

Proof. This follows from the above result and Lemma 3.4, since a separately continuous inner product clearly puts a Banach space in a separated duality with itself.

The symmetry of the “∗-pairing form” obtained from an inner product has a natural characterization in terms of the associated ∗-pairing map. Let us call a weak^∗ -to-weak continuous linear mapping T : X^∗ → X self-adjoint if the equation T^∗ = T holds (this, of course, makes sense only after the identification of X with the corresponding subspace of X^{∗∗} ).

3.11 Lemma Let X be a Banach space. The following are equivalent for a weak^∗ -to-weak continuous linear map T : X^∗ → X . (a) T is self-adjoint.

(b) ϕ(T (ψ)) = ψ(T (ϕ)) for all ϕ, ψ ∈ X^∗ .

(c) The bilinear form ⟨· , ·⟩ on X^∗ , defined by ⟨ϕ, ψ⟩ = ψ(T (ϕ)), is symmetric.

Proof. The equivalence of conditions (b) and (c) is obvious. Moreover, T is self-adjoint if, and only if, we have, for all ϕ, ψ ∈ X^∗ that ψ(T (ϕ)) = T^∗(ϕ)(ψ), i.e., that ψ(T (ϕ)) = ϕ(T (ψ)). It follows from Lemma 3.11 and the proof of Corollary 3.10, that a Banach space is ∗-paired with itself by a self-adjoint mapping provided the space is ∗-paired with some Hilbert space. According to ([BRW], Theorem 3.2) a compact Hausdorff space K is uniformly Eberlein compact if, and only if, C(K) is ∗-paired with some Hilbert space. As a consequence, we have the following result which exhibits a significant class of non- Hilbertian self-∗-paired spaces.

3.12 Proposition If K is a uniformly Eberlein compact space, then the space C(K) is ∗-paired with itself by a self-adjoint mapping.

The above results leave the following questions on self-∗-paired spaces unanswered:

3.13 Problems Let X be a Banach space which is ∗-paired with itself. A. Can X be ∗-paired with itself by a self-adjoint mapping?

B. If X is ∗-paired with itself by a self-adjoint mapping, is X then ∗-paired with some Hilbert space?

C. If X = C(K), is K uniformly Eberlein compact?

With the following result we return to the original problem on the possibility of embedding compact spaces as generating sets in their own function spaces.

3.14 Proposition Let K be a compact Hausdorff space. The space C(K) is ∗-paired with itself if, and only if, C_w(K) has a generating subset K̂ such that K̂ is homeomorphic with K and the evaluations k̂ → k̂(x), for x ∈ K , generate a dense subspace of C(K̂).

Proof. Sufficiency follows directly from Theorem 3.7. Necessity follows from Theorem 3.7 and Remark (b) following the theorem, because the evaluations f → f(x), for x ∈ K , generate a weak^∗ -dense subspace of C(K)^∗ .

In particular, it follows by the result of Proposition 3.12 that every uniformly Eberlein compact space K can be embedded as a generating subset in C_w(K). Moreover, we can choose the embedding in a special way. According to Theorem 2.3, every Eberlein compact space K has a “symmetric point-separating embedding” into C_w(K); if K is uniformly Eberlein compact, then it follows from Proposition 3.12 that we can strenghten “pointseparating” to “generating”.

3.15 Corollary Let K be a uniformly Eberlein compact space. Then there exists a separately continuous symmetric function ρ : K × K → R such that the functions ρ_x , x ∈ K , generate C(K), where ρ_x(y) = ρ(x, y) for all x, y ∈ K .

Proof. By Proposition 3.12 and Lemma 3.11, there exists a self-adjoint ∗-pairing map T : C(K)^∗ → C(K). Let θ be the natural embedding of K in C(K)^∗_w∗ . We define ρ : K × K → R by setting ρ(x, y) = T (θ(x))(y) = θ(y)(T (θ(x))) for all x, y ∈ K . By self-adjointness of T , the function ρ is symmetric. For every x ∈ K , we have that T (θ(x) ∈ C(K), and hence the function y → ρ(x, y) is continuous on K ; it follows by the symmetry that ρ is separately continuous. Finally, because the set θ(K) generates a weak^∗ -dense subspace of C(K)^∗ and since T is weak^∗ -to-weak continuous and has dense range, T (θ(K)) is a generating set in C(K); this means that the functions ρ_x , x ∈ K , generate C(K).

By Proposition 3.9 and ([BRW], Theorem 3.2), a compact Hausdorff space K is uniformly Eberlein compact if, and only if, the space C(K)^∗ has a separately weak^∗ - continuous inner product. One can obtain a function ρ with the properties stated in the above corollary also from such an inner product (·, ·) by the formula ρ(x, y) = (θ(x), θ(y)), where θ is again the natural embedding of K in C(K)^∗_w∗ .

Acknowledgement: In preparing this paper, the author benefited much from information generously provided to him by Hans-Olav Tylli and Eero Saksman on some of the less topological aspects of the paper.

REFERENCES

[AL] D. Amir and J. Lindenstrauss, The structure of weakly compact sets in Banach spaces, Ann. of Math. (2) 88 (1968) 35–46.

[Ar] A.V. Arkhangel’skii, On some topological spaces that occur in functional analysis, Russian Math. Surveys 31 (1976) (5) 14–30.

[BRW] Y. Benjamini, M.E. Rudin and M. Wage, Continuous images of weakly compact subsets of Banach spaces, Pacific J. Math 70 (1977) 309–324.

[DFJP] W.J. Davis, T. Figiel, W.B. Johnson and A. Pelczynski, Factoring weakly compact operators, J. Functional Anal. 17 (1974) 311–327.

[Da] M.M. Day, Strict convexity and smoothness of normed spaces, Trans. Amer. Math.

Soc. 78 (1955) 516–528.

[DGZ] R. Deville, G. Godefrey and V. Zizler, Smoothness and Renormings of Banach Spaces, Pitman Monographs and Surveys in Pure and Appl. Math. 64 (Longman Scientific and Technical, 1993).

[Di] J. Diestel, Geometry of Banach Spaces–Selected Topics, Lecture Notes in Math. 485 (Springer–Verlag, 1975).

[HHZ] P. Habala, P. Hájek and V. Zizler, Introduction to Banach Spaces, I and II (Matfyzpress, Praha, 1996).

[Ju] H.J.K. Junnila, Eberlein compact spaces and continuous semilattices, Z. Frolík (ed.), General Topology and its Relations to Modern Analysis and Algebra VI; Proc. Sixth Prague Topological Symp. 1986 (Helderman Verlag, Berlin, 1988) 297–322.

[NW] I. Namioka and E. Wheeler, Gulko’s proof of the Amir-Lindenstrauss theorem, Geometry of Normed Linear Spaces (Urbana-Champaign, Ill.,1983) 113-120, Contemporary Math. 52 AMS, 1986.

[Ra] J. Rainwater, Local uniform convexity of Day’s norm on c_0(Γ), Proc. Amer. Math.

Soc. 22 (1969) 335–339.

[Ro] H.P. Rosenthal, The heredity problem for weakly compactly generated Banach spaces, Compositio Math. 28 (1974) 83–111.

[VWZ] J. Vanderwerff, J.H.M. Whitfield and V. Zizler, Markuševič bases and Corson compact spaces in duality, Canad. J. Math. 46 (1) (1994) 200–211.

Department of Mathematics University of Helsinki Finland heikki.junnila@helsinki.fi