ON LOCAL INJECTIVITY AND ASYMPTOTIC LINEARITY OF QUASIREGULAR MAPPINGS

V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, M. Vuorinen

January 30, 1997

Abstract

It is shown that the approximate continuity of the dilatation matrix of a quasiregular mapping f at x_0 implies the local injectivity and the asymptotic linearity of f at x_0. Sufficient conditions for log jf(x) � f(x_0)j to behave asymptotically as

log jx � x0j are given. Some global injectivity results are derived.

1991 Mathematics Subject Classification Primary 30C65; Secondary 30C75

1 Introduction

The well known stability result for space quasiregular mappings states that for each n ≥ 3 there exists Q > 1 such that every nonconstant Q–quasiregular mapping f : D → R^n is a local homeomorphism (see [Gol], [MRV_3]). In [Fer] it is shown that the same result holds if the dilatation tensor G_f of f belongs to the class C^1; in [BIK] it is shown that the continuity of G_f suffices. In the case D = R^n, thanks to the known result of Zorich [Z], the property of the local injectivity may be replaced by the property of the global injectivity.

It is also well–known that if the dilatation tensor G_f (x) of f belongs to C^{k+α}(D), k ≥ 0, 0 < α < 1, then f ∈ C^{k+α+1}(D), see [Iw]. Simple examples show that the continuity of the complex dilatation in the plane and of the dilatation tensor in the space does not imply the differentiability of f, see [B], p. 41, [GMRV_1]. Thus the important case α = 0 = k should be studied separately.

In [GMRV_1], studying this problem, we replaced differentiability by the concept of asymptotic linearity and conformality by weak conformality. Our results were formulated in terms of the local dilatation

K_f (x) = ‖f^′(x)‖^n/J_f (x) a.e.

(1.1)

In this paper, we use the normalized Jacobian matrix

M_f (x) = f^′(x)/J_f (x)^{1/n} a.e.

(1.2) 1 and the symmetrized normalized Jacobian matrix

G_f (x) = M^∗_f (x)M_f (x)

(1.3)

as convenient tools to examine the local behavior of f. We call M_f (x) and G_f (x) the matrix dilatation and the dilatation tensor of the mapping f at x, respectively, see [A_1], [A_2].

Our first result says that the condition

lim_{r→0} 1 mesB(0, r) ∫ B(0,r) K_f (x)dx = 1

(1.4)

implies f to be homeomorphic at a neighborhood of 0. This enables us to extend the results in [GMRV_1], concerning quasiconformal mappings, to quasiregular mappings satisfying (1.4). In particular, (1.4) implies that f preserves angles between rays emanating from 0 and that f preserves moduli of infinitesimal annuli centered at 0. Condition (1.4) also yields that f is spherically analytic at 0; see Section 5 for the definitions of these concepts.

Next we prove that f is locally injective at a point x_0 provided that the dilatation tensor or the matrix dilatation is approximately continuous at x_0. We also show that, under the same assumptions and the normalization x_0 = 0 = f(0), the mapping f is asymptotically linear at 0, i.e. f(αx) ∼ αf(x), α ∈ R \ {0}, (1.5) and f(x + y) ∼ f(x) + f(y) (1.6) as x → 0 whenever x + y ≈ x ≈ y. For the definitions of the symbols ∼ and ≈ see Section 5. Finally, we show that

lim_{x→0} log |f(x)| log |Mx| = 1 where M = M_f (0). In particular, if ‖M_f (0)‖ = 1, i.e. M is orthogonal, then log |f(x)| ∼ log |x|. All these results remain valid also when the matrix dilatation is approximately continuous only up to left rotations.

Our method enables us to relax the above assumptions somewhat: We show that f is locally injective even if the dilatation tensor or the matrix dilatation is only close to a matrix–valued function that is everywhere approximately continuous or, simply, continuous. We also consider global injectivity in Section 4. In particular, we show that if D is a domain in R^n, n ≥ 3, and if C is a compact subset of D, then each Q–quasiregular local homeomorphism f : D → R^n is injective in C provided that K_f (x) is close to 1 in the mean over D. Section 4 also contains some examples.

2 Dilatation tensor and matrix dilatation

It is well–known that a nonconstant quasiregular mapping f : D →

R^n is differentiable and the Jacobian determinant Jf (x) ≠ 0 almost

everywhere in D (see [Re_1], [MRV_1], [BI]). The matrix dilatation of f

M_f (x) = f^′(x)/J_f (x)^{1/n}

(2.1)

is defined by (2.1) at every regular point x ∈ D of f, i.e. at points where f is differentiable at x and J_f (x) ≠ 0. We set M_f (x) = I (= identity) at the rest of the points in D.

Thus, by definition, M_f (x) is a unimodular matrix, i.e. its determinant |M_f (x)| = 1 for all x ∈ D. Moreover, if f and g are quasiregular and nonconstant and if f ∘ g is well–defined, then the composition rule

M_{f ∘g}(x) = M_f (g(x))M_g(x)

(2.2)

holds a.e.

The matrix G_f (x) = M^∗_f (x)M_f (x)

(2.3)

is called the dilatation tensor of f at x. Here M^∗_f (x) denotes the transpose of M_f (x). The matrix G_f (x) is symmetric, positive definite and unimodular.

Approximate continuity plays an important role in what follows. We recall that a real–valued measurable function φ : D → R is called approximately continuous at a point x_0 ∈ D if φ(x) is defined at x_0 and φ(x) → φ(x_0) as x → x_0 in a measurable set E ⊂ D such that

lim_{ρ→0} mes (E ∩ B(x_0, ρ)) mes B(x_0, ρ)

= 1.

(2.4)

Here, as usual, B_ρ(x_0) denotes the ball in R^n centered at x_0 with radius ρ. If (2.4) holds, then x_0 is called a point of density for E. In other words, x_0 is a point of the approximate continuity for f if the function is continuous at the point x_0 along some measurable set for which x_0 is a point of density.

It is well–known that every measurable function is approximately continuous almost everywhere (see, [S], p. 132). It is clear that the continuity of a function φ at a point x_0 implies its approximate continuity at the point.

It is easy to see that for a bounded measurable function φ : D → R^n the approximate continuity of φ at a point x_0 ∈ D implies the integral condition

lim_{ρ→0} 1 mes B(x_0, ρ) ∫ B(x0,ρ) |φ(x) − φ(x_0)|dx = 0. (2.5)

This condition means that ‖Φ_ρ‖_{L1(B)} → 0 as ρ → 0 for the function family

Φ_ρ(y) = φ(x_0 + ρy) − φ(x_0), Φ_ρ : B → R^n, ρ > 0.

(2.6)

Hence Φ_ρ → 0 as ρ → 0 in measure in the unit ball B = B(0, 1).

If (2.5) holds, then x_0 is called a Lebesgue point for f. Thus, for bounded measurable functions the points of the approximate continuity and the Lebesgue points coincide.

We say that the dilatation tensor G_f (x) is approximately continuous at a point x_0 ∈ D if all its elements g_{lk}(x), l, k = 1, · · · , n, as functions of x ∈ D are approximately continuous at x_0.

Let O^+(n) and O(n) denote the groups of n×n orthogonal matrices U, defined by U^∗U = I = UU^∗, with determinant equal to 1 or ±1, respectively.

In what follows, we make use of the following two norms in the space of n × n matrices A = {a_{ij}}, a_{ij} ∈ R, ‖A‖_1 = (_n ∑ i,j=1 a^2_{ij} )_{1/2} = (Tr A^∗A)^{1/2} ,

(2.7)

‖A‖_2 = max_{|h|=1} |Ah| = max_{|h|≤1} |Ah| |h| = max h∈R^n\{0} |Ah| |h| (2.8)

(see [H], p. 178). Now ||A · B||_2 ≤ ||A||_2 · ||B||_2 (2.9)

holds for arbitrary matrices A and B and ||A · B||_2 = ||A||_2 · ||B||_2 (2.10)

whenever A or B ∈ O(n). If A_k = {a^k_{ij}}, k = 0, 1, . . ., then A_k → A_0 means, unless otherwise stated, that

‖A_k − A_0‖_l → 0, l = 1 or 2,

or a^k_{ij} → a^0_{ij} for each i, j.

In these terms the approximate continuity of the dilatation tensor G_f (x) at a point x_0 ∈ D for Q–quasiregular mappings is equivalent to the following integral condition

lim_{ρ→0} 1 mesB_ρ(x_0) ∫ Bρ(x0) ‖G_f (x) − G_f (x_0)‖_1dx = 0

(2.11)

because by definition ‖G_f (x)‖_2 ≤ Q^{2/n} a.e. and hence all its elements are bounded by Q^{2/n} a.e. The continuity of G_f (x) at a point x_0 ∈ D simply means that

lim_{x→x0} ‖G_f (x) − G_f (x_0)‖_1 = 0.

For the proofs of the main results, it is more convenient to use the matrix dilatation instead of the dilatation tensor because of the multiplicativity property (2.2). We need some facts from the theory of matrices and their symmetrizations.

The special linear group SL(n) is the multiplicative group of all n×n unimodular matrices over R. The collection of all the symmetric positive definite matrices of SL(n) is denoted by S(n). Note that S(n), n ≥ 2, is not a group because the product of two symmetric matrices may be a nonsymmetric matrix (see [Bell], p. 24).

For a matrix M ∈ SL(n), set G = M^∗M ∈ S(n) (2.12)

where M^∗ is the transpose of M. The matrix G is called the symmetrization of M.

2.13. Proposition. Let M_1 and M_2 ∈ SL(n), n ≥ 2, and let G_1 and G_2 be the symmetrizations of M_1 and M_2, respectively. Then G_1 = G_2 if and only if M_2 = UM_1 where U ∈ O^+(n).

In other words, G determines the corresponding M from (2.12) up to left rotations.

2.14. Lemma. Let M_j ∈ SL(n), n ≥ 2, j = 0, 1, 2, · · · . Then lim_{j→∞} G_j = G_0 if and only if lim_{j→∞} U_jM_j = M_0 for some orthogonal ma-

trices U_j ∈ O^+(n).

Proof. Indeed, the second relation implies the first one because

G_j = M^∗_j M_j = M^∗_j U^∗_j U_jM_j = (U_j M_j)^∗(U_jM_j ).

Conversely for N_j = M_jM^{−1}_0 we have

D_j = N^∗_j N_j = (M^∗_0 )^{−1}M^∗_j M_jM^{−1}_0 = (M^∗_0 )^{−1}G_j M^{−1}_0 → (M^∗_0 )^{−1}G_0M^{−1}_0 = I as j → ∞. Now it is well–known from algebra (see, e. g., [Bell], p. 54) that D_j = V^∗_j Λ^2_j V_j where V_j ∈ O(n), j = 0, 1, 2, . . . , and Λ^2_j are diagonal matrices with eigenvalues of D_j on their diagonals. By Proposition 2.13, N_j = W_jΛ_jV_j where W_j ∈ O(n), j = 0, 1, 2, . . . .

Next, since the eigenvalues of D_j are continuous functions of the elements of D_j (see [O]), we have that Λ_j → I as j → ∞.

Set U_j = V_j^∗W_j^∗ ∈ O(n). Then the maximal element of the matrix

Δ_j = U_jN_j − I = V^∗_j (Λ_j − I)V_j

does not exceed the maximal element of the matrix (Λ_j − I) because V_j ∈ O(n). Thus, we obtain the only if part of the lemma with U_j given above.

We say that two nondegenerate matrices M_1 and M_2 are orthogonally equivalent and write

M_1 ≈ M_2

(2.15) if M_2M^{−1}_1 = U ∈ O^+(n).

(2.16)

Later on, E(n) denotes the space of all the orthogonal equivalence classes M(M) corresponding to matrices M ∈ SL(n), n ≥ 2.

By the well–known diagonalization theory for the symmetric matrices (see, e.g., [Bell], p. 54), for all G ∈ S(n),

G = V^∗Λ^2V = N^∗N, N = ΛV,

(2.17)

where V ∈ O^+(n) and Λ = [λ_1, . . . , λ_n], λ_1 ≥ . . . ≥ λ_n > 0, is a diagonal matrix with eigenvalues of G on its diagonal such that

λ_1 · . . . · λ_n = 1.

(2.18)

Proposition 2.13 implies that any M in (2.12), corresponding to G, can be expressed as M = UΛV, (2.19) where U ∈ O^+(n) is another orthogonal matrix.

Thus there is a natural one–to–one correspondence of the elements of S(n) and E(n).

In the space E(n), the above norms (2.7) and (2.8) induce metrics

r_1(M_1, M_2) = inf_{M1∈}M_1 M2∈M2^{‖M1 − M2‖1,} (2.20) and r_2(M_1, M_2) = log ‖M_1 · M^{−1}_2 ‖_2 + log ‖M_2 · M^{−1}_1 ‖_2

(2.21)

where the right side in (2.21) does not depend on the choice of M_1 ∈ M_1 and M_2 ∈ M_2 in view of the property (2.10) of the second matrix norm. Note that the second term in (2.21) is added only for symmetry. In terms of the representation (2.19) for M = M_1 · M^{−1}_2 we have by (2.18) the inequalities

1 ≤ ‖M_1 · M^{−1}_2 ‖_2 = λ_1 = (λ_2 · . . . · λ_n)^{−1} ≤ (1/λ_n)^{n−1},

(2.22) and 1 ≤ ‖M_2 · M^{−1}_1 ‖_2 = λ^{−1}_n = λ_1 · . . . · λ_{n−1} ≤ λ^{n−1}_1 .

(2.23) Hence the first term in (2.21) converges to 0 if and only if the second term converges to 0 and conversely. Thus, the convergence in the second metric (2.21) is already defined by the first term.

C. Earle (see, e.g., [A_1]) introduced a third norm

r_3(M_1, M_2) = 2 [_n ∑ i=1 (log λ_i)^2 ]_{1/2} , (2.24) where λ_i’s are taken from the representation (2.19) for M = M_1 · M^{−1}_2 and do not depend on the choice of M_1 ∈ M_1 and M_2 ∈ M_2.

2.25. Remark. The convergence in the first metric implies the convergence in the second metric because

‖M_1 · M^{−1}_2 − I‖_2 ≤ n‖M_1 · M^{−1}_2 − I‖_1

In view of (2.22), (2.23), the convergence in the second and third metric is equivalent.

Denote by E_q(n) the subspace of E(n) corresponding to the matrices M ∈ SL_q(n) ⊂ SL(n) with ‖M‖_2 ≤ q. Note that the matrix dilatations M_f (x) of Q–quasiregular mappings f belong to the space E_q(n), q = Q^{1/n}. 2.26. Proposition. The metrics (2.20), (2.21) and (2.24) generate in the space E_q(n), q ≥ 1, the same convergence. The space E_q(n) is sequentially compact with respect to this convergence.

Indeed, if a matrix M ∈ SL(n) belongs to SL_q(n), then its column vectors M^{(s)}, s = 1, . . . , n belong to the closed ball B(0, q) in the space R^n,_{M (s) ∈ B(0, q), s = 1, . . . , n} and thus the space E_q(n) is sequentially compact with respect to the first metric. In view of Remark 2.25, arguing by contradiction we obtain the conclusion of the proposition.

Later on, we simply say that the sequence M_j ∈ E_q(n), j = 1, 2, . . . converges to M ∈ E_q(n) and write M_j → M if r_k(M_j, M) → 0, k = 1, 2, 3, as j → ∞. A sequence M_j ∈ SL_q(n), j = 1, 2, . . . is said to converge up to left rotations to M ∈ SL_q(n) if the corresponding equivalence classes converge, i.e. M(M_j ) → M(M) as j → ∞. In a similar way we also make use of the concepts of continuity and of approximate continuity up to left rotations for the measurable matrix–valued functions M(x) ∈ SL_q(n), x ∈ D. By Lemma 2.14 and Proposition 2.26 we obtain the following.

2.27. Proposition. Let M and M_j ∈ SL_q(n), n ≥ 2, j = 1, 2, · · · . Then the following assertions are equivalent:

1) G_j → G as j → ∞ .

2) U_jM_j → M as j → ∞ for some U_j ∈ O^+(n). 3) M_j converges up to left rotations to M as j → ∞.

Note that in view of Proposition 2.13 and the representations (2.17) and (2.19) we obtain the one–to–one correspondence, the operator P, between G ∈ S_q2 (n) = S(n) ∩ SL_q2 (n) ⊂ S(n) and M = M(M) ∈ Eq(n), M ∈ SLq(n), because

‖G‖_2 = ‖M‖^2 = λ^2_1.

(2.28)

As Proposition 2.27 shows, the correspondence is continuous if in the space S_q2 (n) we introduce the metric ρ induced by the first matrix norm in the linear space L(n) of all n × n matrices over R.

Since by Proposition 2.26 the metric space E_q(n) is sequentially compact then the metric space S_q2 (n) = P (E_q(n)) is also sequentially compact. Hence, by Proposition 2.27 and the well–known general topological theorem (see, e.g., [D], p. 234) we come to the following lemma.

2.29. Lemma. The operator P : S_q2 (n) → E_q(n) and its inverse P^{−1} : E_q(n) → S_q2 (n) are uniformly continuous over S_q2 (n) and E_q(n), respectively.

From (2.22), (2.23) and from the above lemma we obtain, in particular, the following consequence.

2.30. Corollary. For every ε > 0 there exists δ = δ(ε, q, n) > 0 such that for all G_1, G_2 ∈ S_q2 (n) the inequality

‖G_1 − G_2‖_1 < δ

implies the inequality

log ‖M_1 · M^{−1}_2 ‖_2 < ε

for the corresponding M_1, M_2 ∈ SL_q(n). The converse conclusion is true, too.

We summarize some useful consequences concerning dilatations of quasiregular mappings.

2.31. Corollary. Let f : D → R^n, n ≥ 2, be a quasiregular mapping. Then the dilatation tensor G_f (x) is approximately continuous at a point x_0 ∈ D if and only if the matrix dilatation M_f (x) is approximately continuous at x_0 up to left rotations.

2.32. Corollary. Let f : D → R^n, n ≥ 2, be a quasiregular mapping. Then the dilatation tensor G_f (x) is approximately continuous at a point x_0 ∈ D if and only if

lim_{ρ→0} 1 mes B(x_0, ρ) ∫ B(x0,ρ) ‖M_f (x)M^{−1}_f (x_0)‖_2 dx = 1.

(2.33)

2.34. Corollary. Let f : D → R^n, n ≥ 2, be a quasiregular mapping. Then the dilatation tensor G_f (x) is approximately continuous at a point x_0 ∈ D if and only if

lim_{ρ→0} 1 mes B(0, ρ) ∫ B(0,ρ) K_g(x) dx = 1

(2.35)

where g = f ∘A^{−1} and A : R^n → R^n is the affine mapping corresponding to the matrix dilatation M_0 = M_f (x_0), A(x) = M_0 · (x − x_0).

Here and later on, we say that some measurable function has a property if it can be redefined on a set of measure zero so that the new function has the property.

3 Local injectivity

We start with a result on the local injectivity of a quasiregular mapping f : D → R^n, n ≥ 3, that is closely related to a statement proved in [BIK] to the effect that the continuity of the dilatation tensor G_f (x) in D implies f to be either a constant or a local homeomorphism. The local injectivity of quasiregular mappings has been studied, for instance, in [Gol], [MRV_3], [MSA], [MSR], [RS], [Sar].

3.1. Theorem. Let f : D → R^n, n ≥ 3, be a nonconstant quasiregular mapping and let the dilatation tensor G_f (x) or the matrix dilatation M_f (x) be approximately continuous at x_0 ∈ D. Then the mapping f is a homeomorphism at a neighborhood of x_0.

3.2. Corollary. Let f : D → R^n, n ≥ 3, be a nonconstant quasiregular mapping and let the dilatation tensor G_f (x) or the matrix dilatation M_f (x) be continuous at x_0 ∈ D. Then the mapping f is a homeomorphism at a neighborhood of x_0.

3.3. Corollary. Let f : D → R^n, n ≥ 3, be a nonconstant quasiregular mapping and let the dilatation tensor G_f (x) or the matrix dilatation M_f (x) be approximately continuous everywhere in D. Then the mapping f is a local homeomorphism of D.

3.4. Corollary. Let f : D → R^n, n ≥ 3, be a nonconstant quasiregular mapping and let the dilatation tensor G_f (x) or the matrix dilatation M_f (x) be continuous everywhere in D. Then the mapping f is a local homeomorphism of D.

The proof of Theorem 3.1 follows immediately from Corollaries 2.31, 2.34 and the next lemma.

3.5. Lemma. Let n ≥ 3 and let g : D → R^n, f(0) = 0 ∈ D, be a nonconstant quasiregular mapping with

lim_{ρ→0} 1 mes B(0, ρ) ∫ B(0,ρ) K_g(x) dx = 1. (3.6)

Then g is homeomorphic at a neighborhood of the origin.

To prove Lemma 3.5 we need other auxiliary statements. Let f : D → R^n be a nonconstant Q–quasiregular mapping, and let x_0 ∈ D. If 0 < ρ < dist (x_0, ∂D), we set l(x_0, f, ρ) = inf_{|x−x0|=ρ} |f(x) − f(x_0)|, L(x_0, f, ρ) = sup_{|x−x0|=ρ} |f(x) − f(x_0)|. (3.7)

Recall that for a Q–quasiregular mapping f at every point x_0 ∈ D

lim sup ρ→0 L(x_0, f, ρ) l(x_0, f, ρ) ≤ C < ∞. (3.8)

Here C depends only on n and the product i_f (x_0)Q where i_f (x_0) denotes the local topological index of the mapping f at the point x_0. In other words, (3.8) says that the distortion of the infinitesimal spheres is bounded by the constant C.

A similar statement holds for the distortion of infinitesimal spherical rings.

3.9. Lemma. Let f : D → R^n, n ≥ 2, be a nonconstant Q – quasiregular mapping. Then for all x_0 ∈ D the inequalities

C^{−2}Λ^α ≤ lim inf_{ρ→0} l(x_0, f, ρΛ) L(x_0, f, ρ) ≤ Λ^β (3.10) and Λ^α ≤ lim sup_{ρ→0} L(x_0, f, ρΛ) l(x_0, f, ρ) ≤ C^2Λ^β

(3.11)

hold for all Λ ≥ 1 on the left side and for all Λ > γ on the right side where α = Q^{−1}, β = (i_f (x_0)Q)^{1n}�^1 , γ = C^{2Q} > 1.

(3.12) Here C is the same constant as in (3.8) and depends only on n and i_f (x_0)Q.

Proof. Without loss of generality we may assume that f(0) = x_0 = 0 ∈ D. Let ρ > 0 and let E_{ρ,Λ} be the condenser (B(0, ρ), B(0, ρΛ)). Then, by [MRV_1], p. 15 and 29,

cap f(E_{ρ,Λ}) ≤ Q^{n−1}cap E_{ρ,Λ}.

Now cap E_{ρ,Λ} = ω_{n−1} (log Λ)^{n−1} and, on the other hand, by the monotonicity property of capacities,

cap f(E_{ρ,Λ}) ≥ ω_{n−1} ( log^{L(0,f,ρΛ)} l(0,f,ρ) )_{n−1}

where ω_{n−1} is the (n − 1)−dimensional surface area of the unit sphere

in R^n. Thus,_{L(0, f, ρΛ)} l(0, f, ρ) ≥ Λ^{1/Q} and the left inequality of (3.11) follows. Using (3.8) we obtain the left inequality in (3.10).

Denote by U_t the connected component of the preimage f^{−1}(B(0, t)) containing the origin. By Lemma 2.9 in [MRV_1], p. 9–10, the diameter d(U_t) → 0 as t → 0, and there exists δ > 0 such that U_t is a normal domain and ∂U_t = U_δ ∩ f^{−1}(∂B(0, t)), for t ∈ (0, δ] and U_{t1} ⊆ U_{t2} and U_{t2} \ U_{t1} is a ring domain for all 0 < t_1 < t_2 ≤ δ.

Next, for Λ > γ = C^{2Q} the left hand side in (3.10) is greater than 1. Hence, for small ρ, the condensers E_{ρ,Λ} = (U_{L(0,f,ρ)}, U_{l(0,f,ρΛ)}), and f(E_{ρ,Λ}) = (B(0, L(0, f, ρ)), B(0, l(0, f, ρΛ))), are well-defined. Moreover,

cap f(E_{ρ,Λ}) = ω_{n−1} ( log^{l(0,f,ρΛ)} L(0,f,ρ) )_{n−1} (3.13)

and the monotonicity of capacities implies

cap E_{ρ,Λ} ≥ ω_{n−1} (log Λ)^{n−1} . (3.14)

Theorem 6.2 from [MRV_1] yields

cap (E_{ρ,Λ}) ≤ i_f (0)Qcap f(E_{ρ,Λ}).

(3.15)

Comparing (3.13)–(3.15) we see that l(0, f, ρΛ) L(0, f, ρ) ≤ Λ^β which proves the upper bound in (3.10).

Finally, using again the inequality (3.8) we come to the right hand side of (3.11) and complete the proof.

Using the maximum principle for open mappings we deduce the following consequence of Lemma 3.9.

3.16. Proposition. Under the hypotheses of Lemma 3.9

lim sup ρ→0 sup_{|x−x0|≤ρΛ} |f(x) − f(x_0)| inf_{|x−x0|=ρ} |f(x) − f(x_0)| ≤ C^2Λ^β

(3.17)

for all Λ > γ.

Passing in (3.17) to the limit as Λ → γ we come to the following conclusion.

3.18. Proposition. Under the hypothesis of Lemma 3.9

lim sup ρ→0 sup_{|x−x0|≤ργ} |f(x) − f(x_0)| inf_{|x−x0|=ρ} |f(x) − f(x_0)| ≤ C^2γ^β.

(3.19)

Proof of Lemma 3.5. The condition (3.6) can be rewritten in the following form

lim_{ρ→0} 1 mesB ∫ B K_ρ(x) dx = 1

(3.20)

where B = B(0, 1) and K_ρ(x) = K_g(ρx). In other words,

lim_{ρ→0} ‖K_ρ − 1‖_L1_{(B)} = 0

(3.21)

and, consequently, K_ρ(x) → 1 as ρ → 0 in measure in the unit ball B.

Consider the family of Q–quasiregular mappings g_ρ(z) = g(ρz)/L(0, g, ρ). By the construction M_g(z) = M_f (ρz), z ∈ B, and consequently K_ρ(x) is the local dilatation of g_ρ and we have that K_ρ(x) → 1 as ρ → 0 in measure in the unit ball B.

Now g_ρ(B) ⊂ B and hence by the well–known criterion the family of the Q–quasiregular mappings g_ρ, 0 < ρ ≤ δ, is equicontinuous (see [MRV_2], p. 10). Thus by the Arzela–Ascoli theorem the family is normal. Moreover, by the Reshetnyak theorem the limit functions are Q–quasiregular mappings (see [Re_1], p. 180). Next, all of the limit functions f are nonconstant mappings. More precisely, f(0) = 0 and by Lemma 3.9, the right side of (3.11), |f(x)| ≥ C^{−2}|x|^β at least for 0 < |x| < C^{−2Q} where β = (i_g(0)Q)^{1/(n−1)}.

Thus, there exists a sequence ρ_m → 0 as m → ∞ such that K_{ρm} (x) → 1 a.e. and g_{ρm} (x) → g_0(x) locally uniformly where g_0 is a nonconstant Q–quasiregular mapping. By Theorem 3.1 from [GMRV_2], g_0 is a 1– quasiregular mapping. Hence by the Liouville theorem g_0 is a Möbius mapping. Finally, by Theorem 2.21 from [GMRV_2] on the continuity of the injectivity radius, we see that all g_{ρm} for large m are injective in some neighbourhood of the origin. Consequently, g is also injective in some neighbourhood of 0. The proof is complete.

3.22. Theorem. Let n ≥ 3, Q > 1 and let a matrix–valued function G_0(x), x ∈ D, be approximately continuous or, simply, continuous, everywhere in D. Then there exists δ > 0 such that every nonconstant Q–quasiregular mapping f : D → R^n is a local homeomorphism if ‖G_f (x) − G_0(x)‖_1 < δ

(3.23)

a.e. in D.

In other words, Theorem 3.22 says that the local injectivity holds as soon as the dilatation tensor is close to some continuous matrix–valued function.

In view of Corollary 2.30, the proof of Theorem 3.22 is reduced to the following lemma.

3.24. Lemma. Let n ≥ 3, Q > 1, and let a matrix–valued function M_0(x) ∈ SL(n), x ∈ D, be approximately continuous or, simply, continuous up to left rotations. Then there exists ε > 0 such that every nonconstant Q–quasiregular mapping f : D → R^n is a local homeomorphism if

log ‖M_f (x) · M^{−1}_0 (x)‖_2 < ε

(3.25)

a.e. in D.

In particular, in view of Proposition 2.26, we now obtain the following consequence.

3.26. Corollary. If M_0(x) is element–wise continuous or approximately continuous and if

‖M_f (x) − M_0(x)‖_1 < δ

(3.27)

a.e. in D, then f is a local homeomorhism of D.

Proof of Lemma 3.24. Suppose that the statement of the theorem is not true. Then there exists a sequence of Q–quasiregular mappings f_j with

log ‖M_{fj} (x) · M^{−1}_0 (x)‖_2 < 1 j a.e. in D

(3.28)

and a sequence of points x_j ∈ D such that (see [MRV_3], p. 23) 2 ≤ i_{fj} (x_j) ≤ 9Q^{n−1}. (3.29)

Let A_j be the affine mappings A_j(z) = N_jz, z ∈ R^n, where on the right side we have N_j = M_0(x_j). Since, by Proposition 2.26, the space E_q(n), q = Q^{1/n}, is sequentially compact we may assume that

lim_{j→∞} ‖N_j ∘ N^{−1}‖_2 = 1

(3.30) where N ∈ SL_q(n). Later on, A(z) = Nz denotes the corresponding affine mapping of R^n.

In view of the approximate continuity of M_0(x) we also have that lim_{j→∞} 1 mes B(x_j, ρ_j) ∫ B(x_j,ρ_j) ‖M_0(x) · M^{−1}_0 (x_j)‖_2 dx = 1

(3.31)

when ρ_j are chosen small enough for every j. Thus, comparing (3.28), (3.30) and (3.31) we see that lim_{j→∞} 1 mes B(x_j, ρ_j) ∫ B(x_j,ρ_j) ‖M_{fj} (x) · N^{−1}‖_2 dx = 1.

(3.32)

Let us consider the sequences of Q–quasiregular mappings

g_j (z) = f_j(x_j + ρ_j z) − f_j (x_j) L(x_j, f_j, ρ_j) , z ∈ B, and Q^n–quasiregular mappings h_j (y) = g_j ∘ A^{−1}(y), y ∈ A(B), respectively. Then M_{gj} (z) = M_{fj} (ρ_jz), z ∈ B, and, by definition,

M_j(y) = M_{hj} (y) = M_{fj} (ρ_jA^{−1}(y))N^{−1}, y ∈ A(B).

Now by (3.32) lim_{j→∞} 1 mesA(B) ∫ A(B) ‖M_j(y)‖_2dy = 1 Ω_n ∫ B ‖M_j(A(z))‖_2dz = 1

(3.33)

where Ω_n is the volume of the unit ball. Consequently, the local dilatations K_j (y) of the mappings h_j satisfy K_j(y)^{mes}−→ 1 as j → ∞ in the ellipsoid A(B). Hence, without loss of generality, we may assume that K_j (y) → 1 a.e. in A(B).

Since, by the construction, h_j (A(B)) ⊂ B, the sequence h_j is equicontinuous (see [MRV_2], p. 10). Hence, by the Arzela–Ascoli theorem the family (h_j) is normal. Thus, without loss of generality, we may assume that h_j → h as j → ∞ locally uniformly in A(B), where h, by the Reshetnyak theorem (see, e.g., [Re_1], p. 180), is Q^n–quasiregular mapping, with h(0) = 0. In view of Lemma 3.9, we obtain from (3.11), |h(y)| ≥ C^{−2}|y|^β (3.34)

for 0 < |y| < C^{−2Qn} , where β = ( 9Q^{n2} ) 1_n�_1 . (3.35)

Hence h cannot be constant.

By the space variant of the Strebel theorem (see [GMRV_2]) we conclude that h is a Möbius mapping. In particular, the above conclusion implies that i_h(0) = 1. Hence, the equality i_{hj} (0) = 1 holds for large j (see [MRV_3], p. 24). This contradicts the assumption (3.29) and the proof of Lemma 3.24 follows.

4 Global injectivity

The results in Section 3 imply several global injectivity results. Our first result is a direct consequence of Corollary 3.3 and the Zorich theorem (see, e.g., [Z]) on locally homeomorphic quasiregular mappings in

R^n, n ≥ 3.

4.1. Theorem. Let f : R^n → R^n, n ≥ 3, be a nonconstant quasiregular mapping whose dilatation tensor G_f (x) or matrix dilatation M_f (x) is approximately continuous in R^n. Then f is a homeomorphism of R^n onto R^n.

Note that the assumption of Theorem 4.1 holds, in particular, if G_f (x) is continuous in R^n. Note also that the conclusion of Theorem 4.1 holds if f : R^n → R^n, n ≥ 3, is a nonconstant quasiregular mapping such that there exists a sequence of quasiregular mappings f_i : R^n → R^n whose matrix dilatations satisfy the assumption of the theorem and f_i → f locally uniformly in R^n, see [GMRV_2], Theorem 2.21. It would be interesting to know if for each quasiconformal mapping f : R^n → R^n there exists a sequence of quasiconformal mappings f_i : R^n → R^n such that G_{fi} is continuous and f_i → f locally uniformly. Note that for n = 2 this is true, see [LV].

Our next theorem gives a kind of global injectivity result for quasiregular mappings defined on an arbitrary domain D of R^n, n ≥ 3. We set I(f, D) = ∫ D (K_f (x) − 1) dx

(4.2)

if f : D → R^n is a quasiregular mapping.

4.3. Theorem. Let n ≥ 3, Q ≥ 1, D be a domain in R^n and C ⊂ D be a compact set. Then there is δ = δ(C, D, Q) > 0 such that every locally injective Q–quasiregular mapping f : D → R^n is injective in C provided that I(f, D) < δ . (4.4)

4.5. Remark. To guarantee the local injectivity in Theorem 4.3, any of sufficient conditions of the previous section may be used.

4.6. Corollary. Let n ≥ 3, Q ≥ 1, D be a domain in R^n and C ⊂ D be a compact set. Then there is δ = δ(C, D, Q) > 0 such that every Q–quasiregular mapping f : D → R^n whose matrix dilatation is continuous in D, is injective in C provided that I(f, D) < δ.

4.7. Examples. Let (r, ϑ, z) denote the usual cylindrical coordinates of R^n. Set D = {(r, ϑ, z) : r ≥ 0, |ϑ| < π, z = (z_3, . . . , z_n)} and f_Q(r, ϑ, z) = (r^′, ϑ^′, z^′) = (r, Qϑ, z). It is easy to see that for all Q > 1 the mapping f_Q is Q^{n−1}–quasiregular and is not injective in D, although it is locally injective.

The authors do not know if the assumption of Theorem 4.3 that f is locally injective in D is really needed. However, the following example shows that for quasimeromorphic mappings, i.e. for mappings onto R^n = R^n∪{∞}, this condition is necessary. Let f : R^n → R^n, n ≥ 3, be the mapping f(r, v, z) = { (r, 3v, z), |v| ≤ π/2, (r, v + π, z), π ≥ |v| > π/2, and f(∞) = ∞.

Then f is topologically equivalent to the ordinary winding mapping around the z–axis. Note that K_f (x) = 1 in R^n \ H where H is the half plane H = {z ∈ R^n : x_1 > 0}.

Next let for each ε ∈ (0, 1), φ_ε be a Möbius mapping sending H to the ball B(0, ε) and write f_ε = φ ∘ f ∘ φ^{−1}_ε . Then f_ε : R^n → R^n is a 3^{n−1}–quasimeromorphic mapping with K_{fε} (x) = 1 in R^n \ B(0, ε). Thus I(f_ε, R^n) → 0 as ε → 0 but f_ε is not injective in the unit ball.

For the proof of Theorem 4.3 we need a number of lemmas. The first is a variant of Lemma 2.12 in [Re_2], p. 153.

4.8. Lemma. Let n ≥ 3 and Q ≥ 1. Then there is an increasing function λ = λ_{n,Q} : (0, ∞) → [0, ∞] and q ∈ (0, 1) with the following properties:

(a) λ(t) → 0 as t → 0 and (b) for each locally homeomorphic Q–quasiregular mapping f : B(x_0, r) →

R^n there is a Möbius transformation φ with |(φ ∘ f)(x) − x| ≤ rλ(t), t = I(f, B(x_0, r))/mes(B(x_0, r)) (4.9) for |x − x_0| ≤ qr. Proof. Since f is locally homeomorphic, the proof of Theorem 3.12 in [MSA] can be adopted to our situation. First by [MRV_3], Theorem 2.3, there is q_1 = q_1(n, Q) ∈ (0, 1) such that a locally homeomorphic Q–quasiregular mapping f : B → R^n, B is the unit ball, is injective in B(0, q_1). Set q = q_1/2 and for such mappings f write

δ(f) = 2 inf{max_{|x|≤q} |(φ ∘ f)(x) − x| : φ Möbius}

and for t ∈ [0, ∞) define λ(t) = sup{δ(f) : I(f, B) ≤ t}.

To show that λ and q satisfy (a) and (b) is a repetition of the normal family argument in [MSA], p. 393. The only difference is the use of [GMRV_2], Theorem 3.1, to conclude that the limit mapping is a Möbius transformation. The change from the unit ball to B(x_0, r) gives the additional factor to the integral I(f, B(x_0, r)). The lemma follows.

Next we recall an approximation lemma of Reshetnyak [Re_2], Lemma 2.10, p. 146.

4.10. Lemma. Let h > 1. Then there exist numbers δ_1 > 0 and L > 1, both depending only on h and n, such that a Möbius transformation φ of R^n satisfies |φ(x) − x| ≤ Lδr (4.11)

in B(a, rh) provided that 0 ≤ δ ≤ δ_1 and that φ satisfies |φ(x) − x| ≤ δr in B(a, r). We also employ a topological result, see e.g. [Re_2], Lemma 2.11, p.

148.

4.12. Lemma. Suppose that U is a bounded open set in R^n, f :

U → R^n continuous and a ∈ U. If for all x ∈ ∂U, |f(x) − x| < |a − x|,

then there is a point b ∈ U such that f(b) = a.

Proof for Theorem 4.3. To show the injectivity of f on C let y_1, y_2 ∈ C and suppose that f(y_1) = f(y_2). Since C is a compact set of D and since f is locally quasiconformal by the well–known theorem [MRV_3], Theorem 2.3, on locally homeomorphic quasiregular mappings it follows that |y_1 − y_2| ≥ c > 0

(4.13)

where c depends on n, Q, C and D but not on the particular mapping f. Next we employ a modification of the method introduced in [MSA]. It suffices to show that there exists a Möbius transformation φ such that |(φ ∘ f)(y_i) − y_i| < |y_1 − y_2|/2, i = 1, 2. (4.14)

Indeed, if (4.14) holds, then (φ ∘ f)(y_1) = (φ ∘ f)(y_2) yields

|y_1 − y_2| ≤ |y_1 − (φ ∘ f)(y_1)| + |(φ ∘ f)(y_2) − y_2)| < |y_1 − y_2|/2 + |y_1 − y_2|/2 = |y_1 − y_2|,

a contradiction. The proof for (4.14) will also produce the desired number δ > 0.

To prove (4.14) under the assumption (4.13) we first choose balls B(x_i, r), i = 1, 2, . . . , m, such that (a) x_1 = y_1, x_m = y_2,

(b) x_{i+1} ∈ B(x_i, qr/8), i = 1, . . . , m − 1, and (c) B(x_i, r) ⊂ D. Here q is the constant of Lemma 4.8. It is easy to see that r and m have upper bounds which only depend on C and D but not on the particular points y_1, y_2 ∈ C. We write B_i = B(x_i, qr).

Fix i = 1, . . . , m and write t_i = 1 mes(B(x_i, r)) ∫ B(x_i,r) (K_f (x) − 1) dx.

By Lemma 4.8 there is a Möbius transformation φ_i such that |(φ_i ∘ f)(x) − x| ≤ rλ(t_i) (4.15) for |x − x_i| ≤ qr. Next let g_i = φ_i ∘ f and θ_i = φ_{i−1} ∘ φ^{−1}_i . Then g_{i−1} = θ_i∘g_i. We let A_i = B(x_i, qr/4). Then A_i contains B(x_{i−1}, qr/8)∪ B(x_i, qr/8). Next we show that for i = 1, . . . , m |θ_i(x) − x| ≤ 2λr, x ∈ A_i, (4.16) provided that λ = λ(I(f, D)/Ω_nr^n) is small enough. To prove (4.16) consider y ∈ ∂(B_{i−1} ∩ B_i). Since y ∈ B_i, we have by (4.15) |g_i(y) − y| ≤ rλ(t_i). (4.17) Since y ∈ ∂B_{i−1}, we have |y − x| ≥ 3qr/8 (4.18) and the same holds if y ∈ ∂B_i. Thus |g_i(y) − y| ≤ rλ(t_i) < 3qr/8 ≤ |x − y| (4.19) provided that λ(t_i) < 3q/8 and this last condition is fulfilled if λ = λ(I(f, D)/Ω_nr^n) < 3q/8 (4.20) because t_i ≤ I(f, D)/Ω_nr^n. Thus λ(t_i) ≤ λ < 3q/8 (4.21) and condition (4.20) is fulfilled. Note that condition (4.20) for I(f, D) holds if I(f, D) < δ where δ > 0 is independent of the points y_1 and y_2.

From Lemma 4.12 and (4.19) we obtain a point x̃ such that g_i(x̃) = x. Thus |θ_i(x) − x| ≤ |θ_i(x) − x̃| + |x̃ − x| = |(θ_i∘g_i(x̃)−x̃|+|x̃−g_i(x̃)| = |g_{i−1}(x̃)−x̃|+|x̃−g_i(x̃)| ≤ rλ(t_{i−1})+rλ(t_i) ≤ 2rλ if λ = λ(I(f, D)/Ω_nr^n), see (4.21). We have shown that (4.16) holds.

Now we can employ Lemma 4.10 and deduce from (4.16) that |θ_i(x) − x| ≤ 2Lλr ≤ cλ (4.22) for all x ∈ C + B(0, m(c + r)). Note that θ_i is a Möbius transformation and that c and m depend only on n, Q, C and D.

Next we show that for i = 1, 2, . . . , m |g_i(x_m) − x_m| ≤ cλ(m − (i − 1)) (4.23) where c and λ are as in (4.22). We proceed by induction. By (4.15) this holds for i = m. Suppose that (4.23) holds or some i ≥ 2. Then by (4.22) and (4.23) |g_{i−1}(x_m) − x_m| = |θ_i ∘ g_i(x_m) − x_m| ≤ |θ_i(g_i(x_m)) − g_i(x_m)| + |g_i(x_m) − x_m| ≤ cλ + cλ(m − (i − 1)) = (m − (i − 2))cλ where we have also used the fact that g_i(x_m) ∈ C + B(0, m(c + r)), implied by

dist(g_i(x_m), C) ≤ |g_i(x_m) − y_1| = |g_i(x_m) − x_1| ≤ |g_i(x_m) − x_m| +^m ∑ j=2 |x_j − x_{j−1}| ≤ cλm + mr ≤ m(c + r). This proves (4.23) and hence, in particular, |g_1(x_m) − x_m| ≤ cmλ. Since x_m = y_2, we have from this and from (4.17) |φ_1 ∘ f(y_2) − y_2| ≤ cmλ, |φ_1 ∘ f(y_1) − y_1| ≤ rλ(t_1) ≤ cmλ. These inequalities hold if λ is chosen small enough. The constants c and m depend only on n, Q, C and D. Choosing now λ = λ(I(f, D)/Ω_nr^n), i.e. I(f, D), small enough we obtain |φ_1 ∘ f(y_i) − y_i| < 1 2 , i = 1, 2. This is (4.14) and the proof is complete.

The previous considerations lead to a general principle. It is well– known that the convergence in measure of measurable functions generates a metrizable topology. Let r be a metric generating the convergence in measure in a domain D ⊂ R^n.

4.24. Theorem. Let F be a sequentially compact family of nonconstant Q–quasiregular mappings f : D → R^n, n ≥ 3, and let

C ⊂⊂ D be a subdomain of D. Then there exists δ = δ(F, C) > 0 such that the inequality r(1, K_f (x)) < δ (4.25)

implies the injectivity of f ∈ F in C.

In particular, choosing D = B, the unit ball of R^n, n ≥ 3, we have the following consequence.

4.26. Corollary. Let F_0 be the family of all Q–quasiregular mappings f : B → B with f(0) = 0 and f(x_0) = x_0 ∈ B., x_0 ≠ 0. Then for all 0 < ρ < 1 there exists δ = δ(n, Q, ρ) > 0 such that the inequality (4.25) implies the injectivity of f ∈ F_0 in the ball B(0, ρ).

Indeed, F_0 is equicontinuous (see, [MRV_2], p. 10) and by the Arzela– Ascoli theorem F_0 is normal. Further, by the Reshetnyak theorem the limit functions for the class F_0 are mappings of F_0, again (see [Re_1], p. 180), i.e. F_0 is sequentially compact family of nonconstant Q– quasiregular mappings in view of the normalization. Thus, by Theorem 4.24 we come to the conclusion of Corollary 4.26.

For the proof of Theorem 4.24 we employ a lemma relating local and global injectivity.

4.27. Lemma. Let f and f_j : D → R^n, n ≥ 2, be continuous discrete and sense–preserving (sense–reversing) mappings and let f_j → f locally uniformly as j → ∞. Then for every subdomain C ⊂⊂ D, f is injective in C if and only if for some j_0 all f_j, j ≥ j_0, are injective in C. Proof of Theorem 4.24. Indeed, let us suppose that there exist a compact subdomain C ⊂ D and a sequence of mappings f_j ∈ F that is not injective in C and r(1, K_{fj} (x)) < 1/j. (4.28)

Without loss of generality we may assume that f_j → f ∈ F locally uniformly as j → ∞. Then by Theorem 3.1 from [GMRV_2] K_f (x) = 1 a.e. and by the Liouville theorem f is a Möbius mapping. Thus, the above assumption contradicts Lemma 4.27.

Proof of Lemma 4.27. 1) Let f be injective in C. Then there exists S = C_ε where C_ε is the connected component of the ε–neighbourhood of C which contains C, C_ε ⊂ D and f is injective in C_ε (see [Re_1], p. 190).

Then f(C) is a compact subset of f(S) \ f(∂S). Thus, by Corollary 2.17 from [GMRV_2] we have the equality for the topological index μ(f_j (x), f_j, S) = μ(f(x), f, S) = 1 (4.29)

for j ≥ j_0 and x ∈ C.

If there exist x_1 ≠ x_2 ∈ C such that f_j(x_1) = f_j (x_2) for some j ≥ j_0 then μ(f_j(x_1), f_j, S) ≥ i_{fj} (x_1) + i_{fj} (x_2) ≥ 2

because f_j are sense–preserving. This inequality contradicts (4.29). Thus, for the given j_0, all f_j, j ≥ j_0, are injective in C.

2) Conversely, let f_j, j ≥ j_0, be injective in C. Let us suppose that

f(x_1) = f(x_2) = y

(4.30)

for some x_1 ≠ x_2 ∈ C. Since f is discrete, there exists ε > 0 such that

y ∈ R^n \ f(∂Cε), Cε ⊂ D, where Cε is the connected component of the

ε–neighbourhood of C which contains C. Thus,

μ(y, f, C_ε) ≥ i_f (x_1) + i_f (x_2) ≥ 2

(4.31)

since f is sense–preserving.

Further, μ(y, f_j, C_ε) = 1, j ≥ j_0, because f_j is injective in C (see [RR], p. 133) and by Proposition 2.12 from [GMRV_2] we have the equality μ(y, f_j, C_ε) = μ(y, f, C_ε) = 1, j ≥ j_1. Thus, μ(y, f, C_ε) = 1 that contradicts (4.31) and the proof is complete.

5 Asymptotic linearity

We first recall the definition for asymptotic linearity and give some of its properties from [GMRV_1].

Let U be a domain in R^n containing the origin 0 and let v, w :

U → R^m be mappings, not necessarily continuous. We say that v(x) =

o(w(x)) if for each ε > 0 there is a neighborhood V of 0 such that ‖v(x)‖ ≤ ε ‖w(x)‖ for all x ∈ V \ {0}. Here the norm ‖ · ‖ need not be the usual Euclidean norm.

The functions v and w are said to be equivalent as x → 0, denoted as v(x) ∼ w(x), (5.1) if ‖v(x) − w(x)‖ = o(‖w(x)‖ + ‖v(x)‖). (5.2)

It is easy to show that the relation v(x) ∼ w(x) is an equivalence relation and it is equivalent to either one of the relations v(x) − w(x) = o(v(x)) , (5.3) or v(x) − w(x) = o(w(x)) . (5.4) Moreover, if m = 1 then we have the usual equivalence of the real quantities.

Later on, the usual Euclidean norm and the usual inner product of

R^m are denoted by | | and (, ), respectively. It is shown in [GMRV1] that

the equivalence v(x) ∼ w(x) with the respect to the usual Euclidean metric is equivalent to the following two geometric conditions: |v(x)| ∼ |w(x)|. (5.5) and (v(x), w(x)) ∼ |v(x)| |w(x)|. (5.6) The first one means the equivalence of the lengths of the vectors v(x) and w(x) and the second one means that the angle between v(x) and w(x) converges to zero as x → 0.

We write v(x) ≈ w(x) and say that v and w have the same order of smallness at the origin if |v(x)|/c ≤ |w(x)| ≤ c|v(x)| (5.7)

for some c ≥ 1 as x → 0.

Moreover, we have shown that the both equivalence relations (5.1) and (5.7) are quasiconformal invariants. Now we are ready to give the

main definitions.

A mapping f : U → R^m, f(0) = 0, is said to be asymptotically linear at 0 if for each α ∈ R\ {0} f(αx) ∼ αf(x) (5.8)

as x → 0 and f(x + y) ∼ f(x) + f(y) (5.9) as x → 0 whenever x + y ≈ x ≈ y. If (5.8) holds uniformly with respect to α, c^{−1} ≤ |α| ≤ c, for each 1 ≤ c < ∞, then we say that f is uniformly asymptotically linear at 0.

We have proved in [GMRV_1] that, for quasiconformal mappings, asymptotic linearity always implies uniform asymptotic linearity.

We denote by H_f (r) the greatest lower bound of the numbers t ≥ 1 such that sup_{|x|=r} |f(x)| ≤ t inf_{|x|=r} |f(x)|. (5.10)

where 0 < r < d(0, ∂U). The origin is called a point of spherical analyticity for f if lim_{r→0} H_f (r) = 1.

(5.11)

Later on we say for brevity that a mapping f : U → R^m, f(0) = 0, is weakly conformal at the origin if it is, simultaneously, uniformly asymptotically linear and spherically analytic there.

We have proved in [GMRV_1] that weak conformality at the origin of a discrete mapping f implies that f preserves the moduli of infinitesimal annuli centered at 0, i.e. for |x| ≈ |y|, |f(x)| |f(y)| ∼ |x| |y| (5.12)

and the angles between rays emanating from 0 in the sense that

lim_{t→0} (f(ta), f(tb)) |f(ta)||f(tb)| = (a, b) |a||b| (5.13)

for all a, b ∈ R^n \ {0}.

Moreover, for the quasiconformal mappings, by Theorem 5.1 in [GMRV_1], condition (3.6) implies the weak conformality at the origin. Thus, in view of Lemma 3.5 the following result is valid for quasiregular mappings.

5.14. Lemma. Let n ≥ 3 and let g : D → R^n, g(0) = 0 ∈ D, be a nonconstant quasiregular mapping and

lim_{ρ→0} 1 mes B(0, ρ) ∫ B(0,ρ) K_g(x) dx = 1. (5.15)

Then g is weakly conformal at the origin.

Finally, in view of Corollary 2.34, we obtain the following theorem.

5.16. Theorem. Let f : D → R^n, n ≥ 3, be a nonconstant quasiregular mapping and let the dilatation tensor G_f (x) or the matrix dilatation M_f (x) be approximately continuous at the point x_0 ∈ D. Then the mapping f is asymptotically linear at x_0.

Moreover, the mapping f can be represented in the form

f(x) = f(x_0) + g(A(x)),

(5.17)

where A(x) = M_0 ·(x−x_0), M_0 = M_f (x_0), is an affine volume preserving mapping and the quasiregular mapping g : A(D) → R^n is weakly conformal at the origin.

5.18. Corollary. Let f : D → R^n, n ≥ 3, be a nonconstant quasiregular mapping and let the dilatation tensor G_f (x) or the matrix dilatation M_f (x) be continuous at the point x_0 ∈ D. Then the mapping f is asymptotically linear at x_0 with the representation (5.17).

In general, Lemma 3.5 enables one to extend the main results of [GMRV_1] concerning quasiconformal mappings to the case of quasiregular mappings satisfying the integral condition (5.15).

5.19. Corollary. Under the conditions of Theorem 5.16 and with x_0 = 0, f(0) = 0, the following relations hold: |f(x)| |f(y)| ∼ |M_0x| |M_0y| , (5.20) as x → 0, x ≈ y; lim_{t→0} (f(ta), f(tb)) |f(ta)||f(tb)| = (M_0a, M_0b) |M_0a||M_0b| (5.21)

for all a, b ∈ R^n \ {0}.

In other words, the moduli of the infinitesimal spherical rings centered at x_0 = 0 and the angles between the rays emanating from the origin in the direction of the corresponding point pairs are changed in the same way as under the affine mapping A(x) = M_0x.

5.22. Corollary. Under the conditions of Theorem 5.16 and x_0 = 0, f(0) = 0, f(x) ∼ A(|M_0x|)M_0x (5.23) as x → 0, where the matrix–valued function A(t) satisfies A(t) ∼ A(τ ), (5.24)

as t → 0, τ ≈ t, and, finally, A(t) is asymptotically orthogonal, that is lim |x|=|y|=t→0 |A(t)x| |A(t)y| = 1.

(5.25)

In other words, the asymptotic behavior of the mapping f at the origin is close to that of the affine mapping A(x) = M_0x.

6 Behavior of the modulus

We begin with a general statement that holds under weak conformality of the discrete mappings.

6.1. Theorem. Let a mapping f : D → R^n, f(0) = 0, be discrete and weakly conformal at the origin. Then

lim_{x→0} log |f(x)| log |x| = 1.

(6.2)

6.3. Corollary. If a quasiregular mapping f : D → R^n, f(0) = 0, is weakly conformal at the origin, then (6.2) holds.

From Corollary 6.3 and Theorem 5.16 we obtain the following.

6.4. Corollary. Let f : D → R^n, n ≥ 3, be a nonconstant quasiregular mapping and let the dilatation tensor G_f (x) or the matrix dilatation M_f (x) be approximately continuous at the point x_0 ∈ D. Then lim_{x→x0} log |f(x) − f(x_0)| log |M_0 · (x − x_0)| = 1 (6.5)

where M_0 = M_f (x_0). In particular, if M_0 is an orthogonal matrix then lim_{x→x0} log |f(x) − f(x_0)| log |x − x_0|

= 1.

(6.6)

Proof of Theorem 6.1. Suppose that (6.2) does not hold. Then there exists ε > 0 and a sequence x_j → 0 such that | | | log |f(x_j)| log |x_j| − 1 | | | ≥ ε (6.7)

for all j = 1, 2, . . .. Denote t_j = − log |x_j| and τ_j = − log |f(x_j)|. Then (6.7) can be rewritten as | | | | τ_j t_j − 1 | | | | ≥ ε. (6.8)

By passing to a subsequence, if necessary, we can assume that t_j−t_{j−1} ≥ 1. Moreover, putting between neighboring elements of the sequences t_j, and τ_j, j = 1, 2, . . . , their arithmetic means one can always attain that t_j − t_{j−1} < 2. Then the inequality (6.8) is preserved for the infinite number of elements of the new sequence. Thus we may additionally suppose that the sequence ρ_j = |x_j| = e^{−tj} satisfies the inequalities e^{−2} < ρ_j /ρ_{j−1} ≤ e^{−1}. However, by (5.12)

exp(τ_{j−1} − τ_j) = exp(t_{j−1} − t_j) + α_j,

where α_j → 0 as j → ∞. In other words,

exp(τ_{j−1} − τ_j ) = (1 + β_j) exp(t_{j−1} − t_j),

(6.9)

where β_j → 0 as j → ∞ because exp(t_{j−1} − t_j) > e^{−2}.

From (6.9) we have that

(τ_{j−1} − τ_j ) = (t_{j−1} − t_j) + γ_j ,

where γ_j → 0 as j → ∞ and hence that lim_{j→∞} τ_j − τ_{j−1} t_j − t_{j−1} = 1 since t_j − t_{j−1} ≥ 1. From the Stolz theorem (see, e.g., [Fi], p. 55) we now deduce that lim_{j→∞} τ_j t_j = 1.

The last contradicts (6.8) and we have completed the proof.

7 Appendix: continuity of the injectivity radius

In what follows we assume that all mappings f : D → R^n, n ≥ 1, are continuous.

We say that a domain S ⊂ D is a compact subdomain of D and write S ∈ J(D) if its closure S is a compact subset of D. Denote by μ(y, f, S) the topological index of the triple (y, f, S) f : D → R^n, S ∈ J(D), y ∈ R^n \ f(∂S). (7.1)

The definition of the topological index given in [RR] is based on the algebraic topology. However, we employ the sequential approach based on the approximation of any continuous function f by regular functions, see [FG].

We recall that the topological index μ(y, f, S) is defined for a continuous mapping f : D → R^n where S ∈ J(D) and y ∈ R^n \ f(∂S). We need the following property of μ(y, f, S); this property is an immediate consequence of [FG], Theorem 2.3.

7.2. Lemma. Let D be a domain in R^n and f_j : D → R^n, j = 1, 2, . . ., a sequence of continuous functions such that f_j → f locally uniformly in D. If S ∈ J(D) and if C is a compact subset of D such that f(C) ∩ f(∂S) = ∅, then there is j_0 such that μ(f_j(x), f, S) = μ(f(x), f, S) (7.3)

for all x ∈ C.

A mapping f : D → R^n is said to be sense–preserving (sense– reversing) if μ(y, f, S) > 0 (μ(y, f, S) < 0) for all y ∈ f(S) \ f(∂S) and all S as above. It is well–known that if f is one–to–one then f is either sense–preserving or sense–reversing and, moreover, μ(y, f, S) ≡ 1 or μ(y, f, S) ≡ −1, respectively (see [RR], p. 133–134).

A mapping f is called discrete if the set f^{−1}(y) consists of isolated points for every y ∈ f(D). A mapping f is called open if f(A) is open whenever A ⊂ D is open.

Note that nonconstant quasiregular mappings are discrete, open and sense–preserving (see, e.g., [Re_1], [MRV_1]).

If f is discrete then the topological index μ(f(x), f, S) is independent of the choice of a compact subdomain S ⊂ D with S̄ ∩f^{−1}(f(x)) = {x} and it is then denoted by i_f (x) (see [MRV_1], p. 6).

We need the following formula (cf., e.g., [RR], p. 126, [Vu], p. 123) μ(y, f, S) = k∑ l=1 i_f (x_l)

(7.4)

that holds for discrete mappings f : D → R^n where {x_1, . . . , x_k} = S ∩ f^{−1}(y).

Let f : D → R^n, A ⊂ D, y ∈ R^n, and N(y, f, A) be the number of points in A ∩ f^{−1}(y). We set N_f (A) = sup N(y, f, A) over y ∈ R^n. If a mapping f is continuous, open, discrete and sense–preserving, then every point x ∈ D has a neighborhood V such that N_f (U) = i_f (x) for any neighborhood U ⊂ V of x. Moreover, x ∈ D \ B_f if and only if i_f (x) = 1 (see [MRV_1], p. 11). Here the branch set B_f of f is the set of all points of D at which f fails to be a local homeomorphism. Note that by the definition D\B_f is an open set. If f is, simultaneously, open and discrete then, by the well-known Černavskii theorem, dimB_f ≤ n − 2 (see, e.g., [V_1]). Hence D \ B_f is connected, i.e. D \ B_f is a domain.

For every mapping f : D → R^n and x ∈ D we define the radius of injectivity R_f (x) of f at x as the supremum over all ρ > 0 such that f(x_1) ≠ f(x_2) for x_1 ≠ x_2 in the ball B(x, ρ) ⊂ D.

7.5. Theorem. Let f and f_j : D → R^n, n ≥ 2, be continuous discrete sense–preserving (sense–reversing) mappings. If f_j → f locally uniformly as j → ∞, then for every x ∈ D :

R_f (x) = lim_{j→∞} R_{fj} (x).

(7.6)

Moreover, the limit (7.6) is locally uniform with respect to the param- eter x ∈ D. In particular, choosing special sequences f_j(x) = f(x + x_j − x_0), x_j → x_0 ∈ D, we obtain the following consequence of Theorem 7.5.

7.7. Corollary. Let f : D → R^n be continuous, discrete and sense–preserving. Then the injectivity radius R_f (x) is a continuous function of x ∈ D.

Proof of Theorem 7.5. Without loss of generality we may assume that the mappings are sense–preserving.

1) First we show the upper semicontinuity of the injectivity radius R_f (x) with respect to f, i.e. for every fixed x_0 ∈ D the following inequality holds :

R_f (x_0) ≤ lim inf_{j→∞} R_{fj} (x_0).

(7.8)

If R_f (x_0) = 0, then (7.8) is obvious. Let 0 < r_2 < r_1 < r_0 = R_f (x_0), S = B(x_0, r_1), C = B(x_0, r_2).

Now f is injective in S and hence f(C) ⊂ f(S) \ f(∂S) and by Lemma 7.2 for all j ≥ j_0 and x ∈ C

μ(f_j(x), f_j, B(x_0, r_1)) = μ(f(x), f, B(x_0, r_1)) = 1.

(7.9)

If there exist x_1 ≠ x_2 ∈ B(x_0, r_2) such that f_j(x_1) = f_j(x_2) for some j ≥ j_0 then in view of (7.4)

μ(f_j (x_1), f_j, B(x_0, r_1)) ≥ i_{fj} (x_1) + i_{fj} (x_2) ≥ 2 because f_j are sense–preserving. However, this inequality contradicts (7.9). We hence obtain (7.8) since r_2 ∈ (0, r_0) was arbitrary.

2) Next we show the lower semicontinuity. R_f (x_0) ≥ lim sup_{j→∞} R_{fj} (x_0).

(7.10)

This is obvious if the limit in the right hand side is equal 0 and we need only to consider the case lim sup j→∞ R_{fj} (x_0) = r > 0.

Let us suppose that f(x_1) = f(x_2) = y for some x_1 ≠ x_2 ∈ B(x_0, r). Since f is discrete, there exists r_1 ∈ (r_0, r) where r_0 = max{|x_1 − x_0|, |x_2 − x_0|} such that y ∈ R^n \ f(∂B(x_0, r_1)) and by formula (7.4) we have μ(y, f, B(x_0, r_1)) ≥ i_f (x_1) + i_f (x_2) ≥ 2

(7.11) because f is sense–preserving. Let r = lim_{k→∞} R_{fjk} (x_0),

where f_{jk} , k = 1, 2, . . . are injective in B(x_0, r_1). Then μ(y, f_{jk} , B(x_0, r_1)) = 1 and by Lemma 7.2 μ(y, f_{jk} , B(x_0, r_1)) = μ(y, f, B(x_0, r_1)) for k ≥ k_0 and thus μ(y, f, B_{r1} (x_0)) = 1. This contradicts (7.11). Hence (7.10) holds.

3) The inequalities (7.8) and (7.10) imply (7.6) 4) The limit (7.6) is locally uniform in D. Indeed, let us suppose that there exist a compact subset C ⊂ D and a sequence x_j ∈ C such that |R_{fj} (x_j) − R_f (x_j)| ≥ ε > 0 (7.12) and x_j → x_0 ∈ C. Then F_j(x) = f_j (x_j + x) → F (x) = f(x_0 + x) as j → ∞ locally uniformly and by 3) we obtain that R_{Fj} (0) → R_F (0). This conclusion contradicts (7.12).

7.13. Remark. The upper semicontinuity (7.8) of the injectivity radius was first established in [Sar] for locally homeomorphic quasiregular mappings f : B(0, 1) → R^n, n ≥ 3.

On local injectivity and linearity 29

References

[A_1] Ahlfors L.,On a class of quasiconformal mappings, Österreich. Acad. Wiss.

Math. – Naturw. K1. S. BII 185 (1976), 5–10.

[A_2] Ahlfors L., Quasiconformal deformations and mappings in Rn, J. Analyse Math. 30 (1976), 74–97.

[B] Belinskii P.P., General properties of quasiconformal mappings, Novosibirsk, Nauka, 1974, Russian.

[Bell] Bellman R., Introduction to Matrix Analysis, New York etc., McGraw–Hill book comp., 1970.

[BI] Bojarski B., Iwaniec T., Analytical foundations of the theory of quasiconformal mappings in Rn, Ann. Acad. Sci. Fenn. Ser. A.I 8 (1983), 257–324.

[BIK] Bojarski B., Iwaniec T., Kopiecki R., Riemannian Manifolds with Non– Smooth Metric Tensors and QC–Maps In : Proc. Seminar on Monge–Ampere Equations Related Topics, Firenze 1980, Roma (1982), 123–165.

[D] Dugundji J., Topology, Boston, Allyn and Bacon Inc., 1966.

[Fer] Ferrand J., Regularity of conformal mappings of Riemannian manifolds, Lecture Notes in Math. 743 (1979), 191–203.

[Fi] Fichtengolz G.M., Differential- and Integralrechnung, B.1, Berlin, Deutscher Verlag der Wissenschaften, 1964.

[FG] Fonseca, I., Gangbo, W., Degree Theory in Analysis and Applications, Oxford, Clarendon Press, 1995.

[Gol] Gol’dshtein V. M., On behavior of mappings with bounded distortion under distortion coefficient close to 1, Sibirsk. Mat. Zh. 12 (1971), 1250– 1258.

[GMRV_1] Gutlyanskii V., Martio O., Ryazanov V., Vuorinen M., On asymptotical behavior of quasiconformal mappings in the space (to appear).

[GMRV_2] Gutlyanskii V., Martio O., Ryazanov V., Vuorinen M., Convergence theorems for quasiregular mappings in the space (to appear).

[H] Halmos P. R., Finite-dimensional vector spaces, Second. ed., New York etc., Van Nostrand Reinhold, 1958.

[Iw] Iwaniec T., Regularity theorems for solutions of partial differential equations related to quasiregular mappings in several variables, Dissertationes Mathematicae CXCVIII (1982), 1–48.

[LV] Lehto O., Virtanen K., Quasikonforme Abbildungen, Berlin etc., Springer–Verlag, 1965.

[M] Martio O., A capacity inequality for quasiregular mappings, Ann. Acad.

Sci. Fenn. Ser. A I 474 (1970), 1-18.

[MRV_1] Martio O., Rickman S., Väisälä J., Definitions for quasiregular mappings, Ann. Acad. Sci. Fenn. Ser. A I 448 (1969), 1-40.

[MRV_2] Martio O., Rickman S., Väisälä J., Distortion and singularities of quasiregular mappings, Ann. Acad. Sci. Fenn. Ser. A I 465 (1970), 1-13.

[MRV_3] Martio O., Rickman S., Väisälä J., Topological and metric properties of quasiregular mappings, Ann. Acad. Sci. Fenn. Ser. A I 488 (1971), 1-31.

30 V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, M. Vuorinen

[MSA] Martio O., Sarvas J., Injectivity theorems in plane and space, Ann.

Acad. Sci. Fenn. Ser. A I 4 (1978/1979), 383–401.

[MSR] Martio O., Srebro U., Universal radius of injectivity for locally quasiconformal mappings, Israel J. Math. 29 (1978), 17–23.

[O] Ostrovski A., Solutions of Equations and Systems of Equations, 2nd ed., New York, Academic, 1966.

[RR] Rado T., Reichelderfer P.V., Continuous transformations in analysis, Berlin etc., Springer–Verlag, 1955.

[Re_1] Reshetnyak Yu. G., Space Mappings with Bounded Distortion, Transl. of Math. Monographs 73, AMS , 1989.

[Re_2] Reshetnyak Yu. G., Stability theorems in geometry and analysis, Novosibirsk, Nauka, Sibirskoe otdelenie, 1982, Russian.

[RS] Rickman S., Srebro U., Remarks on the local index of quasiregular mappings, J. Analyse Math. 46 (1986), 246–250.

[S] Saks S., Theory of the integral, New York, Dover Publ. Inc., 1964.

[Sar] Sarvas J., Coefficient of injectivity for quasiregular mappings, Duke Math.

J. 43 (1976), 147–158.

[TY] Titus C.J., Young G.S., The extension of interiority, with some applications, Trans. Amer. Math. Soc. 103 (1962), 329–340.

[V_1] Väisälä J., Discrete open mappings on manifolds, Ann. Acad. Sci. Fenn.

Ser. A I 392 (1966), 1–10.

[V_2] Väisälä J., Lectures on n–Dimensional Quasiconformal Mappings, Lecture Notes in Math. 229, Berlin etc., Springer–Verlag, 1971.

[Vu] Vuorinen M., Conformal Geometry and Quasiregular Mappings, Lecture Notes in Math. 1319, Berlin etc., Springer–Verlag, 1988.

[Z] Zorich V. A., The Lavrentiev theorem on quasiconformal space mappings, Mat. Sb. 74 (116), 3 (1967), 417-433.

O. Martio and M. Vuorinen: Department of Mathematics, P.O. Box 4 (Yliopistonk. 5), FIN–00014 University of Helsinki FINLAND Fax: 358–9–19122879 Email: martio@cc.helsinki.fi, vuorinen@csc.fi

V.Ya. Gutlyanskiǐ and V.I. Ryazanov: Institute of Applied Mathematics and Mechanics, NAS of Ukraine, ul. Roze Luxemburg 74, 340114, Donetsk, UKRAINE Fax: 0622–552265 Email: math@iamm.ac.donetsk.ua