COMPACT COMPOSITION OPERATORS ON GENERAL WEIGHTED SPACES

Jari Taskinen, University of Helsinki

ABSTRACT. We study analytic composition operators on weighted H^∞ spaces defined on the open unit disc of C . In the unweighted case it is known that for every compact composition operator C_φ : H^∞ → H^∞, the symbol φ maps the open unit disc D strictly inside D .

We show that under surprisingly mild assumptions on the weight, there exist compact composition operators on the weighted spaces, the symbols of which do not have the above mentioned property.

INTRODUCTION. Composition operators on spaces of analytic functions have been intensively studied by many authors. For example the compactness and other operator ideal properties have been investigated in the papers [ST], [S1], [MM], [J1], [Hu] and [R]. We refer to the book [S2] and to the survey [J2] for general information on the topic.

For the compactness of the composition operator C_φ on the space H^∞ there is a very simple criterion: it is compact if and only if the symbol φ : D → D maps the open unit disc D strictly inside D . This observation has the consequence that every compact composition operator on H^∞ is for example 1–nuclear.

In this paper we study what happens if the sup–norm of H^∞ is allowed to be a weighted one, that is, we study composition operators on spaces

H^∞_v := { f : D → C analytic^| ||f||v := sup_{z∈D} v(z)|f(z)| < ∞^}, (0.1) where v : D → C is a reasonable positive, continuous weight function. The compactness of composition operators in these spaces is studied in the paper [BDLT].

The main result of this paper, Theorem 2.1, is the characterization of weights v ∈ C(D ) having the property that there exist compact operators C_φ on H^∞_v with

φ(D ) ∩ ∂D ≠ ∅. The necessary and sufficient condition for this is surprisingly

simple: the weight v has to vanish at least on one boundary point of D . So for

1991 Mathematics subject classification: primary 47B38, secondary 47B07, 47B10, 30H05 these weights there does not exist the phenomenon which trivializes the study of many operator theoretic properties in the case of H^∞.

Unfortunately we are not yet able to give examples of non–nuclear compact composition operators for the above mentioned class of weights; our result is only an indication that such operators may very well exist when v ∈ C(D ) and v(ζ) = 0 for some ζ ∈ ∂D . Some examples in a special case are given in Section 3.

Acknowledgement. I wish to thank Hans Jarchow for discussions about the topic of this paper as well as for hospitality during the visit to Universität Zürich in winter semester 1995–1996. I am also grateful to Thomas Domenig for careful reading of earlier versions of the paper.

1. PRELIMINARIES.

We shall use the following notations and conventions.

The words “positive”, “increasing” and “decreasing”, mean strictly positive, increasing and decreasing, respectively. We denote by R^+ the space of positive reals, and we set C^+ := {Rez > 0}. We denote N = {1, 2, 3, . . .}. D denotes the open unit disk of C . The vector spaces are over C . By C, C^′, c etc. we denote positive constants which may vary from place to place but do not depend on indices or variables in given formulas or inequalities. The boundary of a set

Ω ⊂ C is denoted by ∂Ω.

The letters v and w usually denote weight functions, i.e. bounded and continuous mappings D → R^+ which may or may not have continuous extensions to

D . Given a weight v we define the Banach space H^∞_v as in (0.1). The closed unit

ball of H^∞_v is denoted by B_v.

1.1. Definition. A weight v is called essential, if there exists a C > 0 such that v(z) ≥ C ( sup_{f∈Bv} |f(z)| )_{−1} for all z ∈ D . (1.1)

If a weight v is not essential, there exists another weight w such that w ≤ v and C^′w is not larger than v for any C^′ > 0, but nevertheless the spaces H^∞_w and H^∞_v are equal and the norms || · ||_w and || · ||_v are equivalent in H^∞_v . This explains the terminology.

The article [BBT] contains an analysis of weights satisfying the Definition 1.1. If 1 ≤ p < ∞ and v is a weight, we define the Banach space

A^p_v := { f : D → C analytic^| ||f||^p :=^∫ z∈D |f(z)|^pv(z)dA(z) < ∞ } , (1.2)

where dA is the 2–dimensional Lebesgue measure. If v = 1, we denote A^p := A^p_v.

For general operator theoretic concepts we refer to [DJT].

Let φ : D → D be analytic. We define the composition operator C_φ with symbol φ by C_φ : f → f ∘ φ.

We shall need the following characterizations of boundedness and compactness of composition operators, which were obtained in [BDLT], Corollary 2.2 and Theorem 3.3.

1.2. Theorem. Let v and w be weights on D and assume that v is essential. The operator C_φ is a bounded linear one H^∞_v → H^∞_w , if and only if

sup_{z∈D} w(z) v(φ(z)) < ∞. (1.3) Moreover, C_φ is compact, if and only if

(i) there exists such an r, 0 < r < 1, that |φ(z)| ≤ r for all z ∈ D , or (ii)

lim_{r→1} sup |φ(z)|>r w(z) v(φ(z)) = 0. (1.4)

If v is not essential, the conditions of Theorem 1.2 are still sufficient for boundedness and compactness, respectively.

The following form of the Weak convergence theorem can be proved as in [Sh], Section 2.4, see also [BDLT]:

1.3. Lemma. A bounded C_φ : H^∞_v → H^∞_w is compact, if and only if, given any bounded sequence (f_n)^∞_{n=1} ⊂ H^∞_v which converges to 0 uniformly on the compact subsets of D , also the sequence (C_φ(f_n))^∞_{n=1} converges to 0 in H^∞_w .

2. MAIN RESULT.

Recall the phenomenon that on H^∞ every compact composition operator C_φ has a symbol with φ(D ) ⊂ D . This fact trivializes many questions about the operator ideal properties of C_φ, since every compact C_φ becomes also nuclear.

It is probably quite difficult to give a construction of compact non–nuclear composition operators, which would work at the same time for a very general class of weights. What we are, however, able to show is that under surprisingly general assumptions the above mentioned trivializing phenomenon does not occur. There is a temptation to conjecture that in the case v ≤ w the condition of Theorem 2.1 is also equivalent to the existence of compact non–nuclear composition operators. Some examples where this actually happens are given later.

Example 3.5 shows that Theorem 2.1 may not hold if w has a discontinuity on

∂D . On the other hand the assumption w ∈ C(D ) is in fact unnecessarily strong:

it would suffice that w just has a continuous extension to D ∪ {ζ}. A continuity assumption on w is needed only once in the proof, just before (2.28).

2.1. Theorem. Let w be a weight on D which has a continuous extension to

D (denoted again by w); let v be a weight satisfying the assumptions in Section 1.

The following are equivalent:

(i) There exists a point ζ ∈ ∂D such that w(ζ) = 0.

(ii) There exists an analytic φ : D → D having a continuous extension to D such that lim_{z→ζ} |φ(z)| = 1 for some ζ ∈ ∂D and such that C_φ : H^∞_v → H^∞_w is nevertheless compact.

(iii) Same as (ii) but compact replaced by 1–nuclear.

We need to prepare the proof with some lemmas. They are elementary and known, but since we do not know good references, we include short proofs.

2.2. Lemma. Let F : [0, 1[→ R^+ be continuous and F (0) = 1. There exists an analytic f : D → C such that f|_{[0,1[} and^{∂f}_{∂x} | |_{[0,1[} are positive , f(0) = 1 and

f(r) ≥ F (r) for all r ∈ [1/2, 1[. (2.1)

Proof. We may assume that F is strictly increasing and F (r) ≥ 2^{1/(1−r)−1}. Define for all n ∈ N the numbers r_n ∈]0, 1[ by r_0 = 1/4 and F (r_n) = 2^n (n ≥ 1), and the numbers m(n) ∈ N such that m(0) = 1, ( r_n r_{n−1} )_{m(n)} ≥ 2^{2n}, where n ≥ 1. (2.2)

We set a_0 := 1 and, for n ≥ 1, a_n := 2^{−n}r^{−m(n)}_{n−1} . Our analytic function f is defined then by

f(z) := (4z + 1) ∞∑ n=0 a_nz^{m(n)}. (2.3)

To see that (2.3) converges absolutely, let z ∈ D and let then N ∈ N be such that |z| ≤ r_N . For all n > N we estimate |a_nz^{m(n)}| ≤ a_nr^{m(n)}_N ≤ a_nr^{m(n)}_{n−1} ≤ 2^{−n}, hence f is an analytic function on D .

Given r ∈ [1/2, 1[ we choose N ≥ 1 such that r_N ≤ r < r_{N+1}. We get using (2.2) f(r) ≥ 4 · 1 2 · a_N r^{m(N)}_N ≥ 2^{2N+1}a_N r^{m(N)}_{N−1}

= 2^{N+1} = F (r_{N+1}) > F (r). (2.4)

2.3. Lemma. If f is analytic on D and the restriction of f|_{]0,1[} is a real valued injection with^{∂f}_{∂x} > 0 on ]0, 1[=: I, there exists an open Ω ⊂ D , containing the interval I, such that f|_Ω is still an injection.

Sketch of the proof. Since the derivative of f with respect to x is positive on I, we find for every x ∈ I an open Euclidean ball U_x ∋ x, U_x ⊂ D , such that f|_{Ux} is an injection. For example by considering the compact subintervals [1/n, 1 − 1/n], n ∈ N, we can pick a sequence (U_m)^∞_{m=1} out of the family of the sets U_x such that every x ∈ I belongs to exactly one or two U_m and such that U_m ∩ U_k ≠ ∅ ⇐⇒ |m − k| ≤ 1. The points of the set ∪^∞_{m=1}∂U_m ∩ I divide I into a sequence of half–open subintervals of the form [a, b[, 0 < a < b < 1. We still divide each of these subintervals into five equally long half–open subintervals and denote this countable partition of I by (I_k)^∞_{k=−∞}, where the indexing is such that 1/2 ∈ I_0 and x < y for x ∈ I_k, y ∈ I_{k+1}, for all k.

Assume that k ≥ 1 and that “z ∈ Ω” has been defined for numbers z with Rez ∈ ∪^{k−1}_{t=0} I_t. If x ∈ I_k, we say that z := x + iy ∈ Ω if and only if (i) z ∈ ∪^∞_{m=1}U_m

(ii) |f(z)| < |f(w)| − inf_{r∈Ik ,} s∈I_k+2 f(s) − f(r) 2 for w ∈ I_{k+2}

(iii) |f(x + iy)| > |f(w)| for w ∈ Ω with Rew ∈ ∪^{k−2}_{t=0} I_t. The choice (iii) is possible because of (ii) in the (k − 2)th induction step.

For k = 0, 1 we require only (i) and (ii). The definition is made analogously for Rez ≤ 1/2. To see that f is an injection on Ω, let z, w ∈ Ω, z ≠ w, and k ∈ Z be such that e.g. Rez ∈ I_k and 1/2 ≤ Rew ≤ Rez. If now Rew ∈ I_t for t = k or t = k − 1, then by construction there exists an m such that z, w ∈ U_m, hence f(z) ≠ f(w) since f is an injection on U_m. But if Rew ∈ U_t where t ≤ k − 2, we have |f(z)| > |f(w)| by (iii). 2.4. Lemma. There exists a c, 0 < c ≤ 1/2, and a conformal map ψ_1 : D → D which extends as a homeomorphism to D such that ψ_1(1) = 1, ψ_1(0) = 0, and

(1 − |ψ_1(z)|) ≥ c|1 − z| for all z ∈ D . (2.5)

Proof. Let us define

Ω := { z = re^{iθ} ∈ D | 0 ≤ r < 1 √ 2 , if π/4 ≤ θ ≤ 7π/4, or |Im(z − 1/2)| + |Re(z − 1/2)| < 1/2, if − π/4 ≤ θ ≤ π/4. } (2.6)

The boundary of Ω is locally connected, [Po], p. 19, and at the point 1 it has a Dini–smooth corner of opening π/2 in the sense of [Po], p. 51. Let ψ_1 be the Riemann conformal map D → Ω such that lim_{z→1} ψ_1(z) = 1, ψ_1(0) = 0 ([Po], Theorem 2.6). By [Po], Theorem 3.9, there exist constants c_1, δ > 0 such that

c_1 <

|ψ_1(1) − ψ_1(z)| |1 − z|^{1/2} ≤ |ψ_1(1) − ψ_1(z)| |1 − z| for |z − 1| < δ. (2.7)

Since ψ_1 is conformal we can also find a ϱ > 0 such that for |z − 1| ≥ δ the inequality |ψ_1(1) − ψ_1(z)| > ϱ holds. But from (2.6) we then see that, for a c_3 > 0,

1 − |ψ_1(z)| > c_3 for |z − 1| ≥ δ. (2.8)

The inequality (2.5) follows from (2.7) and (2.8).

The following lemma is more difficult to prove.

2.5. Lemma. There exists a C, 0 < C ≤ 1 such that for every strictly positive continuous G : [0, 1[→]0, 1], lim_{r→1} G(r) = 0, one can find an analytic g :

D → C having a continuous extension to D and satisfying

|1 − g(z)| < 1 for z ∈ D , (2.9)

lim_{z→1} g(z) = 0, and (2.10) |g(z)| ≥ CG(1 − |1 − z|/2) for z ∈ D . (2.11)

Proof. Using the following reasoning we may as well assume that G is a strictly decreasing bijection [0, 1[→]0, 1] and satisfies the condition G(1 − r) ≥ 1 4 G(1 − 2r) for 0 < r ≤ 1/2, (2.12)

i.e. it does not decrease too rapidly. Namely, if necessary, we can replace G by the function G̃ which is defined inductively for n ∈ N, n ≥ 1, by G̃(0) = 1,

G̃(1 − 2^{−n}) := max{ 1 2 G̃(1 − 2^{−(n−1)}), ( 1 2 + 2^{−n−1}) sup

s≥1−2�(^n�1) G(s) }

and for other r ∈ [0, 1[ as an affine extension. It is easy to see that G̃ is strictly decreasing, G̃ ≥ G/2, lim_{r→1} G̃(r) = 0, and that (2.12) is satisfied. We denote the new function still by G.

We define F : [0, 1[→ R^+ by

F (r) :=

1 + G^{−1}(1 − r) 1 − G^{−1}(1 − r)

, (2.13)

and choose then f as in Lemma 2.2; notice that the restriction of f is a bijection [0, 1[→ [1, ∞[. Using Lemma 2.3 we choose an open simply connected Ω, ]0, 1[⊂

Ω ⊂ D , such that f|Ω is an injection. It is quite obvious that taking, if necessary,

a smaller Ω we may assume that f(D ) ⊂ C^+ and that f has an extension as a homeomorphism Ω → f(Ω). To see the latter fact one can for example choose Ω to be of the form Ω := {z ∈ D | 0 < Rez < 1 , |Im(z)| < γ(Rez)}, where γ :]0, 1[→]0, 1[ is a continuous function satisfying lim_{r→0} γ(r) = lim_{r→1} γ(r) = 0. For small enough γ there is no problem to define the values f(Rez + iγ(Rez)), and again, if γ is small enough, also the definitions f(w) = lim_{z→w} f(z) for w = 0, 1 make sense.

Let us denote by h : f(Ω) → D the restriction of the inverse of f, and

h_1(z) := 1 − h((1 + z)/(1 − z)); (2.14)

this analytic function is defined in the open set

Ω_0 := {(z − 1)/(z + 1) | z ∈ f(Ω)} ⊂ D (2.15)

and has a continuous extension to Ω_0 since f extends as a homeomorphism Ω → f(Ω). Also notice that h_1(]0, 1[) ⊂ ]0, 1[. We still take a simply connected domain Ω_1 ⊂ D with locally connected boundary such that it contains the interval ]0, 1[ and is contained in the open set { z ∈ Ω_0 ∩ C^+ | |h_1(z)| > h_1(|z|)/2 } (2.16)

We again find a Riemann conformal mapping ψ : D → Ω_1, which extends as a homeomorphism D → Ω_1 and satisfies ψ(0) = 1/2, ψ(1) = 1 ([P], Theorem 2.1). We define the analytic mapping g by

g := h_1 ∘ ψ ∘ ψ_1, (2.17)

where ψ_1 is as in Lemma 2.4.

We show that g has the desired properties. That g can be extended continuously to D follows from the definitions. The relation (2.9) follows from (2.14), since the image of h is contained in D . Moreover, by definitions,

lim_{z→1} g(z) = lim_{z→1} 1 − h((1 + z)/(1 − z))

= lim_{z→∞} 1 − f^{−1}(z) = 0.

So we need to prove (2.11). Assume for a moment that for all 0 < r < 1

h_1(r) ≥ G(r)/2 (2.18)

If M : D → D is a Möbius transformation such that M(1/2) = 0, we have M ∘ ψ(0) = 0, and the Schwartz lemma thus implies 1−|M ∘ψ(w)| ≥ 1−|w| for w ∈ D . On the other hand it is an elementary fact that c_1(1 − |M ∘ ψ(w)|) ≤ 1 − |ψ(w)| for

w ∈ D , where c1 depends only on M. Hence, taking w = ψ1(z) and using Lemma

2.4. we get 1 − |ψ ∘ ψ_1(z)| ≥ c_1(1 − |ψ_1(z)|) ≥ c_1c|1 − z|, (2.19)

where c is the constant of Lemma 2.4 and c_1c is thus independent of G. By (2.12) and (2.19), G(1 − (1 − |ψ ∘ ψ_1(z)|)) ≥ G(1 − cc_1|1 − z|) ≥ c^2_1c^2 4 G(1 − |1 − z| 2 ), hence, (2.16) and (2.18) imply |g(z)| = |h_1 ∘ ψ ∘ ψ_1(z)| ≥ 1 2 h_1(|ψ ∘ ψ_1(z)|) ≥ 1 4 G(|ψ ∘ ψ_1(z)|)

= 1 4 G(1 − (1 − |ψ ∘ ψ_1(z)|)) ≥ (c_1c)^2 16 G(1 − 1 2 |1 − z|). (2.20) Hence, we only need to prove (2.18). It suffices to show that for 0 < r ≤ 1/2 ( 1 − h (1 + · 1 − · ))−1 (r) ≥ G^{−1}(r). (2.21)

We work out the definitions made above: ( 1 − h (1 + · 1 − · ))−1 (r) = ( h (1 + · 1 − · ))−1 (1 − r)

= f(1 − r) − 1 f(1 − r) + 1

(2.22)

and G^{−1}(r) = (F (1 − r) − 1)/(F (1 − r) + 1). Now the inequality f(1 − r) − 1 f(1 − r) + 1 ≥ F (1 − r) − 1 F (1 − r) + 1

, where 0 < r ≤ 1/2,

and hence also (2.21) follows from (2.1).

Proof of Theorem 2.1. The implication (iii) ⇒ (ii) is trivial, and the implication (ii) ⇒ (i) follows from the well known result on composition operators on H^∞ which was mentioned in the beginning of the article: if (i) does not hold, the norm || · ||_w is equivalent to the norm of H^∞. Moreover, since v is by the basic assumptions always bounded, we have v ≤ c^′w for some c^′ > 0. Hence, if C_φ : H^∞_v → H^∞_w is compact, it is also compact H^∞_w → H^∞_w : consequently,

φ(D ) ⊂ D and (ii) cannot hold.

We prove (i) ⇒ (iii). First, we may clearly assume that ζ = 1 in (i). It is enough to prove that (i) implies the existence of a 1–summing composition operator with symbol having a continuous extension to D and the limit 1 as z → 1. Namely, if such a statement is proved, we take the weight ν(z) := 1 − |z| and apply the result to find 1–summing composition operators C_{φ1} : H^∞_v → H^∞_ν and C_{φ2} : H^∞_ν → H^∞_w such that the symbols extend to D and lim_{z→1} φ_j(z) = 1, j = 1, 2. The symbol φ := φ_2 ∘φ_1 satisfies our requirements, since the composition operator C_φ := C_{φ2} ∘ C_{φ1} : H^∞_v → H^∞_w is 1–nuclear as the composition of two 1–summing operators, see [Pi], Theorem 3.3.5.

It is enough to find symbols ψ : D → D and ϱ : D → D extending continuously

to D and having the limit 1 as z → 1 such that the following diagram commutes

for φ := ψ ∘ ϱ:

H^∞_v // C_φ

fflffl C_ϱ H^∞_w

H^∞_{1−|z|} //^{id} A^1_{−|z|} //^{id} H^∞_{(1−|z|)3}

OO C_ψ (2.23)

Namely, the identity operator H^∞_{1−|z|} → A^1_{−|z|} ⊂ L^1_{−|z|} := L^1(D , (1 − |z|)dA(z)) is order bounded and hence 1–integral by [DJT], Theorem 5.19. Hence, it is also 1–summing H^∞_{1−|z|} → L^1_{−|z|}, [DJT], Proposition 5.5. The Bergman projection P_3 is a bounded projection from L^1_{−|z|} onto A^1_{−|z|} (prove as [Zh], Theorem 4.2.3), hence, id: H^∞_{1−|z|} → A^1_{−|z|} is 1–summing.

We first define ϱ. We set for 0 ≤ r < 1 F (r) := C^′r inf_{|1−z|>Cr/2,} |1/2−z|<1/2 v(z) > 0 (2.24)

where C, 0 < C ≤ 1, is the absolute constant occurring in Lemma 2.5 and C^′ is chosen such that F (1) := lim_{r→1} F (r) = 1. Since F is a strictly increasing function with F (0) = 0, there exists a continuous G : [0, 1[→]0, 1] such that F (G(r)) = 1−r and such that lim_{r→1} G(r) = 0. Using this G we choose the analytic function g on D as in Lemma 2.5. We define ϱ := 1 − 1 2 g; (2.25)

it follows from (2.9) that ϱ(D ) ⊂ D and from (2.10) that lim_{z→1} ϱ(z) = 1. To show that C_ϱ : H^∞_v → H^∞_{1−|z|} is bounded we look for a constant c^′ > 0 such that 1 − |z| ≤ c^′v ∘ ϱ(z), see Proposition 2.1. First, we have for z ∈ D 1 − |z| ≤ 2 ( 1 − (1 − 1 2 |1 − z|) ) = 2F (G(1 − 1 2 |1 − z|)) (2.26)

Moreover, by (2.25) and Lemma 2.5, if z ∈ D , |1 − ϱ(z)| = 1 2 |g(z)| ≥ 1 2 CG(1 − 1 2 |1 − z|). (2.27) Using this, the fact that |1/2 − ϱ(z)| < 1/2 (a consequence of (2.9) and (2.25) ), and (2.24) we get F (G(1 − 1 2 |1 − z|)) ≤ C^′v(ϱ(z)) and the boundedness follows from (2.26).

We turn to the definition of ψ. For all n ∈ N, n ≥ 1, we can find a number r_n such that r_n < r_{n+1} < 1 and w(z) ≤ (n + 2)^{−3} for all z ∈ D , |1 − z|/2 ≤ 1 − r_n. We define the decreasing function G : [0, 1[→]0, 1] such that G(0) = 1 and G(r_n) = 1/(n + 1) and by extending it affinely for other r. We choose the function g as in

Lemma 2.5 and set ψ_2 := 1 − g. We claim that C_{ψ2} : H^∞_{|1−z|3} → H^∞_w is bounded. Controlling the condition of Proposition 2.1, w(z) |1 − ψ_2(z)|^3 = w(z) |g(z)|^3 ≤ w(z) C^3G(1 − |1 − z|/2)^3

, (2.28)

and this is uniformly bounded for z ∈ D since, if z and n ∈ N are such that r_n ≤ 1 − |1 − z|/2 < r_{n+1}, then G(1 − |1 − z|/2)^3 ≥ 1/(n + 2)^3 ≥ w(z).

We choose ψ_1 as in Lemma 2.4. Then C_{ψ1} : H^∞_{(1−|z|)3} → H^∞_{|1−z|3} is bounded. Finally, the map ψ := ψ_2 ∘ ψ_1 satisfies our requirements.

3. EXAMPLES.

First we show the existence of compact non–nuclear composition operators in an important special case.

3.1. Proposition. If v(z) := (1−|z|)^α and w(z) := (1−|z|)^β, where α, β > 0 and α ≥ β, there exist compact non–nuclear composition operators H^∞_v → H^∞_w .

Before giving the proof we make the following remarks.

3.2. Lemma. The Bergman projection

P_α : f → (α + 1) ∫ ξ∈D f(ξ)(1 − |ξ|^2)^α (1 − zξ̄)^{2+α} dA(ξ) (3.1)

is a bounded linear operator L^∞_v := L^∞(v(z)dA(z)) → L^∞_v .

Proof. The absolute value of the integrand on the right hand side of (3.1) is not larger than ||f||_v/|1 − zξ̄|^{2+α}, hence the result follows from [Zh], Lemma 4.2.2.

3.3. Lemma. If the analytic function g(z) := ∑_∞ m=0 g_mz^m : D → C is an element of A^1, then the sum ∑_∞ n=0 2^{−2n}|g_2n |^2 converges.

Proof. By [Ho], Theorem 1, we can find analytic functions f = ∑_∞ n=0 f_nz^n ∈ A^2 and h = ∑_∞ n=0 h_nz^n ∈ A^2 such that g = fh. The lemma can then be proved as [Zy], Theorem XII.7.8, replacing F , F_1, F_2, β_n, γ_n, α_{nj} , B^2 and C^2 there, respectively, by g, f, h, f_n, h_n, (2^j + 1)^{−1}g_2j , ∑ n(n + 1)^{−1}|f_n|^2 and ∑ n(n + 1)^{−1}|h_n|^2.

Proof of the proposition. We define 0 < γ ≤ 1 by γ = β/α. Let Δ := {z ∈

C^+ | |z| < 1}. Let us define the analytic mapping f on Δ by

f(ζ) := cζ^γ(− log(c^′ζ) + 1)^{1/(3α)}, (3.2)

where c = c(α) > 0 and c^′ = c^′(α) > 0 are chosen such that f(Δ) ⊂ 2^{−1}Δ. (This is possible because of the following reasons. First, for a small enough c^′ ≤ 1, depending on α, we have Ref(ζ) > 0 for ζ ∈ Δ. To see this let us for example assume Imζ ≥ 0. We then have Re(ζ^γ) > 0, Im(ζ^γ) ≥ 0, Re(− log(c^′ζ) + 1) > 0 and Im(− log(c^′ζ) + 1) ≤ 0. Moreover, for small numbers c^′, − log(c^′ζ) is close to the positive real axis for ζ ∈ Δ; for small enough c^′ we thus have Re(− log(c^′ζ) + 1)^{1/(3α)} > 0 and Im(− log(c^′ζ) + 1)^{1/(3α)} < 0 for ζ ∈ Δ, Imζ ≥ 0. (Difficulties occur only for very small numbers α.) Hence, Ref(ζ) > 0, and the case Imζ < 0 is treated similarly. Second, having fixed the c^′ as above, f(Δ) is a bounded set for every choice of c > 0. Hence, for a small enough c, f(Δ) ⊂ Δ/2.)

The function τ (ζ) =

2ζ^2 + 3ζ − 2 2ζ^2 − 3ζ − 2 is a conformal map Δ → D having the properties τ (0) = 1 and τ (ζ) ∈ R for ζ ∈ Δ ∩ R, see [NP], Exercise 5.24. As in [S2], p.49–50 we deduce that there is a neighbourhood U ⊂ 4^{−1}Δ of 0 and constants C_1, C_2 > 0 such that

C_1Reζ < 1 − |τ (ζ)| < C_2Reζ and C_1|ζ| < |1 − τ (ζ)| < C_2|ζ| for ζ ∈ U. (3.3) We define

φ : D → D , φ := τ ∘ f ∘ τ^{−1}.

Notice that φ(z) ∈ R for z ∈ D ∩ R and that |φ(z)| → 1 ⇐⇒ z → 1. (3.4) We first want to show that for a C^′ > 0 1 − |φ(z)| (1 − |z|)^γ ≥ C^′(− log(|1 − z|/4))^{1/(3α)} , for z ∈ D , (3.5)

and that for z ∈ D ∩ R the inverse inequality (with some other constant) holds in (3.5). Because of (3.3) there exists a c > 0 such that for z ∈ τ (f^{−1}(U)) ∩ τ (U), ζ := τ^{−1}(z) 1 − |φ(z)| (1 − |z|)^γ > c Ref(ζ) (Reζ)^γ

. (3.6)

Moreover,

Ref(ζ) ≥ c^′Re(ζ^γ )Re(− log(c^′ζ) + 1)^{1/(3α)} ≥ c^{′′}(Reζ)^γ(Re(− log(c^′ζ)))^{1/(3α)}.

Combining this with (3.6) and using (3.3), (3.4) we obtain (3.5). The remark after (3.5) follows from the definition of φ and from the behaviour of τ on real numbers, see above.

As a consequence of (3.5), (3.4) and Theorem 1.2, C_φ : H^∞_v → H^∞_w is compact. We show that it is not absolutely summing.

We claim that the sequence (C_nn^{−3/5}z^{2n} )^∞_{n=1}, where C_n := (2^n +α)!/ ( 2^n!α! ) , is a weak^∗-summable sequence in H^∞_v . To this end we need to study the predual of H^∞_v . The space L^∞_v is the dual of L^1_{/v} := L^1(v(z)^{−1}dA(z)) in the dual pairing ⟨f, g⟩ := ∫ D fḡdA. The operator

Q_α : g → (α + 1)(1 − |z|^2)^α ∫ ξ∈D g(ξ) (1 − zξ̄)^{2+α} dA(ξ) (3.7)

is a bounded linear one L^1_{/v} → L^1_{/v}, since its formal adjoint P_a is bounded between the dual spaces by Lemma 3.2. Hence, H^∞_v is the dual of Q_a(L^1_{/v}) with respect to the same duality (see e.g. [K], Section 20.5).

Let now g ∈ L^1_{/v} and let us denote the Taylor coefficients of the analytic function ∫ D g(ξ) (1 − zξ̄)^{2+α} dA(ξ) (3.8) by (g_m)^∞_{m=0}. We obtain |⟨Q_αg, C_nz^{2n} ⟩| = |(α + 1) ∫ D C_nz̄^{2n} (1 − |z|^2)^α ∑ mg_mz^mdA(z)|

= |(α + 1) ∫_{2π} 0 ∫_1 0 C_nr^{2n} e^{−i2n θ}(1 − r^2)^α ∑ mg_mr^me^{imθ}rdθdr|

≤ CC_n2π ∫_1 0 r^{2n+1+1}(1 − r)^α|g_2n |dr. (3.9)

Consulting a handbook of definite integrals we find that (3.9) is not larger than a constant, independent of n, times C_n|g_2n |2^{n+1}!α!/(2^{n+1}+α+1)!, and this again can be estimated by a constant times 2^{−n}|g_2n |. On the other hand, since the function on the right hand side of (3.7) is in L^1_{/v}, the function (3.8) belongs to L^1. By Lemma 3.3 the sum ∑_∞ n=1 2^{−2n}|g_2n |^2 is finite, i.e., the sequences (2^{−n}g_2n )^∞_{n=1} and so also ( ⟨Q_αg, C_nz^{2n} ⟩ )_∞ n=1 are in ℓ_2. This and the Hölder inequality prove that (C_nn^{−3/5}z^{2n} )^∞_{n=1} is weak^∗-summable in H^∞_v .

We show that (C_nn^{−3/5}φ(z)^{2n} )^∞_{n=1} is not absolutely summable in H^∞_w . There exists a constant c^′ > 0 such that 1 − r ≥ c^′(1 − |φ(r)|)^{2/γ} for r ∈ [0, 1[ (a consequence of (3.2) and (3.3) ), hence

(− log((1 − r)/4))^{−1/3} ≥ c(− log((1 − |φ(r)|)^{2/γ} ))^{−1/3}

≥ c^′(− log(1 − |φ(r)|))^{−1/3} .

Using the remark after (3.5) we thus obtain ||C_nφ(z)^{2n} ||_w = sup_{z∈D} C_n|φ(z)|^{2n} (1 − |z|)^β ≥ C sup_{r∈[0,1[} C_n|φ(r)|^{2n} (1 − |φ(r)|^2)^α(− log((1 − r)/4))^{−α/(3α)}

≥ Cc^′ sup_{s∈[0,1[} C_ns^{2n} (1 − s^2)^α(− log((1 − s)/4))^{−1/3}. (3.10)

For s = 2^n/(2^n + α) we have s^{2n} (1 − s)^α ≥ c^{′′}/C_n, hence, (3.10) is not smaller than a positive constant times

(− log α 2^n + α )^{−1/3} ≥ Cn^{−1/3}. So, (C_nn^{−3/5}φ(z)^{2n} )^∞_{n=1} is not absolutely summable in H^∞_w . This shows that C_φ is not absolutely summing; use Helly’s lemma, [DJT], 8.15, to overcome the difficulty that (C_nz^{2n} ) was only proven to be weak^∗–summable, and notice that the definition of absolutely summable operators only deals with finite sequences, [DJT], p.31.

We finally give an example showing that some continuity assumption on w is essential in Theorem 2.1. In other words we construct a weight w such that inf_{z∈D} w(z) = 0 but still all compact composition operators C_φ : H^∞_w → H^∞_w satisfy

φ(D ) ⊂ D and are nuclear.

3.4. Example. Let (θ_n)^∞_{n=1} ⊂ [0, π] and (r_n)^∞_{n=1} ⊂ [0, 1] be strictly decreasing sequences such that, for n ≠ m, D_n ∩D_m = ∅, where D_n := {z ∈ D | |z−e^{iθn} | < r_n}. Define w(z) := 1 for z ∈ D \∪^∞_{n=1} D_n and w(e^{iθn} ) := 1/n for n ∈ N; for z ∈ D_n define w(z) such that it becomes continuous on D_n and satisfies 1/n ≤ w(z) ≤ 1. So, w becomes a weight on D which is strictly positive and continuous on D \ {1}.

Let now φ : D → D be such that for some |ζ| = 1, ζ ∈ φ(D ). We claim that there exist a C > 0 and a sequence (z_k)^∞_{k=1} such that w(z_k) ≥ C for all k and z_k → ζ as k → ∞. This statement is in fact obvious, if ζ ≠ 1. If ζ = 1, we pick an arbitrary sequence W := (w_k)^∞_{k=1} with w_k ∈ φ(D ) and w_k → 1. We may assume that there exist infinitely many sets D_n such that W ∩ D_n ≠ ∅; otherwise it follows from the definition of w that inf_{k∈N} w(z_k) > 0, and we are done.

But since φ(D ) is connected, W ∩ D_n ≠ ∅ implies φ(D ) ∩ ∂D_n ≠ ∅, hence we get an infinite sequence (z_k)^∞_{k=1} ⊂ φ(D ) such that every z_k belongs to ∂D_n for some n and such that z_k → 1 as k → ∞. But by definition, w(z_k) = 1 for every k.

Let for all k the numbers a(k) ∈ N be such that |z^{a(k)}_k | ≥ 1/2 and lim_{k→∞} a(k) =

∞. Using the functions f_k(z) := z^{a(k)} in Lemma 1.3 one verifies that C_φ is not compact.

REFERENCES:

[BBT] Bierstedt, K.D., Bonet, J. and Taskinen, J.: Spaces of holomorphic functions with growth conditions and associated weights. Manuscript (1996).

[BDLT] Bonet, J., Domanski, P., Lindström, M. and Taskinen, J.: Composition operators between weighted Banach spaces of ananlytic functions. Manuscript (1997).

[CM] Cowen, C., and MacCluer, B.: Composition operators on spaces of analytic functions. CRC Press, Boca Raton (1995).

[DJT] Diestel, J., Jarchow, H. and Tonge, A.: Absolutely summing operators.

Cambridge studies in advanced mathematics vol. 43. Cambrige University Press (1995).

[Ho] Horowitz, C.: Factorization theorems for functions in the Bergman spaces.

Duke Math.J. 44.1 (1977), 201–213.

[Hu] Hunziker, H.: Kompositionsoperatoren auf klassischen Hardyräumen.

Thesis, Universität Zürich (1989).

[J1] Jarchow, H.: Absolutely summing composition operators. Proc.Conf. on Functional Analysis, Essen Nov.1992. Marcel Decker (1993).

[J2] Jarchow, H.: Some functional analytic properties of composition operators. Questiones Math. 18 (1995), 229–256.

[K] Köthe, G.: Topological vector spaces, Vol. 1. Second printing. Springer Verlag, Berlin–Heidelberg–New York (1983).

[MM] Madigan, K. and Matheson, A.: Compact composition operators on the Bloch space. Trans.Amer.Math.Soc. 347, 7 (1995), 2679–2687.

[NP] Nevanlinna, R. and Paatero, V.: Introduction to complex analysis. Addison– Wesley Publishing Company (1969).

[Pi] Pietsch, A.: Nuclear locally convex spaces. Ergebnisse der Mathematik und ihrer Grenzgebiete vol. 66, Springer Verlag (1972).

[Po] Pommerenke, Ch.: Boundary behaviour of conformal maps. Grundlehren der mathematischen Wissenschaften vol. 299. Springer Verlag (1992) [R] Riedl, R.: Composition operators and geometric properties of analytic functions. Thesis, Universität Zürich (1994).

[S1] Shapiro, J.: The essential norm of a composition operator. Ann.Math.

12 (1987) 375–404.

[S2] Shapiro, J.: Composition operators and classical function theory. Universitext, Springer–Verlag (1993).

[ST] Shapiro, J. and Taylor, P.D.: Compact, nuclear, and Hilbert–Schmidt composition operators on H^2. Indiana Univ.Math.J. 23 (1973), 471–496.

[W] Wojtaszczyk, P.: Banach spaces for analysts. Cambridge University Press (1991).

[Zh] Zhu, : Operator theory in function spaces. Marcel Decker, New York (1995).

[Zy] Zygmund, A.: Trigonometric series, 2nd edition. Cambridge University Press (1959)

Authors Address:

Department of Mathematics P.O Box 4 FIN-00014 UNIVERSITY OF HELSINKI FINLAND

Jari.Taskinen@Helsinki.Fi