EQUIVARIANT REAL ANALYTIC APPROXIMATIONS

MARJA KANKAANRINTA

Abstract. Let G be a Lie group having only finitely many connected components. We prove a G-equivariant version of Whitney’s approximation theorem. As an application we obtain the real analytic version of Abels’ global slice theorem for linear Lie groups, a real analytic G-equivariant embedding theorem and the existence of a real analytic G-invariant Riemannian metric.

0. Introduction

The main result of this paper is Theorem 3.6, which is a G-equivariant version of Whitney’s approximation theorem. It shows that G-equivariant smooth mappings from a proper G-manifold to a linear G-space can be approximated by G-equivariant real analytic mappings. Here we assume that G is a non-compact Lie group having only finitely many connected components.

Real analytic mappings are dense within smooth mappings C^∞(M, R^n) in Whitney C^∞-topology. An equivariant version of this result holds for compact Lie groups ([16]). Obviously, G-equivariant real analytic mappings can not be dense within smooth mappings if G is non-compact. The best one can hope for is to construct G-equivariant real analytic mappings approximating smooth mappings on compact sets whose saturations form a locally finite cover of M. Theorem 3.6 shows that this kind of approximating is indeed possible. Generally speaking, the motivation for this result stems from the fact that since we work with equivariant mappings, it is often enough to know how a mapping behaves on suitably chosen compact sets - the rest follows from equivariantness.

To obtain Theorem 3.6 we need a method to construct G-equivariant real analytic mappings. This method is given in Theorem 3.4. It is based on averaging over the group method. Notice that integration over a non-compact group may not preserve real analyticity. Thus constructing G-equivariant real analytic mappings is much more difficult than constructing G-equivariant smooth mappings. Let M be a proper real analytic G-manifold and let R^n(ϱ) be a linear G-space.

Date: August 18, 1997.

1991 Mathematics Subject Classification. 57S20.

Key words and phrases. Proper action, Lie group, real analytic, approximation. The author was supported by the Academy of Finland, the Mittag-Leffler Institute, Sonderforschungsbereich 343 and the Emil Aaltonen Foundation. 1

We will use a weight mapping h̄: M → R in order to make the mapping F : M → R^n(ϱ), x → ∫ G g^{−1}h̄(gx)f(gx)dg both real analytic and G-equivariant for every real analytic f : M → R^n(ϱ). The mapping h̄ is real analytic outside its zero-point set and its restriction to every orbit vanishes outside a compact set. It also satisfies some submersion assumptions which are needed to make the zero-point set intersect every orbit nicely enough. These submersion assumptions can not be satisfied if G has infinitely many connected components. Finally, C. Ehresmann’s fibration theorem [4] is used to prove that F is real analytic.

As the first application of Theorem 3.6 we prove the real analytic version of Abels’ global slice theorem for linear Lie groups (Theorem 4.1). When work for this paper was in progress we learned that for arbitrary Lie groups the global slice theorem has been proved independently and by different methods by Heinzner, Huckleberry and Kutzschebauch (Theorem VI 2 in [7]) and also by Kutzschebauch in his thesis (Satz 2.5.3 in [13]). The smooth global slice theorem has been proved by H. Abels (Theorem 1.10 in [1]). As a consequence of the global slice theorem we obtain a G-equivariant real analytic embedding theorem (Corollary 4.2). Another application is Theorem 5.1 according to which every proper real analytic G-manifold has a G-invariant real analytic Riemannian metric, when G is a (not necessarily linear) Lie group having only finitely many connected components.

Section 2 is about slices in linear G-spaces. The results of this section are used to prove the global slice theorem. They are not needed for the approximation result.

1. Notation and preliminaries

In this paper G always denotes a Lie group. The connected component of the identity element of G is denoted by G_0. In Section 3 we use a left invariant Haar integral over a non-compact Lie group G. For information about the Haar integral, see [18]. The measure of a subset A of G will be denoted by μ(A). If a function f : G → R^n is integrable its integral will be denoted by ∫ G f(g)dg. An n-dimensional euclidean space equipped with the linear action of G via some representation ϱ : G → Gl(n, R) is denoted by R^n(ϱ) and called a linear G-space. By a real analytic G-manifold we mean a real analytic manifold M together with a real analytic action ϕ : G × M → M. We call M a proper real analytic G-manifold in case the mapping G × M → M × M, (g, x) → (gx, x), is proper, i.e., if the inverse image of every compact set is compact. Thus every action of a compact Lie group is proper. Action of a discrete Lie group is proper if and only if it is properly discontinuous.

The orbit and isotropy subgroup of x ∈ M are denoted by Gx and G_x, respectively. All our manifolds are second countable and finite dimensional. The closure, boundary and interior of a subset A of M are denoted by A, ∂A, and intA, respectively.

Let n ∈ N and α = (α_1, . . . , α_n) and β = (β_1, . . . , β_n) be n-tuples of nonnegative integers. Then we write |α| = α_1 + · · · + α_n, α∑ β=0 = α1∑ β1=0 · · · αn∑ βn=0 and ( α β ) = ( α_1 β_1 ) · · · ( α_n β_n ) . If U is an open subset of R^n and the mapping h : U → R is differentiable of class C^∞ i.e. smooth, we write D^αh = ∂^{α1+···+αn} ∂x^{α1}_1 · · · ∂x^{αn}_n h. If f : U → R^m is differentiable of class C^∞, we write D^αf = (D^αf_1, . . . , D^αf_m). The partial derivatives of the product mapping hf are obtained by the Leibniz rule: D^α(hf)(x) = α∑ β=0 ( α β ) D^βh(x)D^{α−β}f(x). 2. Slices in linear G-spaces

Let M(n, R) be the vector space of all real n × n-matrices. If a ∈ M(n, R), we write a^t for the transpose of a. All the symmetric n × n-matrices form a linear subspace of M(n, R) which we denote by V. We denote the general linear group, the special linear group, the orthogonal group and the special orthogonal group of real n × n-matrices by Gl(n, R), Sl(n, R), O(n) and SO(n), respectively. The n × n-identity matrix is denoted by e. Let ϕ : Gl(n, R) × V → V, (a, b) → aba^t. Then ϕ defines a linear action of Gl(n, R) on V. By choosing an ordering of matrix elements we can identify V with R^q, where q = n(n + 1)/2. Then the linear action of Gl(n, R) on V becomes a linear action of Gl(n, R) on R^q via some representation σ : Gl(n, R) → Gl(q, R).

Every symmetric matrix is diagonalizable. Thus for every b ∈ V we can write b = oλo^t where o is an orthogonal matrix and λ is a diagonal matrix, whose diagonal elements are the characteristic roots of b. The characteristic roots of symmetric matrices are real. If λ is a diagonal matrix whose diagonal elements are all non-negative we denote by λ^{1/2} the diagonal matrix for which λ^{1/2}λ^{1/2} = λ and whose diagonal elements are all non-negative.

Let (a_i) be a converging sequence in V such that at least one characteristic root of each a_i is not positive. We write a_i = o_iλ_io^t_i for every i as in the previous paragraph. Since O(n) is compact the sequence (o_i) has a convergent subsequence.

Therefore (λ_i) has a subsequence converging to some diagonal matrix λ at least one of whose diagonal elements is not positive. Therefore the set U of symmetric n × n-matrices whose characteristic roots are all positive is open in V.

Lemma 2.1. The orbit of e in V is U. Moreover, Gl(n, R) acts properly on U.

Proof. The orbit of e is the set Gl(n, R)e = {aa^t | a ∈ Gl(n, R)}. If a ∈ U we can write a = oλo^t where o ∈ O(n) and λ is a diagonal matrix whose diagonal elements are the characteristic roots of a. Since now all the diagonal elements of λ are positive we can write a = (oλ^{1/2}o^t)(oλ^{1/2}o^t)^t. Thus a ∈ Gl(n, R)e. An arbitrary matrix in Gl(n, R) is by the polar decomposition theorem of form hu where h is a symmetric invertible n × n-matrix and u ∈ O(n). Therefore an arbitrary element of Gl(n, R)e is of form (hu)(hu)^t = h^2. Since the characteristic roots of the square of a symmetric invertible matrix are all positive it follows that Gl(n, R)e ⊂ U. This proves the first claim.

The isotropy subgroup of e is O(n). By Theorem VI 1.2 of [3] the mapping Gl(n, R)/O(n) → U, aO(n) → aa^t, is a continuous bijection. It is a homeomorphism by the invariance of domain. Since Gl(n, R) acts properly on Gl(n, R)/O(n), it also acts properly on U. This completes the proof.

Lemma 2.2 and Theorem 2.3 improve Lemma 3.1 and Theorem 3.2 in [12], respectively. The proof of Theorem 2.3 is essentially the same as that of Theorem 3.2 in [12]. Here we just use Lemma 2.1 to make the group act properly on some open subsets of euclidean spaces.

Lemma 2.2. For every n ∈ N there exist a linear Sl(n, R)-space R^q(σ), a point

v ∈ R^q(σ) and a Sl(n, R)-invariant neighbourhood V of v such that Sl(n, R)v =

SO(n) and Sl(n, R) acts properly on a neighbourhood of V .

Proof. Let V and U be as in the previous lemma. Since Sl(n, R) is a closed subgroup of Gl(n, R), it follows that Sl(n, R) acts properly on U. The Sl(n, R)- orbit of e in V is the set of matrices oλo^t, where o ∈ O(n) and λ ∈ Sl(n, R) is a diagonal matrix, whose characteristic roots are all positive. Since the determinant mapping det: V → R is continuous and Sl(n, R)-invariant, it follows that V = U ∩ det^{−1}]1/2, 3/2[ is an open Sl(n, R)-invariant neighbourhood of e in V. We next show that V ⊂ U. Let (o_iλ_io^t_i) be a sequence in V converging to b ∈ V. Then (o_i) has a subsequence converging to some o ∈ O(n) from which it follows that (λ_i) has a subsequence converging to o^tbo. Thus o^tbo is a diagonal matrix whose diagonal elements are all positive which implies o^tbo ∈ U and moreover that b ∈ U.

The lemma now follows from the fact that V can be identified with a linear Sl(n, R)-space R^q(σ) via a representation σ : Sl(n, R) → Gl(q, R) as in the beginning of the section.

Theorem 2.3. Let G be a linear Lie group and H a compact subgroup of G. Then there exist a linear G-space R^s(ν), a point w ∈ R^s(ν) and a G-invariant neighbourhood V of w, such that G_w = H and G acts properly on a neighbourhood of V .

Proof. Since G is a linear Lie group, there exists a faithful representation ϱ_0 : G → Gl(m_0, R) for some m_0 ∈ N such that ϱ_0G is a closed subgroup of Gl(m_0, R). Then ϱ : G → Sl(m, R), g → ( ϱ_0(g) 0 0 ϱ_0(g^{−1})^t ) , where m = 2m_0, is also a faithful representation and ϱG is closed in Sl(m, R). Since H is compact, we may assume by Theorem 0.3.5 in [3] that ϱH ⊂ SO(m). Let σ : Sl(m, R) → Gl(q, R) be as in the previous lemma.

Since ϱH and SO(m) are compact, Lemma a in [20] implies that there exist a representation φ : SO(m) → O(n) for some n ∈ N and a point u ∈ R^n(φ) with SO(m)_u = ϱH. By Theorem 3.1 in [21] there exists a representation ψ : Sl(m, R) → Gl(p, R) for some p ∈ N such that R^p(ψ), considered as a linear SO(m)-space by restriction, contains R^n(φ) as an invariant linear subspace. Hence we can regard u as a point in R^p(ψ).

Now let ν : G → Gl(q + p, R), g → ( (σ ∘ ϱ)(g) 0 0 (ψ ∘ ϱ)(g) ) . Let v ∈ R^q(σ ∘ ϱ) be the point which corresponds to the identity in V via the identification of R^q(σ ∘ ϱ) and V. Then w = (v, u) ∈ R^{q+p}(ν) and G_w = G_v ∩ G_u = ϱ^{−1}SO(m) ∩ ϱ^{−1}Sl(m, R)_u = ϱ^{−1}SO(m)_u = ϱ^{−1}(ϱH) = H.

Since Sl(m, R) acts properly in the subset U of Vand ϱ : G → Sl(m, R) is a proper faithful representation, it follows that also G acts properly on U. Hence v has a G-invariant neighbourhood V_v such that G acts properly on a neighbourhood U_v of V_v. Now V_v × R^p(ψ ∘ σ) is a G-invariant neighbourhood of w whose closure is in U_v × R^p(ψ ∘ σ). Since the product of a proper G-space and a G-space is again a proper G-space, it follows that G acts properly on U_v × R^p(ψ ∘ σ).

We remark that by Proposition 1.12 of [12] the mapping f : G/H → R^{p+q}(ν), gH → gw, is a G-equivariant closed real analytic embedding.

Definition 2.4. Let G be a Lie group, H a closed subgroup of G and M a real analytic G-manifold. Let S be a H-invariant real analytic submanifold of M. If GS is an open subset of M and there is a G-equivariant real analytic mapping f : GS → G/H such that f^{−1}(eH) = S, then we call S a H-slice. If GS = M, we call S a global H-slice. If x ∈ S and H = G_x, then we call S a slice at x.

Corollary 2.5. Let G be a linear Lie group and H a compact subgroup of G. Then there exists a linear G-space R^s(ν) and a point w ∈ R^s(ν) such that G_w = H and there is a slice at w.

Proof. The proof follows straightforwardly from our Theorem 2.3 and from Theorem 2.5 of [12].

Remark 2.6. Notice that to obtain Corollary 2.5 one only needs to know that the point w in Theorem 2.3 has a neighbourhood where G acts properly. However, for further use, we find it practical to formulate Theorem 2.3 the way we do.

3. Equivariant approximations

In all our mapping spaces C^∞(M, N) where M and N are real analytic manifolds, the topology will be Whitney C^∞-topology (sometimes called strong topology). For a definition, see for example [10]. It was first proved by H. Whitney ([22]) that real analytic mappings between euclidean spaces are a dense subset of the smooth mappings. It follows from the embedding theorem of H. Grauert ([6]) and C.B. Morrey ([17]) that real analytic mappings between any two real analytic manifolds also form a dense subset of the smooth mappings.

By a relatively compact set we mean a set whose closure is compact. Without further comment {(U_j , u_j)}^∞_{j=0} will denote a family of relatively compact charts of a proper real analytic G-manifold M such that {GU_j }^∞_{j=0} is a locally finite cover of M. Moreover, {V_j }^∞_{j=0} will denote a family of open subsets of M such that V_j ⊂ U_j for every j and {GV_j }^∞_{j=0} is a cover of M. Such families {(U_j, u_j)}^∞_{j=0} and {V_j}^∞_{j=0} always exist, since the orbit space M/G is locally compact and paracompact. The paracompactness follows from Theorem 4.3.4 of [21], which says that M/G is even metric.

Lemma 3.1. Let G be a non-compact Lie group with only finitely many connected components and let K be a maximal compact subgroup of G. Let M be a proper real analytic G-manifold. Let k^∞ : M → G/K be a smooth mapping whose restriction to every orbit is a submersion. Then k^∞ can be approximated by a real analytic mapping k^ω which has the same submersion property.

Proof. Let k^ω be a real analytic approximation of k^∞. Let the V_j be as above and V = ⋃ j V_j . Let ϕ : G × M → M be the group action mapping. Then the restriction ϕ|G × V is a proper mapping. By Proposition 2.1 in [15] k^ω ∘ ϕ|G × V approximates k^∞ ∘ ϕ|G × V as well as wanted when k^ω is a sufficiently good approximation of k^∞. Since d(k^∞ ∘ ϕ|G × {x})_{(g,x)} is a surjection for every x ∈ V and g ∈ G, it follows that also d(k^ω ∘ ϕ|G × {x})_{(g,x)} is a surjection for every x ∈ V and g ∈ G. Thus k^ω ∘ ϕ|G × {x} is a submersion for every x ∈ V .

Let then x ∈ M. Then h^{−1}x ∈ V for some h ∈ G. Let (h, h^{−1}) : G × {x} → G × {h^{−1}x}, (g, x) → (gh, h^{−1}x).

Then (h, h^{−1}) is a diffeomorphism. Thus k^ω ∘ϕ|G×{x} = k^ω ∘ϕ∘(h, h^{−1})|G×{x} is a submersion. Thus we have proved that k^ω ∘ ϕ|G × {x} is a submersion for every x ∈ M. But this clearly implies that k^ω|Gx is a submersion for every x ∈ M. Remark 3.2. Notice that it follows directly from the way one defines the differentiable structure of coset spaces (see Chapter II 4, [8]) that the mapping G/H → G/K, gH → gK, is a submersion when H and K are closed subgroups of G and H ⊂ K. Therefore a smooth slice mapping k1 : M → G/K, which exists by Theorem 1.10 in [1], is a submersion on every orbit. Notice also that the restrictions k^∞|GV_j are proper mappings for every j. Since the set of proper mappings from M to G/K is open in the Whitney topology ([15], Proposition 2.4) we can assume that also the restrictions k^ω|GV_j are proper.

Let G and K be as above. By the Iwasawa decomposition theorem (Theorem XV 3.1 in [11]) G/K is diffeomorphic to a euclidean space. Thus there exists a proper real analytic submersion s : G/K → R. Then s ∘ k^ω : M → R is a real analytic mapping whose restriction to every orbit is a submersion. Moreover, the restrictions s ∘ k^ω|GV_j are proper. We can assume that s(eK) = 0. Notice that if G_0 is compact, then a mapping M → R whose restriction to every orbit is a submersion does not exist. (Since the connected components of each orbit are compact, the mapping would get a maximum value on each connected component, which can not happen if the mapping is a submersion.) If G_0 is non-compact but G/G_0 is infinite, then a mapping M → R whose restriction to every GV_j is proper does not exist.

The following fibration theorem will be used as an important tool in constructing equivariant real analytic mappings. The absolute version of the fibration theorem was first proved by C. Ehresmann in [4]. For a newer proof see [23]. The relative version of the theorem is stated in [14]. The proof of the absolute version can be adapted to the relative cases. It follows from the proof that if f is real analytic, then also the diffeomorphisms φ are real analytic.

Theorem 3.3. Let f : E → B be a proper differentiable mapping between connected differentiable manifolds E and B without boundary such that rkf = dimB everywhere. Then f fibres E locally trivially over B, i.e. for every point b ∈ B there is a neighbourhood U and a fibre preserving diffeomorphism φ : f^{−1}(b)×U ≃ f^{−1}(U). If E has a boundary ∂E and in addition rk(f|∂E) = dimB everywhere, then f fibres the pair (E, ∂E) locally trivially, i.e. φ is a fibre preserving diffeomorphism between the pairs (f^{−1}(b) × U, (f^{−1}(b) ∩ ∂E) × U) ≃ (f^{−1}(U), f^{−1}(U) ∩ ∂E). Similarly if there is a closed submanifold E^′ ⊂ E and in addition rk(f|E^′) = dimB, then f fibres the pair (E, E^′) locally trivially.

Proof.

The following theorem shows how to construct equivariant real analytic mappings. The geometric idea in the construction is to use a weight mapping h̄ which is obtained from a mapping h, whose zero-point set intersects every orbit transversally. Roughly speaking, this transversality condition provides us with real analytic limits for integration.

Theorem 3.4. Let G be a non-compact Lie group having only finitely many connected components and let M be a proper real analytic G-manifold. Let ϱ : G → Gl(n, R), n ∈ N, be a linear representation and f : M → R^n(ϱ) a real analytic mapping. Let k^ω and s be as above. Let c, d ∈ R, c < 0 < d. Define h : M → R, x → − ( s ∘ k^ω(x) − d )( s ∘ k^ω(x) − c ) , and h̄: M → R, x → { h(x), if x ∈ (s ∘ k^ω)^{−1}[c, d] 0, otherwise.

Then F : M → R^n(ϱ), x → ∫ G g^{−1}h̄(gx)f(gx)dg is a G-equivariant real analytic mapping.

Proof. We denote the composed mapping s ∘ k^ω ∘ ϕ by k and k^{−1}[c, d] by E. Both E and ∂E = k^{−1}{c, d} are submanifolds of G × M, because k is a submersion. Since the restriction of k to any G × V_j is proper it follows that E ∩ (G × {x}) is compact for every x. Thus the integral defining F is finite for every x. Since h̄ and f are continuous, it is clear that F is continuous and G-equivariant. We show that F is real analytic.

Assume first that G is connected. Let x ∈ M and U be a neighbourhood of x such that U is diffeomorphic to a closed unit disk. By the relative version of C. Ehresmann’s fibration theorem the restriction k : G × U → R fibres G × U locally trivially over R. Since R is contractible, it follows from Proposition II 3.5 in [19] that the bundle is trivial. Since G × U is connected, this implies in particular that (G × U) ∩ k^{−1}(a) and (G × U) ∩ k^{−1}[a, b] are connected for every a, b ∈ R.

Let p_2 : G × M → M and p_U : (G × U) ∩ E → U be projections. The idea is to use the fibration theorem again to show that p_U is a trivial bundle mapping. It is clear that p_U is a proper mapping and that p_U |(G × U) ∩ intE is a submersion. In order to apply the fibration theorem we still have to show that p_U |(G × U) ∩ ∂E is a submersion.

Let (g, y) ∈ (G × U) ∩ k^{−1}(c). (The case (g, y) ∈ (G × U) ∩ k^{−1}(d) is similar.) Then T_{(g,y)}(G × U) = T_{(g,y)}(G × {y}) ⊕ T_{(g,y)}({g} × U), T_{(g,y)}(G × {y}) = T_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) ) ⊕ N_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) ) , and T_{(g,y)}k^{−1}(c) = T_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) ) ⊕ N^c_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) ) . Here N and N^c denote the orthogonal complements of the tangent space T_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) ) in T_{(g,y)}(G×{y}) and T_{(g,y)}k^{−1}(c), respectively. Clearly, N^c_{(g,y)} ( k^{−1}(c)∩(G×{y}) ) has codimension 1 in N_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) ) ⊕ T_{(g,y)}({g} × U). Since we want to show that dp_U |T_{(g,y)}k^{−1}(c) is a surjection and we already know that dp_U |T_{(g,y)}({g} × U) is a surjection, it follows from elementary linear algebra that it is enough to show that N_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) ) is not a subspace of N^c_{(g,y)} ( k^{−1}(c)∩(G×{y}) ) . Assume that the contrary is true. Then N_{(g,y)} ( k^{−1}(c)∩ (G × {y}) ) ⊂ T_{(g,y)}k^{−1}(c). But this contradicts the fact that d(k|G × {y})_{(g,y)} = dk_{(g,y)}|T_{(g,y)}(G × {y}) = dk_{(g,y)}|T_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) ) ⊕ N_{(g,y)} ( k^{−1}(c) ∩ (G × {y}) )

is a surjection.

We have shown that the conditions of the fibration theorem are satisfied. Thus p_U is a trivial bundle mapping. Let x ∈ U and p_1 : G × M → G be the projection. Then there is a real analytic diffeomorphism

α_x : p^{−1}_U (U) → p_1(p^{−1}_U (x)) × U

such that p_U = p_2 ∘ α_x. Let next y ∈ U. Then

F (y) = ∫ G g^{−1}h̄(gy)f(gy)dg = ∫ p1(p�1_U (y)) g^{−1}h̄(gy)f(gy)dg = ∫ p1(p�1_U (x)) g^{−1}_{x,y}h̄(g_{x,y}y)f(g_{x,y}y)‖J_α�1_x (g, y)‖dg, where g_{x,y} = p_1α^{−1}_x (g, y) and ‖J_α�1_x (g, y)‖ denotes the absolute value of the determinant of the linear isomorphism

d(p_1 ∘ α^{−1}_x ( , y))_g : T_gG → T_{gx,y} G

when expressed in terms of any orthonormal bases (see Proposition I 1.3 in [9]).

Since now p_1(p^{−1}_U (x)) is compact and α_x, h|(s ∘ k^ω)^{−1}[c, d], f and J are real analytic, it follows that F |U is real analytic. Since x was chosen arbitrarily, it follows that F is real analytic on M.

Let then G be any Lie group with G/G_0 finite. Let dg^′ be an invariant positive measure of G/G_0. Then the claim of the lemma follows from Theorem X 1.7 in [8], according to which ∫ G g^{−1}h̄(gy)f(gy)dg = ∫ G/G0 (∫ G0 (gg^′)^{−1}h̄(gg^′y)f(gg^′y)dg ) dg^′.

Remark 3.5. Since p_1(p^{−1}_U (x)) is compact it is possible to differentiate under the integral sign. Assume U ⊂ U_j for some j and y ∈ u_j(U). Denote p_1α^{−1}_x (g, u^{−1}_j (y)) by g_{x,y}. Then

D^α(F ∘ u^{−1}_j )(y) = ∫ p1(p�1_U (x)) D^α ( g^{−1}_{x,y}h̄(g_{x,y}u^{−1}_j (y))f(g_{x,y}u^{−1}_j (y))‖J_α�1_x (g, u^{−1}_j (y))‖ ) dg, for every α. However, D^α(F ∘ u^{−1}_j )(y) is not generally equal to ∫ G D^α ( g^{−1}h̄(gu^{−1}_j (y))f(gu^{−1}_j (y)) ) dg, since, for example, h̄ is not differentiable in GU_j.

Let h : M → R be as in Theorem 3.4. We can assume that ⋃ V_j = (s ∘ k^ω)^{−1}[c, d]. Let W_j = p_1 ( (G × V_j ) ∩ E ) = p_1(p^{−1}_{Uj} (V_j )). Let ϱ : G → Gl(m, R) be a linear representation and let f^∞ : M → R^m(ϱ) be a C^∞-mapping. Let id be the identity mapping of G. Define a : G × M → G × M, (g, x) → (g^{−1}, gx), and ϕ_0 : G × R^m(ϱ) → R^m(ϱ), (g, v) → ϱ(g)v. Then a is a diffeomorphism. Define

A : C^∞(M, R^m(ϱ)) → C^∞(G × M, R^m(ϱ))

as a composition of mappings f → hf → id × hf → (id × hf) ∘ a → ϕ_0 ∘ (id × hf) ∘ a. According to Corollary II 3.8 in [5] adding and multiplying are continuous operations in Whitney topology. Thus the first and fourth mappings are continuous. Since ⋃_∞ j=0(W_j × V_j ) is closed in G × M, it follows that the restriction a| = a| ⋃_∞ j=0(W_j × V_j) is proper. It now follows, by using Proposition 2.1 in

[15], that for every sequence (ε_j) of positive reals and for every sequence (r_j) of integers f^∞ has a neighbourhood U such that for every f ∈ U ‖D^α ( g^{−1}h(gu^{−1}_j (y))f(gu^{−1}_j (y)) ) −D^α ( g^{−1}h(gu^{−1}_j (y))f^∞(gu^{−1}_j (y)) ) ‖ < ε_j (∗) for every (g, y) ∈ W_j × u_j(V_j) and for every α, |α| < r_j. Since real analytic mappings are dense within the smooth mappings in Whitney topology, we in particular can choose f to be real analytic.

Let next f̂ : M → R^m(ϱ), x → ∫ G g^{−1}h̄(gx)f(gx)dg ∫ G h̄(gx)dg . By Theorem 3.4 the mapping f̂ is real analytic and G-equivariant when f is real analytic.

The following theorem shows how G-equivariant smooth mappings can be approximated by G-equivariant real analytic mappings.

Theorem 3.6. Let G be a non-compact Lie group having only finitely many connected components and let M be an n-dimensional proper real analytic Gmanifold. Let ϱ : G → Gl(m, R) be a linear representation and f^∞ : M → R^m(ϱ) a G-equivariant C^∞-mapping. Let ε_j > 0 and r_j > 0 for every j. Then there exists a G-equivariant real analytic mapping f^ω : M → R^m(ϱ) such that for every j ‖D^α(f^ω ∘ u^{−1}_j )(y) − D^α(f^∞ ∘ u^{−1}_j )(y)‖ < ε_j

for every y ∈ u_j(V_j ) and for every α ∈ N^n where |α| < r_j.

Proof. Let h : M → R be as in Theorem 3.4 and let f : M → R^m(ϱ) be a real analytic mapping as above. Let H : M → R, x → 1 ∫ G h̄(gx)dg , and F : M → R^m(ϱ), x → ∫ G g^{−1}h̄(gx) ( f(gx) − f^∞(gx) ) dg. Let y ∈ u_j(V_j) and α ∈ N^n. Then, by the Leibniz rule,

‖D^α(f̂ ∘ u^{−1}_j )(y) − D^α(f^∞ ∘ u^{−1}_j )(y)‖ = ‖ α∑ β=0 ( α β ) D^β (H ∘ u^{−1}_j )(y)D^{α−β}(F ∘ u^{−1}_j )(y)‖.

For every j, let

m_j = max { ‖D^β(H ∘ u^{−1}_j )(y)‖ | 0 ≤ |β| ≤ r_j, y ∈ u_j(V_j) } .

Let ε^′_j be such that ‖ α∑ β=0 ( α β ) m_jμ(W_j )‖ε^′_j < ε_j for every α, |α| < r_j. By Remark 3.5 D^{α−β}(F ∘ u^{−1}_j )(y) = ∫ p1(p�1_{Uj} (x_j)) D^{α−β} ( g^{−1}_{xj ,y}h̄(g_{xj ,y}u^{−1}_j (y))(f^∞ − f)(g_{xj ,y}u^{−1}_j (y))‖J_α�1_{xj} (g, u^{−1}_j (y))‖ ) dg,

for some x_j ∈ V_j , where g_{xj ,y} denotes p_1α^{−1}_{xj} (g, u^{−1}_j (y)). Notice that for every j the mapping

p_1(p^{−1}_{Uj} (x_j)) × u_j(V_j) → W_j × V_j , (g, y) → ( g_{xj,y}, u^{−1}_j (y) ) is defined on a compact set and hence is proper. Since {W_j × V_j} is locally finite, it follows from (∗) and Proposition 2.1 in [15] that when f is a sufficiently good approximation of f^∞ ‖D^{α−β} ( g^{−1}_{xj ,y}h̄(g_{xj ,y}u^{−1}_j (y))(f^∞ − f)(g_{xj ,y}u^{−1}_j (y))‖J_α�1_{xj} (g, u^{−1}_j (y))‖ ) ‖ < ε^′_j whenever (g, y) ∈ p_1(p^{−1}_{Uj} (x_j)) × u_j(V_j ) and |β| < r_j. Thus, when f approximates f^∞ sufficiently well, for every j,

‖D^α(f̂ ∘ u^{−1}_j )(y) − D^α(f^∞ ∘ u^{−1}_j )(y)‖ ≤ ‖ α∑ β=0 ( α β ) m_jμ(W_j )‖ε^′_j < ε_j for every y ∈ u_j (V_j) and for every α, |α| < r_j.

4. The global slice theorem In this section we prove the real analytic version of the global slice theorem for proper group actions of linear Lie groups. Heinzner, Huckleberry and Kutzschebauch have proved the result in [7] and Kutzschebauch also in [13]. Their proofs also apply to non-linear Lie groups. The smooth global slice theorem has been proved by H. Abels (Theorem 1.10 in [1]). An example of a connected Lie group which is not linear is given in [2].

Theorem 4.1. Let G be a linear Lie group having only finitely many connected components and let K be a maximal compact subgroup of G. Let M be a proper real analytic G-manifold. Then M has a global real analytic K-slice. Proof. Let S ⊂ M be a global C^∞-differentiable K-slice. Then the mapping f : GS → G/K, gs → gK, is C^∞-differentiable and G-equivariant. Let e : G/K → R^n(ϱ) be a G-equivariant proper real analytic embedding into a linear G-space R^n(ϱ). By Corollary 2.5 we can assume there exists a slice S_v at v, where v = (e ∘ f)(S). Then T_vR^n(ϱ) = T_vS_v ⊕ T_vGv. Since e : G/K → Gv is a diffeomorphism and f is a submersion, it follows that T_vR^n(ϱ) = T_vS_v ⊕ d(e ∘ f)_yT_yM

for every y ∈ S. Thus e ∘ f is transversal to S_v on S. If y ∈ M \ S, then (e ∘ f)(y) ∈ GS_v \ S_v. Therefore e ∘ f is transversal to S_v on M.

Let V be a neighbourhood of S_v. We can assume V = LS_v for some open relatively compact L ⊂ G. Let f^ω : M → R^n(ϱ) be a G-equivariant real analytic approximation of e ∘ f as in Theorem 3.6. We can assume that the sets V_j cover KL^{−1}S and that f^ω(S) ⊂ V . By Proposition II 4.5 in [5] we can assume f^ω is transversal to S_v on KL^{−1}S. Let g ∈ G and s ∈ S. If f^ω(gs) ∈ S_v then gf^ω(s) ∈ S_v. On the other hand f^ω(s) ∈ LS_v. Hence g^{−1}s_1 = ls_2 for some s_1, s_2 ∈ S_v and for some l ∈ L. Thus gls_2 = s_1 which implies that gl ∈ K. But then g ∈ KL^{−1}. Thus f^ω(M \ KL^{−1}S) ∩ S_v = ∅, i.e., f^ω is transversal to S_v also on M \ KL^{−1}S. Therefore f^ω is transversal to S_v on M. It now follows from Theorem II 4.4 in [5] that (f^ω)^{−1}S_v is a real analytic submanifold of M.

Since S_v is a K-invariant submanifold of R^n(ϱ) and f^ω is a G-equivariant mapping, it follows that (f^ω)^{−1}S_v is a K-invariant submanifold of M. Clearly, M = G(f^ω)^{−1}S_v. Let r : GS_v → Gv be the real analytic G-equivariant retraction taking S_v to v. Since the composition e^{−1} ∘ r ∘ f^ω is a real analytic G-equivariant mapping from M to G/K and (f^ω)^{−1}S_v = (e^{−1} ∘ r ∘ f^ω)^{−1}eK, it follows that (f^ω)^{−1}S_v is a global real analytic K-slice of M.

It is well-known how Corollary 4.2 follows from Theorem 4.1.

Corollary 4.2. Let G be a linear Lie group having only finitely many connected components and let M be a proper real analytic G-manifold having only finitely many orbit types. Then M has a G-equivariant closed real analytic embedding in a linear G-space.

Proof.

5. A G-invariant real analytic Riemannian metric

Let M be a real analytic manifold, T M the tangent bundle and p : T M → M the projection. Then △M = {(x, y, y^′) ∈ M × T M × T M | x = p(y) = p(y^′)} is a real analytic submanifold of M ×T M ×T M. If a Lie group G acts real analytically on M then also the action G × △M → △M, (g, (x, y, y^′)) → (gx, dg_xy, dg_xy^′), is real analytic. Obviously G acts properly on △M if it acts properly on M.

Let s_x : T_xM × T_xM → R be a positive definite inner product for every x ∈ M. If the mapping s : △M → R, (x, y, y^′) → s_x(y, y^′), is real analytic, it is called a real analytic Riemannian metric of M. We call s G-invariant if s_{gx}(dg_xy, dg_xy^′) = s_x(y, y^′) for every (x, y, y^′) ∈ △M and for every g ∈ G.

Notice that if a real analytic manifold is embedded real analytically into a euclidean space, then it inherites a Riemannian metric from that space. Thus, by the theorem of Grauert and Morrey, every real analytic manifold has a real analytic Riemannian metric. The following result is a direct consequence of this fact and Theorem 3.4.

Theorem 5.1. Let G be a non-compact Lie group having only finitely many connected components and let M be a proper real analytic G-manifold. Then M has a G-invariant real analytic Riemannian metric.

Proof. Let s be a real analytic Riemannian metric of M and let h̄ be as previously. Let S : △M → R, (x, y, y^′) → ∫ G h̄(gx)s(gx, dg_xy, dg_xy^′)dg. It follows from Theorem 3.4 that S is real analytic and G-invariant. It is easy to check that it is a Riemannian metric.

References

[1] Abels, H., Parallelizability of proper actions, global K-slices and maximal compact subgroups, Math. Ann. 212, (1974), 1–19.

[2] Birkhoff, G., Lie groups simply isomorphic with no linear Lie group, Bull. Amer. Math.

Soc. 42, (1936), 883–888.

[3] Bredon, G., Introduction to compact transformation groups, Academic Press, Orlando, Florida, 1972.

[4] Ehresmann, C., Les connexions infinitésimales dans un espace fibré différentiable, Colloque de Topologie, Bruxelles (1950), 29–55.

[5] Golubitsky, M. and V. Guillemin, Stable mappings and their singularities, Springer– Verlag, New York–Heidelberg–Berlin, 1973.

[6] Grauert, H., On Levi’s problem and the imbedding of real-analytic manifolds, Ann. of Math. (2) 68, (1958), 460–472.

[7] Heinzner, P., A. Huckleberry and F. Kutzschebauch, A real analytic version of Abels’ theorem and complexifications of proper Lie group actions, Complex Analysis and Geometry, Lecture Notes in Pure and Appl. Math. 173, Marcel Dekker, New York, 1996.

[8] Helgason, S., Differential geometry and symmetric spaces, Academic Press, New York– London, 1962.

[9] Helgason, S., Groups and geometric analysis, Academic Press, Orlando, Florida, 1984. [10] Hirsch, M., Differential topology, Springer–Verlag, New York–Heidelberg–Berlin, 1976. [11] Hochschild, G., The structure of Lie groups, Holden–Day, San Francisco–London– Amsterdam, 1965.

[12] Kankaanrinta, M., Proper real analytic actions of Lie groups on manifolds, Ann. Acad.

Sci. Fenn., Ser. A I Math. Dissertationes 83, Acad. Sci. Fennica, Helsinki, (1991). [13] Kutzschebauch, F., Eigentliche Wirkungen von Liegruppen auf reell-analytischen Mannigfaltigkeiten, Schriftenreihe des Graduiertenkollegs Geometrie und Mathematische Physic, Ruhr-Universität-Bochum, 5, (1994), 1–53.

[14] Lamotke, K., The topology of complex projective varieties after S. Lefschetz, Topology vol. 20 (1981), 15–51.

[15] Mather, J., Stability of C1-mappings II. Infinitesimal stability implies stability, Ann. of Math. (2) 89, (1969), 254–299.

[16] Matumoto, T., and M. Shiota, Unique triangulation of the orbit space of a differentiable transformation group and its applications, Adv. Stud. Pure Math. 9, (1986), 41-55.

[17] Morrey, C.B., The analytic embedding of abstract real-analytic manifolds, Ann. of Math.

(2) 68, (1958), 159–201.

[18] Nachbin, L., The Haar integral, D. Van Nostrand company, inc., Princeton–Toronto, 1965. [19] Osborn, H., Vector bundles, volume 1. Foundations and Stiefel–Whitney classes., Academic Press, New York–London, 1982.

[20] Palais, R.S., Imbedding of compact, differentiable transformation groups in orthogonal representations, J. Math. Mech. 6, (1957), 673–678.

[21] Palais, R.S., On the existence of slices for actions of non-compact Lie groups, Ann. of Math. (2) 73, (1961), 295–323.

[22] Whitney, H., Analytic extensions of differentiable functions defined in closed sets, Trans.

Am. Math. Soc. 36, (1934), 63–89.

[23] Wolf, J., Differentiable fibre spaces and mappings compatible with Riemannian metrics, Mich. Math. J. 11, (1964), 65–70.

Department of Mathematics, P.O. Box 4 (Yliopistonkatu 5), FIN-00014 University of Helsinki, Finland E-mail address: mkankaan@cc.helsinki.fi