Duplication Inequalities for the Ratios of Hypergeometric Functions

S.-L. Qiu and M. Vuorinen School of Science and Arts Hangzhou Institute of Electronics Engineering Hangzhou 310037, P. R. CHINA.

Department of Mathematics P.O. Box 4 (Yliopistonkatu 5) University of Helsinki FIN-00014, FINLAND.

e-mail: vuorinen@csc.fi

September 4, 1996

(dup7.tex)

ABSTRACT. The authors derive the analogs of the duplication formula and logarithmic inequalities satisfied by μ(r), the modulus of the plane Grötzsch ring B^2 \[0, r], for its generalization μ_a(r) ≡ πF (a, 1 − a; 1; 1 − r^2)/[2F (a, 1 − a; 1; r^2) sin(πa)] for a ∈ (0, 1/2] and r ∈ (0, 1), thus solving an open problem. Sharp estimates are obtained for μ_a(r), too.

1991 Mathematics Subject Classification. Primary 33C05, 30C62; Secondary 11F99, 26D15.

Key words and phrases. Zero-balanced hypergeometric functions, duplication inequalities, Grötzsch ring, modular equation.

1. Introduction

For real numbers a, b and c with c ≠ 0, −1, −2, · · ·, the Gaussian hypergeometric function is defined by F (a, b; c; x) :=_2F_1(a, b; c; x) ≡ ∞∑ n=0 (a, n)(b, n) (c, n) x^n n! (1.1)

for x ∈ (−1, 1), where (a, 0) = 1 for a ≠ 0 and (a, n) denotes the shifted factorial function

(a, n) := a(a + 1)(a + 2) · · ·(a + n − 1) 1 for n = 1, 2, · · ·. The function F (a, b; c; x) is called zero-balanced if c = a + b. In the special case when a = b = 1/2, we have for x ∈ (0, 1)

K(x) ≡^π_2 F^{(1}_2,^1_2; 1; x^{2)} = π/2∫ 0 (1 − x^2 sin^2 t)^{−1/2}dt,

(1.2)

which is known as the complete elliptic integral of the first kind. For the properties, generalizations and applications of the function F (a, b; c; x), see for instance, [AS], [ABRVV], [AVV1], [Ao], [Ask1], [Ask2], [Be1]—[Be4], [BH], [CC], [DM], [E], [GKZ], [PBM], [R], [Var], [Va], [WW] and [WZ].

Let B^2 be the unit disk in the plane, and μ(r) denote the modulus of the plane Grötzsch ring B^2 \ [0, r] for r ∈ (0, 1) [LV]. Then μ(r) has the following explicit expression [LV, p.60] μ(r) = π 2 K^′(r) K(r)^{, 0 < r < 1,}

(1.3)

where K^′(r) = K(r^′) and r^′ = √ 1 − r^2. The special function μ(r) is of particular importance in geometric function theory, quasiconformal theory and quasiregular theory (cf. [LV] and [Vu]). It also appears in the study of the classical modular equation of signature 2 and degree p, i.e., the equation μ(s) = pμ(r), (1.4)

(see [Be3] and [BB]). Many properties of μ(r) have been obtained (cf. [LV], [AVV2] and [AV]). One of the most important properties of μ(r) is that it satisfies the following so-called duplication formula [LV, p.60] μ(r) = 2μ ( 2√r 1 + r ) , (1.5)

which follows from (1.3) and the well-known Landen identities [WW, p.507]

K^{( 2√r}_{1 + r}^) = (1 + r)K(r), K^{(1 − r}_{1 + r}^) =^1_2(1 + r)K^′(r).

(1.6)

Alternatively, (1.5) can be written as 2μ( √ 1 − r^2) = μ ( 1 − r 1 + r ) , or μ(r)μ (1 − r 1 + r ) = π^2 2 . (1.7)

Another interesting known result for μ(r) is that this function satisfies the following inequalities

[AVV1, Theorem 10] μ( √ rt) < μ(rt) < μ ( rt (1 + d)^2 ) ≤ μ(r) + μ(t) ≤ μ ( rt (1 + r^′)(1 + t^′) ) ≤ 2μ( √ rt), (1.8)

for r, t ∈ (0, 1), r^′ = √ 1 − r^2, t^′ = √ 1 − t^2 and d = min{r^′, t^′}. Equality holds in the third, fourth and fifth inequalities in (1.8) if and only if r = t. This result shows that μ(r) behaves like the logarithm function. For this reason, we may call the inequalities in (1.8) logarithmic inequalities for μ(r).

Consider the following generalization of μ(r) μ_a(r) ≡ π 2 sin πa

F (a, 1 − a; 1; 1 − r^2) F (a, 1 − a; 1; r^2)

(1.9)

for a, r ∈ (0, 1). Clearly, μ_{1/2}(r) = μ(r). Since μ_a(r) = μ_{1−a}(r), we may assume that 0 < a ≤ 1/2 in the sequel. The function μ_a(r) appears in the generalized modular equation of signature 1/a and degree p, p > 1, μ_a(s) = pμ_a(r), (1.10)

which was recently studied in [BBG], [Be5] and [Ga]. It is clear that as a function of the parameter a, μ_a(r) is analytic on (0, 1/2], and hence small changes of the value of a should have small influence on the value of μ_a(r). Consequently, it is natural to ask how to extend the known results for μ(r) to the function μ_a(r). In particular, the following two problems are naturally raised.

1.11. Open Problem. What is the analog of the duplication formula (1.5) or (1.7) for the function μ_a(r)?

1.12. Open Problem. What is the counterpart for (1.8) with μ(r) replaced by μ_a(r)? For which a ∈ (0, 1/2] does μ_a(r) + μ_a(t) ≤ 2μ_a( √ rt) (1.13)

hold for all r, t ∈ (0, 1)?

We observe that Open Problem 1.12 is the Open Problem (10) in [AVV1, p. 80]. It was recently proved in [BPV, Theorem 1.5] that the function f(x) ≡ μ_a(1/ cosh x) is concave on (0, ∞), and hence (1.13) holds for all a ∈ (0, 1/2] and r, t ∈ (0, 1). However, as the main part, the first question in Open Problem 1.12 is still open.

The main purpose of this paper is to find the full solutions to Open Problems 1.11 and 1.12 (see Theorems 1.14 and 1.18). We shall also prove that as a function of a, μ_a(r) is monotone on (0, 1/2] (see Theorem 1.22), and obtain sharp estimates given in terms of elementary functions, and several other functional inequalities for μ_a(r), by showing certain combinations of μ_a(r) to be monotone in r on (0, 1) (see Theorems 1.23 and 1.28). Some of these results are new even for the function μ(r).

Throughout this paper, we let r^′ = √ 1 − r^2 for r ∈ [0, 1], and let arth denote the inverse of the hyperbolic tangent th. We now state some of our main results.

1.14. Theorem. For a ∈ (0, 1/2], let R = R(a) ≡ R(a, 1 − a), and C_1 = C_1(a) ≡ min{C, 2}, where R(a, b) is defined by (2.2) and C = C(a) ≡ [ 1 + sin πa π (R − log 16)

]_2 . (1.15)

Then we have the following conclusions:

(1) For a ∈ (0, 1/2], define the function f on (0, 1) by f(r) = 2μ_a ( 2√r 1 + r ) − μ_a(r). Then (i) f(r) ≡ 0 if and only if a = 1/2.

(ii) For a ∈ (0, 1/2), f is strictly decreasing from (0, 1) onto (0, A), where A = (R − log 16)/2. Moreover, for all a ∈ (0, 1/2] and r ∈ (0, 1), μ_a(r) ≤ 2μ_a ( 2√r 1 + r ) ≤ min { μ_a(r) + 1 2 (R − log 16), C_1μ_a(r) } , (1.16)

with equality in each instance if and only if a = 1/2.

(2) For a ∈ (0, 1/2), the function g(r) ≡ μ_a (1 − r 1 + r ) − 2μ_a(r^′)

is strictly decreasing from (0, 1) onto (−(R − log 16)/2, 0). Moreover, for all a ∈ (0, 1/2] and r ∈ (0, 1), G(a, r) ≤ 2μ_a(r)μ_a (1 − r 1 + r ) ≤ ( π sin πa )_2 , (1.17)

where G(a, r) = max { 1 C_1 ( π sin πa )_2 , ( π sin πa )_2

− (R − log 16)μ_a(r) } . The equality holds in the first and second inequalities in (1.17) if and only if a = 1/2.

Theorem 1.14 gives the answer to Open Problem 1.11. The next theorem provides the solution to Open Problem 1.12. It is worthy of being noticed that by Theorem 1.18(3), the fourth inequality in (1.8) does not hold if μ is replaced by μ_a and a ∈ (0, 1/2).

1.18. Theorem. (1) For a ∈ (0, 1/2], r, t ∈ (0, 1) and d = min{r^′, t^′},

μ_a( √ rt) < μ_a(rt) < μ_a ( rt 1 + r^′t^′ ) < μ_a ( rt (1 + d)^2 )

≤ μ_a(r) + μ_a(t) ≤ 2μ_a( √ rt) (1.19)

and μ_a ( rt (1 + r^′)(1 + t^′) ) ≤ 2μ_a( √ rt). (1.20)

The equality holds in the fourth inequality in (1.19) and in the inequality (1.20) if and only if a = 1/2 and r = t, while the second equality in (1.19) holds if and only if r = t.

(2) For a ∈ (0, 1/2], let C_1 and R be as in Theorem 1.14, and let

M_a(r, t) = min { C_1μ_a ( rt (1 + r^′)(1 + t^′) ) , μ_a ( rt (1 + r^′)(1 + t^′) ) + 1 2 (R − log 16) }

for r, t ∈ (0, 1). Then for all a ∈ (0, 1/2] and r, t ∈ (0, 1), μ_a ( rt (1 + r^′)(1 + t^′) ) − 1 2 R < μ_a(r) + μ_a(t) ≤ M_a(r, t), (1.21)

with equality in the second inequality in (1.21) if and only if a = 1/2 and r = t. Moreover, as a constant depending only on a, (R − log 16)/2 cannot be replaced by a smaller one.

(3) If a ∈ (0,^1_2 ), then as functions of two variables r and t,

μ_a(r) + μ_a(t) and μ_a ( rt (1 + r^′)(1 + t^′) )

for (r, t) ∈ D = (0, 1) × (0, 1) are not directly comparable on D, i.e., neither the inequality

μ_a(r) + μ_a(t) ≤ μ_a ( rt (1 + r^′)(1 + t^′) )

nor its reversed inequality holds for all (r, t) ∈ D.

1.22. Theorem. For any fixed r ∈ (0, 1), the function f(a) ≡ μ_a(r) is strictly decreasing from (0, 1/2] onto [μ(r), ∞).

1.23. Theorem. Let a ∈ (0, 1/2] and R be as in Theorem 1.14. Then we have the following conclusions:

(1) The function f_1(r) ≡ μ_a(r) − arth r^′ is strictly decreasing and concave from (0, 1) onto (0, (R − log 4)/2). In particular, for all a ∈ (0, 1/2] and r ∈ (0, 1),

[(R − log 4)(1 − r)/2] + log(1 + r^′) < μ_a(r) + log r

(1.24)

< [(R − log 4)/2] + log(1 + r^′).

(2) For t ∈ (0, 1), the functions

f_2(r) ≡ μ_a(rt) − μ_a(r) and f_3(r) ≡ μ_a(rt)/μ_a(r)

are both strictly increasing on (0, 1), with ranges (− log t, μ_a(t)) and (1, ∞), respectively. In particular, for all r, t ∈ (0, 1),

μ_a(r) + log(1/t) < μ_a(rt) < μ_a(r) + μ_a(t).

(1.25)

(3) For t ∈ (0, 1), the functions

f_4(r) ≡ μ_a(r) − μ_a( √ rt) and f_5(r) ≡ 2μ_a( √ rt) − μ_a(r) are both strictly decreasing on ( 0, t ], with ranges [ 0, ∞) and [μ_a(t), (R/2) − log t), respectively. In particular, for all a ∈ (0, 1/2], r, t ∈ (0, 1), u = max{r, t} and v = min{r, t},

μ_a(r) + μ_a(t) ≤ 2μ_a( √ rt) < μ_a(u) + log 1 v + 1 2 R, (1.26)

(4) The function f_6(x) ≡ μ_a(th x) is strictly decreasing and convex from (0, ∞) onto (0, ∞).

Moreover, for all a ∈ (0, 1/2] and r, t ∈ (0, 1),

μ_a(r) + μ_a(t) ≥ 2μ_a ( r + t 1 + rt + r^′t^′ )

≥ μ_a (( r + t (1 + rt + r^′t^′)(1 + u^′)

)_2) > μ_a (( r + t 1 + rt + r^′t^′

)_2) , (1.27)

where u is as in part (3). The first (second) equality in (1.27) holds if and only if r = t (r = t and a = 1/2).

In Theorem 1.23, parts (1) and (2) are analogs of [AVV1, Theorem 9(1)] and [AVV1, Theorem 9(3)] for the function μ_a(r), respectively, while part (4) and the monotoneity properties given in part (3) are new even for the function μ(r). In addition, Theorem 1.23(3) provides a new proof of (1.13).

In the next result, we study the approximations for μ_a(r) in terms of elementary functions. This result is an analog of [QVa, Theorem 1.13] for μ_a(r).

1.28. Theorem. Let a ∈ (0, 1/2]. Then

(1) The function f(r) ≡ [(r^{′ 2} log r^′)/(r^2 log r)]μ_a(r) is strictly increasing from (0, 1) onto (1/2, [π/( √ 2 sin πa)]^2). In particular, for all r ∈ (0, 1),

r^2 log r r^{′ 2} log r^′ < 2μ_a(r) < ( π sin πa )_2 r2 log r r^{′ 2} log r^′ . (1.29)

(2) The function g(r) ≡ [(r^′arth r)/(rarth r^′)]μ_a(r) is strictly increasing from (0, 1) onto (1, [π/(2 sin πa)]^2). In particular, for all r ∈ (0, 1),

r arth r^′ r^′ arth r < μ_a(r) < ( π 2 sin πa

)_2 r arth r′ r^′ arth r . (1.30)

2. Preliminary Results

In this section, we establish several technical lemmas which are needed in the proofs of the main results stated in Section 1. But first, let us recall some known results for the function F (a, b; c; x) and for the gamma function, which will be frequently used in the sequel.

It is well known that properties of the hypergeometric functions are closely associated with the gamma function Γ(x), its logarithmic derivative (the so-called psi function) Ψ(x), and the beta function B(x, y). For positive numbers x and y, these functions are defined by

Γ(x) = ∞∫ 0 e^{−t}t^{x−1}dt, Ψ(x) = Γ^′(x) Γ(x) , B(x, y) = Γ(x)Γ(y) Γ(x + y)

(2.1)

(cf. [WW]). We shall need the Euler-Mascheroni constant γ defined by γ = lim_{n→∞} ( n∑ k=1 1 k − log n ) = 0.57721 · · ·,

and the function R(a, b) ≡ −2γ − Ψ(a) − Ψ(b) (2.2) for a, b ∈ (0, ∞). By [AS, 6.3.3], we have R(1/2, 1/2) = −2[γ + Ψ(1/2)] = log 16.

(2.3) The gamma function satisfies the difference equation [WW, p. 237] Γ(x + 1) = xΓ(x)

(2.4) if x is not a nonpositive integer, and has the following reflection property [WW, p. 239] Γ(x)Γ(1 − x) = π sin πx (2.5)

if x is not an integer. By (2.4), it holds that

Ψ(x + 1) = 1 x + Ψ(x).

(2.6) The psi function and its derivative have the following series expansions Ψ(x) = −γ − 1 x + ∞∑ n=1 x n(n + x) , Ψ^′(x) = ∞∑ n=0 1 (n + x)^2 , (2.7)

(cf. [Ah, p. 198]), from which we see that Ψ is strictly increasing on (0, ∞), while Ψ^′ is strictly decreasing there.

We shall also need in our work the following limit value [AS, 15.1.20], [R, p. 49, Theorem 18]

F (a, b; c; 1) = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) (2.8)

if c > a+b and if c is neither zero nor negative integer, and need the following formula [AS, 15.3.10] F (a, b; a + b; x) = 1 B(a, b) ∞∑ n=0 (a, n)(b, n) (n!)^2

[2Ψ(n + 1) −Ψ(a + n) − Ψ(b + n) − log(1 − x)](1 − x)^n,

(2.9)

which implies Ramanujan’s asymptotic formula B(a, b)F (a, b; a + b; r) + log(1 − r) = R(a, b) + O((1 − r) log(1 − r))

(2.10) as r tends to 1 (see also [Ask1], [Be2], and [E] .)

One of the main tools we shall need is the following Ramanujan’s derivative formula [Be2, p. 86, Corollary] d dx [F (a, 1 − a; 1; 1 − x) F (a, 1 − a; 1; x) ] = − sin πa πx(1 − x)F (a, 1 − a; 1; x)^2 for all a, x ∈ (0, 1), from which it follows that dμ_a(r) dr = − 1 rr^{′ 2}F (a, 1 − a; 1; r^2)^2 . (2.11)

Another important tool needed in our work is the following generalization of the Landen identities in (1.6), the Landen inequalities [QVu, Theorem 1.9]: For a, b, r ∈ (0, 1) with c = a + b ≤ 1, F ( a, b; c; ( 2√r 1 + r

)_2) ≤ (1 + r)F (a, b; c; r^2) ≤ F ( a, b; c; ( 2√r 1 + r

)_2) + 1 B(a, b) [R(a, b) − log 16]

(2.12)

and 1 + r 2 F (a, b; c; 1 − r^2) ≤ F ( a, b; c; (1 − r 1 + r

)_2)

≤ 1 + r 2 { F (a, b; c; 1 − r^2) + 1 B(a, b) [R(a, b) − log 16] } , (2.13)

with equality in each instance if and only if a = b = 1/2.

2.14. Lemma. (1) For any c, p ∈ (0, ∞), the function

f(x) ≡ Ψ(x + p) − Ψ(c − x + p) − Ψ(x) + Ψ(c − x)

is strictly decreasing from (0, c) onto (−∞, ∞), with f(c/2) = 0.

(2) Let R(x, y) be defined by (2.2). Then the function

g(x) ≡ [R(x, 1 − x) − log 16]/[(1/2) − x]^2

is strictly decreasing from (0, 1/2) onto (A, ∞), where

A = −Ψ^{′′}(1/2) = 16 ∞∑ n=0 1 (2n + 1)^3

= 14ζ(3) = 16.82879 · · ·,

while ζ(x) is the Riemann zeta function. In particular, for x ∈ (0, 1/2],

R(x, 1 − x) ≥ log 16 + A[(1/2) − x]^2,

with equality if and only if x = 1/2.

Proof. (1) Clearly, f(c/2) = 0, f(0^+) = ∞ and f(1^−) = −∞. Since Ψ^′ is strictly decreasing on (0, ∞) by (2.7), we get

f^′(x) = [Ψ^′(x + p) − Ψ^′(x)] + [Ψ^′(c − x + p) − Ψ^′(c − x)] < 0,

and hence the monotoneity of f follows.

(2) Let g_1(x) = R(x, 1 − x) − log 16, and g_2(x) = [(1/2) − x]^2, for x ∈ (0, 1/2]. Then by (2.3), g_1(1/2) = g_2(1/2) = g^′_1(1/2) = g^′_2(1/2) = 0,

g^′_1(x) g^′_2(x) = Ψ^′(1 − x) − Ψ^′(x) 2x − 1 , g^{′′}_1 (x) g^{′′}_2 (x)

= g_3(x) ≡ − 1 2 [Ψ^{′′}(1 − x) + Ψ^{′′}(x)].

It is easy to see from (2.7) that Ψ^{′′′} is strictly decreasing on (0, ∞). Since x ≤ 1 − x for x ∈ (0, 1/2], g^′_3(x) = [Ψ^{′′′}(1 − x) − Ψ^{′′′}(x)]/2 ≤ 0, with the second equality if and only if x = 1/2. Hence g_3 is strictly decreasing on (0, 1/2], and so is g by the monotone version of l’Hôpital’s Rule [AVV2, Theorem 1.24].

Clearly, g(0^+) = ∞. By l’Hôpital’s Rule, (2.7), [Be1, p. 163, Example 1], and [AS, p. 811, Table 23.3] or [AS, p. 812, Table 23.3], we get the limiting value A = g(1/2) = −Ψ^{′′}(1/2) = 16 ∞∑ n=0 1 (2n + 1)^3

= 14ζ(3) = 16.82879 · · ·, and complete the proof. 2

2.15. Lemma. (1) For a, b, c, d ∈ (0, ∞), the function f(x) ≡ (1 − x)^dF (a, b; c; x) is (strictly) decreasing on (0, 1) if and only if d ≥ max{a + b − c, ab/c} (d > max{a + b − c, ab/c}).

(2) For a, b, c, A ∈ (0, ∞), define the function g on (0, 1) by g(x) ≡ F (a, b; c; x) − A ab c (1 − x)F (a + 1, b + 1; c + 1; x).

Then g(x) ≡ 0 if and only if c = abA = a + b − (1/A), and g is positive, strictly increasing and convex on (0, 1) if c > max{abA, a + b − (1/A)}.

Proof. (1) Differentiation gives (1 − x)^{1−d}f^′(x) = ab c (1 − x)F (a + 1, b + 1; c + 1; x) − dF (a, b; c; x)

= − ∞∑ n=0 (a, n)(b, n) (c, n + 1)n! [(d + c − a − b)n + cd − ab]x^n. Hence part (1) follows.

(2) Using the series expansion of F (a, b; c; x), we get g(x) = ∞∑ n=0 (a, n)(b, n) (c, n)n! x^n − A ∞∑ n=0 (a, n + 1)(b, n + 1) (c, n + 1)n! x^n + A ∞∑ n=0 n(a, n)(b, n) (c, n)n! x^n

= ∞∑ n=0 (a, n)(b, n) (c, n + 1)n! {[A(c − a − b) + 1]n + c − abA}x^n, from which part (2) follows. 2

2.16. Lemma. (1) For a, b ∈ (0, ∞) and c = a + b with 4ab ≤ c, the function f(x) ≡ [1 − √ 1 − xF (a, b; c; x)^2]/x is strictly increasing from (0, 1) onto ((c − 4ab)/2, 1).

(2) For a, b ∈ (0, ∞) and c = a + b with 2ab ≤ c, the function g(x) ≡ [1 − (1 − x)F (a, b; c; x)^2]/x is strictly increasing from (0, 1) onto (1 − (2ab/c), 1).

(3) For a, b ∈ (0, ∞) and c = a + b, the function h(x) ≡ 4 √ 1 − xF (a, b; c; x) is strictly decreasing and concave from (0, 1) onto (0, 1) if and only if 4ab ≤ c.

(4) For a ∈ (0, 1), the function G(x) ≡ xF (a, 1 − a; 1; x^2)/arth x is strictly decreasing from (0, 1) onto ((2 sin πa)/π, 1).

Proof. (1) Let f_1(x) = 1 − √ 1 − xF (a, b; c; x)^2 and f_2(x) = x. Then by differentiation, [R, p. 60, Theorem 21], and by the series expansion of F (a, b; c; x), we obtain

f^′_1(x) f^′_2(x) = 1 2 √ 1 − x F (a, b; c; x) [ F (a, b; c; x) − 4 ab c (1 − x)F (a + 1, b + 1; c + 1; x) ]

= 1 2 √ 1 − x F (a, b; c; x) [ F (a, b; c; x) − 4 ab c F (a, b; c + 1; x) ]

= 1 2 √ 1 − x F (a, b; c; x) ∞∑ n=0 (a, n)(b, n) (c, n + 1)n! (n + c − 4ab)x^n, which is strictly increasing on (0, 1) since 4ab ≤ c. Hence the monotoneity of f follows from the monotone version of l’Hôpital’s Rule [AVV2, Theorem 1.24]. The limiting values of f are clear.

(2) The proof of part (2) is similar to that of part (1).

(3) By differentiation, [R, p. 60, Theorem 21], and the series expansion of F (a, b; c; x), we get

4h^′(x) = −(1 − x)^{−3/4} [ F (a, b; c; x) − 4 ab c F (a, b; c + 1; x) ]

= −(1 − x)^{−3/4} ∞∑ n=0 (a, n)(b, n) (c, n + 1)n! (n + c − 4ab)x^n, which is negative and strictly decreasing on (0, 1) if and only if 4ab ≤ c. Hence part (3) follows.

(4) Clearly, G(0^+) = 1. By l’Hôpital’s Rule, [R, p. 60, Theorem 21], (2.8), and (2.5), we get

G(1^−) = lim_{x→1}� 2a(1 − a)x^{′ 2}F (a + 1, 2 − a; 2; x)

= 2a(1 − a) lim_{x→1}� F (a, 1 − a; 2; x) = 2 Γ(a)Γ(1 − a) = 2 π sin πa. Next, let G_1(x) = xF (a, 1 − a; 1; x^2) and G_2(x) = arth x. Then by differentiation and [R, p. 60, Theorem 21], we have

G^′_1(x)/G^′_2(x) = x^{′ 2}F (a, 1 − a; 1; x^2) + 2a(1 − a)x^2F (a, 1 − a; 1; x^2) = ∞∑ n=0 (a, n)(1 − a, n) (n!)^2 x^{2n} − ∞∑ n=0 (a, n)(1 − a, n) (n!)^2 x^{2(n+1)}

+2a(1 − a) ∞∑ n=0 (a, n)(1 − a, n) (n + 1)!n!

x^{2(n+1)}

= 1 − ∞∑ n=1 (a, n − 1)(1 − a, n − 1) (n!)^2

{[a^2 + (1 − a)^2]n − a(1 − a)}x^{2n},

which is strictly decreasing on (0, 1) since

[a^2 + (1 − a)^2]n − a(1 − a) ≥ 1 − 3a(1 − a) ≥ 1/4

for all n = 1, 2, · · ·. Hence the monotoneity of G follows from [AVV2, Theorem 1.24]. 2

2.17. Remark. In [ABRVV, Theorem 1.7], it was proved that the function h(r) ≡ 4 √ 1 − xF (a, b; a + b; x) is strictly decreasing from (0, 1) onto (0, 1) if and only if 4ab ≤ a + b. Lemma 2.16(3) slightly improves this result by a different method.

3. Proofs of the Main Results

In this section, we prove our main results stated in Section 1.

3.1. Proof of Theorem 1.22 . Clearly, f(1/2) = μ(r). It follows from (2.4) and (2.5) that

lim_{a→0}+ aΓ(a) = lim_{a→0}+ πa Γ(1 − a) sin πa

= 1, (a, n) = Γ(n + a)/Γ(a), (3.2)

for n = 0, 1, 2, · · ·. Hence by (1.9)

f(0^+) = π 2 lim_{a→0}+ { 1 sin πa · [_∞∑ n=0 aΓ(n + a)Γ(1 − a + n)

(n!)^2 r^{′ 2n} ]

· [_∞∑ n=0 aΓ(n + a)Γ(1 − a + n)

(n!)^2 r^{2n} ]_{−1}} = 1 2 lim_{a→0}+ 1 a aΓ(a) aΓ(a) = ∞. Next, let f_n(a) = Ψ(a + n) − Ψ(1 − a + n) − Ψ(a) + Ψ(1 − a), and g_n(a) = (a, n)(1 − a, n), for n = 0, 1, 2, · · ·. Then by (3.2) and logarithmic differentiation,

g^′_n(a) = g_n(a)f_n(a),

(3.3)

and Lemma 2.14(1) implies that f_n is strictly decreasing from (0, 1/2] onto [0, ∞). By (2.5), (3.3), and by logarithmic differentiation, we get

f^′(a) f(a) = Ψ(a) − Ψ(1 − a) + 1 F (a, 1 − a; 1; r^{′ 2}) ∞∑ n=0 g_n(a)f_n(a) (n!)^2 r^{′ 2n}

− 1 F (a, 1 − a; 1; r^2) ∞∑ n=0 g_n(a)f_n(a) (n!)^2 r^{2n}, and hence by the series expansion of F (a, b; c; x) and (1.9),

2 sin πa π F (a, 1 − a; 1; r^2)^2f^′(a) = h(a)

(3.4)

≡ F (a, 1 − a; 1; r^2)F (a, 1 − a; 1; r^{′ 2})[Ψ(a) − Ψ(1 − a)]

+F (a, 1 − a; 1; r^2) ∞∑ n=0 1 (n!)^2 g_n(a)f_n(a)r^{′ 2n}

−F (a, 1 − a; 1; r^{′ 2}) ∞∑ n=0 1 (n!)^2 g_n(a)f_n(a)r^{2n}

= [Ψ(a) − Ψ(1 − a)] ∞∑ n=0 ∞∑ m=0 1 (n!m!)^2 g_n(a)g_m(a)r^{2n}r^{′ 2m}

+ ∞∑ n=0 ∞∑ m=0 1 (n!m!)^2 g_n(a)g_m(a)f_m(a)r^{2n}r^{′ 2m}

− ∞∑ n=0 ∞∑ m=0 1 (n!m!)^2 g_n(a)g_m(a)f_m(a)r^{′ 2n}r^{2m}

= ∞∑ n=0 ∞∑ m=0 1 (n!m!)^2 g_n(a)g_m(a)G_{n,m}(a, r)(rr^′)^{2m}, where G_{n,m}(a, r) = [Ψ(a + n) − Ψ(1 − a + n)]r^{2(n−m)} − f_m(a)r^{′ 2(n−m)} for n, m = 0, 1, 2, · · ·. From (2.7) and Lemma 2.14(1), we see that G_{n,m} is strictly increasing in a on (0, 1/2] with G_{n,m}(1/2, r) = 0. Hence h(a) ≤ 0 for all a ∈ (0, 1/2], with equality if and only if a = 1/2. Consequently, the monotoneity of f follows from (3.4). 2

3.5. Proof of Theorem 1.23 . (1) We first note that f_1(r) can be rewritten as

f_1(r) = μ_a(r) + log r − log(1 + r^′),

(3.6)

and that by (2.1) and (2.5) B(a, 1 − a) = π/sin πa. (3.7) Since lim_{x→0}^1_x log(1 − x) = −1, and since the function

g_1(r) ≡ [1 − F (a, 1 − a; 1; r^2)]/ log(1 − r^2)

is strictly increasing from (0, 1) onto (a(1 − a), 1/B(a, 1 − a)) (see [ABRVV, Theorem 1.3(1)]), it follows from (3.7) and (2.10) that

lim_{r→0}+[μ_a(r) + log r] = lim_{r→0}+ [ B(a, 1 − a)F (a, 1 − a; 1; r^{′ 2}) + 2 log r 2F (a, 1 − a; 1; r^2)

(3.8)

+ F (a, 1 − a; 1; r^2) − 1 F (a, 1 − a; 1; r^2) log(1 − r^2) · log(1 − r^2)

r^2

· (r^2 log r) ]

= R(a, 1 − a)/2 = R(a)/2.

Clearly, μ_a(1^−) = 0 so that lim_{r→1}�[μ_a(r) + log r] = 0.

(3.9) It follows from (3.6), (3.8), and (3.9) that f_1(0^+) = [R(a) − log 4]/2, and f_1(1^−) = 0.

Next, by differentiation and (2.11), we get

−f^′_1(r) = 1 [r^′F (a, 1 − a; 1; r^2)]^2 · 1 − r^′F (a, 1 − a; 1; r^2)^2 r , which is a product of two positive and strictly increasing functions of r on (0, 1) by Lemmas 2.15(1) and 2.16(1) since a(1 − a) ≤ 1/4. Hence the monotoneity and concavity of f_1 follows. The double inequality (1.24) is clear.

(2) Let x = rt, and g_2(r) = r^′F (a, 1 − a; 1; r^2). Then 0 < x < r, and differentiation and (2.11) give r[g_2(r)g_2(x)]^2f^′_2(r) = g_2(x)^2 − g_2(r)^2, which is positive since a(1−a) ≤ 1/4 and since g_2 is strictly decreasing on (0, 1) by Lemma 2.16(3). This yields the monotoneity of f_2.

Clearly, f_2(1^−) = μ_a(t). It follows from (3.8) that

f_2(0^+) = lim_{r→0}+{[μ_a(x) + log x] − [μ_a(r) + log r] − log t} = − log t.

Next, by differentiation and (2.11), we get π 2 sin πa r[r^′x^′F (a, 1 − a; 1; r^{′ 2})F (a, 1 − a; 1; x^2)]^2f^′_3(r)

= x^{′ 2}F (a, 1 − a; 1; x^2)F (a, 1 − a; 1; x^{′ 2}) −r^{′ 2}F (a, 1 − a; 1; r^2)F (a, 1 − a; 1; r^{′ 2}), which is positive by Lemma 2.16(3). Hence the monotoneity of f_3 follows.

Clearly, f_3(1^−) = ∞. By (2.10), we have

f_3(0^+) = lim_{r→0}+

F (a, 1 − a; 1; x^{′ 2}) F (a, 1 − a; 1; r^{′ 2})

= lim_{r→0}+ log x log r

= 1.

(3) Put x = √ rt. Then r ≤ x ≤ t, and by (3.8),

f_4(0^+) = lim_{r→0}+ { [μ_a(r) + log r] − [μ_a(x) + log x] + 1 2 log t r } = ∞ and f_5(0^+) = lim_{r→0}+{2[μ_a(x) + log x] − [μ_a(r) + log r] − log t} = [R(a)/2] − log t.

It is clear that f_4(t) = f_5(t) − μ_a(t) = 0.

By differentiation and (2.11), we get

2r[r^′x^′F (a, 1 − a; 1; r^2)F (a, 1 − a; 1; x^2)]^2f^′_4(r) = g_3(r)

(3.10)

≡ [r^′F (a, 1 − a; 1; r^2)]^2 − 2[x^′F (a, 1 − a; 1; x^2)]^2. Differentiation again gives rg^′_3(r)/2 = g_4(x) − g_4(r),

(3.11)

where g_4(r) = r^2F (a, 1 − a; 1; r^2)g_5(r) and

g_5(r) = F (a, 1 − a; 1; r^2) − 2a(1 − a)(1 − r^2)F (a + 1, 2 − a; 2; r^2).

Since 2a(1 − a) ≤ 1/2, Lemma 2.15(2) implies that g_5 is strictly increasing from (0, 1) onto (a^2 + (1 − a)^2, ∞). Hence g_4 is strictly increasing from (0, 1) onto (0, ∞), and it follows from (3.11) that g_3 is strictly increasing on (0, t]. Since g_3(t) = −[t^′F (a, 1 − a; 1; t^2)]^2, the monotoneity of f_4 follows from (3.10).

Next, by differentiation, we get

rf^′_5(r) = [r^′F (a, 1 − a; 1; r^2)]^{−2} − [x^′F (a, 1 − a; 1; x^2)]^{−2},

which is negative for all r ∈ (0, t) by Lemma 2.16(3). This yields the monotoneity of f_5.

Inequalities in (1.26) and the equality case are clear.

(4) The limiting values of f_6 are clear. Let r = th x. Then by (2.11) and differentiation, we obtain

f^′_6(x) = − 1 r[r^′F (a, 1 − a; 1; r^2))]^2 · 1 cosh^2 x = − 1 rF (a, 1 − a; 1; r^2)^2 , which is clearly strictly increasing in x on (0, ∞), and hence the monotoneity and convexity of f_6 follow.

Next, put r = th x and t = th y. Then th x + y 2 = th x + th y 1 + th x th y + √ (1 − th^2 x)(1 − th^2 y) = r + t 1 + rt + r^′t^′ ,

and the first inequality in (1.27) and its equality case follow from the convexity of f_6.

In order to prove the remaining conclusions of part (4), we let

x = (r + t)/(1 + rt + r^′t^′) = 2 √ y/(1 + y). Then x^′ = h(r, t) ≡ √ 2r^′t^′ 1 + rt + r^′t^′

, and y = ( x 1 + x^′

)_2 . It is easy to show that h is strictly decreasing either in r or in t on (0, 1) so that x^′ ≥ h(u, u) = u^′. Hence y ≤ ( x 1 + u^′

)_2 = [ r + t (1 + u^′)(1 + rt + r^′t^′)

]_2 < ( r + t 1 + rt + r^′t^′

)_2 ,

The first equality holds if and only if r = t. Consequently, it follows from Theorem 1.14(1), and the monotoneity of μ_a(r) in r on (0, 1) that 2μ_a(x) ≥ μ_a(y) ≥ μ_a (( r + t (1 + u^′)(1 + rt + r^′t^′)

)_2) > μ_a (( r + t 1 + rt + r^′t^′

)_2) . The first (second) equality holds if and only if a = 1/2 (r = t). This completes the proof. 2

3.12. Corollary. For a ∈ (0, 1/2], the function f(r) ≡ μ_a(r) + log r is strictly decreasing and concave from (0, 1) onto (0, R(a)/2), where R(a) is as in Theorem 1.14.

Proof. Since f(r) = f_1(r) + log(1 + r^′) by (3.6), where f_1 is as in Theorem 1.23, and since log(1 + r^′) is strictly decreasing and concave on (0, 1), the assertion about f follows from Theorem 1.23(1). 2

3.13. Proof of Theorem 1.28 . For part (1), we rewrite f(r) as

f(r) = π 2 sin πa · r^{′ 2}F (a, 1 − a; 1; r^{′ 2}) log(1/r^2) · log(1/r^{′ 2}) r^2F (a, 1 − a; 1; r^2) . Hence part (1) follows from [ABRVV, Theorem 1.4(1)], (2.1), and (2.5).

Next, since g(r) = π 2 sin πa · r^′F (a, 1 − a; 1; r^{′ 2}) arth r^′ · arth r rF (a, 1 − a; 1; r^2) , part (2) follows from Lemma 2.16(4). 2

3.14. Proof of Theorem 1.14 . For part (1), we first find the limiting values of f. For this, let x = 2 √ r/(1 + r). Then it follows from (3.8) and (3.9) that

f(0^+) = lim_{r→0}+ { 2[μ_a(x) + log x] − [μ_a(r) + log r] + log

(1 + r)^2 4 }

= 1 2 R(a) − log 4 = 1 2 [R(a) − log 16]

and f(1^−) = 0. It is clear that

x^′ = 1 − r 1 + r and dx dr = 1 − r √ r(1 + r)^2 = x^′(1 + x^′)^2 2x . (3.15)

By (2.11), (3.15), and differentiation, we get

r[r^′F (a, 1 − a; 1; r^2)F (a, 1 − a; 1; x^2)]^2f^′(r) = f_1(r)

(3.16)

≡ F (a, 1 − a; 1; x^2)^2 − [(1 + r)F (a, 1 − a; 1; r^2)]^2.

If a = 1/2, then μ_a(r) = μ(r), and by (1.5), f(r) ≡ 0. If a ≠ 1/2, then it follows from (3.16) and (2.12) that f_1(r) < 0 for all r ∈ (0, 1) so that f is strictly decreasing on (0, 1). Hence part(1)(i) and the first statement in part (1)(ii) follow.

The first inequality and the first upper bound in (1.16) follow directly from the monotoneity of f. By (2.12), (2.13), (2.1), and (2.5), we have

2μ_a(2 √ r/(1 + r))/μ_a(r) (3.17) = 2 F (a, 1 − a; 1; r^2) F (a, 1 − a; 1; r^{′ 2)}

F (a, 1 − a; 1; ((1 − r)/(1 + r))^2) F (a, 1 − a; 1; (2 √ r/(1 + r))^2) ≤ (1 + r)F (a, 1 − a; 1; r^2) F (a, 1 − a; 1; r^{′ 2})

F (a, 1 − a; 1; r^{′ 2}) + (1/π)(R − log 16) sin πa F (a, 1 − a; 1; (2 √ r/(1 + r))^2) ≤ [ 1 + (R − log 16) sin πa πF (a, 1 − a; 1; (2 √ r/(1 + r))^2) ][ 1 + (R − log 16) sin πa πF (a, 1 − a; 1; r^{′ 2}) ]

≤ [ 1 + 1 π (R − log 16) sin πa

]_2 = C. Equality holds in each of the above inequalities if and only if a = 1/2. On the other hand, since x > r, we see from the monotoneity of μ_a(r) in r on (0, 1) that μ_a(x) < μ_a(r). Hence the second upper bound in (1.16) follows. The equality case in (1.16) is clear.

For part (2), let t = (1 − r)/(1 + r). Then r^′ = 2 √ t/(1 + t), and g(r) = −f(t). Hence the assertion about g follows from part (1).

Next, since 2 √ t/(1 + t) > t, and since

2μ_a(r)μ_a (1 − r 1 + r ) = ( π sin πa )_2 μ_a(t) 2μ_a(2 √ t/(1 + t)) , we get from (3.17), and the monotoneity of μ_a(r) in r on (0, 1) that

2μ_a(r)μ_a (1 − r 1 + r ) ≥ 1 C_1 ( π sin πa )_2 , (3.18)

for all a ∈ (0, 1/2] and r ∈ (0, 1), with equality if and only if a = 1/2. On the other hand, it follows from (2.12) and (2.13) that 2μ_a(r)μ_a (1 − r 1 + r ) = π sin πa F (a, 1 − a; 1; (2 √ r/(1 + r))^2) F (a, 1 − a; 1; ((1 − r)/(1 + r))^2) μ_a(r) (3.19)

≤ 2π sin πa F (a, 1 − a; 1; 1; r^2) F (a, 1 − a; 1; r^{′ 2}) μ_a(r) = ( π sin πa )_2 . The second equality in (3.19) holds if and only if a = 1/2. Thus (1.17) and its equality case follow from (3.18), (3.19), their equality case, the monotoneity of g and from the obvious relation

μ_a(r)μ_a(r^′) = ( π 2 sin πa

)_2 . (3.20)

This completes the proof. 2

3.21. Remark. (1) Let C = C(a) be as in Theorem 1.14. From (2.3) we see that C(1/2) = 1. By (2.2), and (2.7), we have

C(0^+) = { lim_{a→0}+ [ 1 − sin πa πa (aΨ(a) + aΨ(1 − a)) ]}_2 = 4.

Hence C(a) is bounded on (0, 1/2]. Computer experiments seem to show that C(a) is strictly decreasing from (0, 1/2] onto [1, 4).

(2) Our computational work supports the validity of the following conjecture: For a ∈ (0, 1/2), there exists a unique r_0 ∈ (0, 1) such that the function f(r) ≡ μ_a(2 √ r/(1 + r))/μ_a(r) is strictly increasing on (0, r_0], and is strictly decreasing on [r_0, 1), with range (1/2, f(r_0)]. Note that it is easy to find the limiting values f(0^+) = f(1^−) = 1/2.

3.22. Proof of Theorem 1.18 . (1) The first, second and third inequalities in (1.19) follows from the monotoneity of μ_a(r) in r on (0, 1), while the fifth inequality in (1.19) and its equality case follow from Theorem 1.23(3). For the fourth inequality in (1.19), we may assume that r ≥ t, without loss of generality. Put u = r/(1 + r^′)^2. Then d = r^′ and μ_a(ur) = μ_a (1 − r′ 1 + r^′ ) . It follows from Theorems 1.23(2) and 1.14(2), and from (3.20) that μ_a(ut) − μ_a(t) ≤ μ_a(ur) − μ_a(r) = μ_a (1 − r′ 1 + r^′ ) − μ_a(r) (3.23)

≤ 1 2 ( π sin πa )_2 1 μ_a(r^′) − μ_a(r) = μ_a(r), and the first (third) equality in (3.23) holds if and only if r = t (a = 1/2). This yields the fourth inequality in (1.19) and its equality case.

For (1.20), we let x = r/(1 + r^′) and y = t/(1 + t^′). Then √ rt = 2 √ xy √ (1 + x^2)(1 + y^2) ≤ 2 √ xy 1 + xy , with the second equality if and only if x = y, i.e., r = t. Hence it follows from the monotoneity of μ_a(r) in r on (0, 1) and from Theorem 1.14(1) that

μ_a( √ rt) ≥ μ_a ( 2√xy 1 + xy ) ≥ 1 2 μ_a(xy). (3.24)

The first (second) equality in (3.24) holds if and only if r = t (a = 1/2). Consequently, (1.20) and its equality case follow.

(2)&(3) For a ∈ (0, 1/2], define the function f on D by

f(r, t) = μ_a ( rt (1 + r^′)(1 + t^′) ) − μ_a(r) − μ_a(t), and let x = rt/[(1 + r^′)(1 + t^′)]. We now study the extremal values of f on D. Since

f(r, t) = [μ_a(x) + log x] − [μ_a(r) + log r]

−[μ_a(t) + log t] + log[(1 + r^′)(1 + t^′)],

we find the following boundary values of f:

f(0^+, t) − [log 2 − f_1(t)] = f(r, 0^+) − [log 2 − f_1(r)] = 0, f(0^+, 0^+) = log 2 − f_1(0^+) = −[R(a) − log 16]/2, f(1^−, t) − f_2(t) = f(r, 1^−) − f_2(r) = 0,

(3.25)

where f_1(r) = μ_a(r) − arth r^′, and f_2(r) = μ_a(r/(1 + r^′)) − μ_a(r). Letting t → 1 in (1.20), and noticing the condition for the equality in (1.20), we obtain μ_a ( r 1 + r^′ ) < 2μ_a( √ r). (3.26)

It follows from (3.26), (1.26), Corollary 3.12, and from the monotoneity of μ_a(r) in r on (0, 1) that for all r ∈ (0, 1), 0 < f_2(r) < 2μ_a( √ r) − μ_a(r) < R(a)/2. (3.27)

Hence it follows from (3.25), (3.27), and Theorem 1.23(1) that − 1 2 [R(a) − log 16] = inf_{(r,t)∈∂D} f(r, t) ≤ 0 < sup_{(r,t)∈∂D} f(r, t) ≤ 1 2 R(a). (3.28)

By Lemma 2.14(2), the second equality in (3.28) holds if and only if a = 1/2.

Next, by (2.11), differentiation, and by the partial derivatives ∂x ∂r = t r^′(1 + r^′)(1 + t^′) = x rr^′ , ∂x ∂t = x tt^′ , we get r[r^′x^′F (a, 1 − a; 1; r^2)F (a, 1 − a; 1; x^2)]^2 ∂f ∂r = g(x) − h(r), t[t^′x^′F (a, 1 − a; 1; t^2)F (a, 1 − a; 1; x^2)]^2 ∂f ∂t = g(x) − h(t), (3.29)

where g(x) = [x^′F (a, 1 − a; 1; x^2)]^2 and h(r) = r^′F (a, 1 − a; 1; r^2)^2. By Lemma 2.15(1), g and h are both strictly decreasing on (0, 1). Hence, letting ∂f ∂r = ∂f ∂t = 0, we get from (3.29) that r = t. This shows that if f has a local extremal value at point (r_0, t_0) ∈ ∂D, then r_0 = t_0, and at this point f takes the value

f(r_0, r_0) = μ_a (1 − r′_0 1 + r^′_0 ) − 2μ_a(r_0).

It follows from Theorem 1.14(2) that

− [R(a) − log 16]/2 ≤ f(r_0, r_0) ≤ 0,

(3.30)

with equality in each instance if and only if a = 1/2.

¿From (3.28) and (3.30) we get − 1 2 [R(a) − log 16] = inf_{(r,t)∈∂D} f(r, t) ≤ 0 < sup_{(r,t)∈∂D} f(r, t) ≤ 1 2 R(a). (3.31)

The second equality in (3.31) holds if and only if a = 1/2, while the third equality in (3.31) cannot be attained by f in D. Hence part (3), the first inequality, and the second upper bound in (1.21) follow from (3.31).

For the first upper bound in (1.21), let u = r/(1+r^′) and v = t/(1+t^′). Then u^2 = (1−r^′)/(1+r^′) and v^2 = (1 − t^′)/(1 + t^′). By the fifth inequality in (1.19), it holds that μ_a(uv) ≥ 1 2 [μ_a(u^2) + μ_a(v^2)].

Hence it follows from (1.17) that μ_a(uv) ≥ 1 2 [ μ_a ( 1 − r^′ 1 + r^′ ) + μ_a ( 1 − t^′ 1 + t^′ )]

≥ 1 4C_1 ( π sin πa )_2[ 1 μ_a(r^′) + 1 μ_a(t^′) ] = 1 C_1

[μ_a(r) + μ_a(t)].

This yields the first upper bound in (1.21).

The remaining conclusions are clear. 2

Acknowledgements. This research was completed during the first author’s visit to the University of Helsinki on grants from the Academy of Finland, the Finnish Academy of Sciences and Letters, and from the Commission on Development and Exchanges of International Mathematical Union. He wishes to express his thanks to these institutions and to the Department of Mathematics of the University of Helsinki for its excellent research facilities.

References

[AS] M. Abramowitz and I. A. Stegun, editors: Handbook of Mathematical Functions with Formulas, Graphs and Mathematical Tables, Dover, New York, 1965.

[Ah] L. V. Ahlfors: Complex Analysis, 2nd ed., McGraw-Hill, New York, 1966.

[ABRVV] G. D. Anderson, R. W. Barnard, K. C. Richards, M. K. Vamanamurthy, and M.

Vuorinen: Inequalities for zero-balanced hypergeometric functions, Trans. Amer. Math. Soc. 347 (1995), 1713–1723.

[AV] G. D. Anderson and M. K. Vamanamurthy: Some properties of quasiconformal distortion functions, New Zealand J. Math. 24 (1995), 1–15.

[AVV1] G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen: Hypergeometric functions and elliptic integrals, in Current Topics in Analytic Function Theory, ed. by H. M. Srivastava and S. Owa, World Scientific Publ. Co., Singapore – London, 1992, 48–85.

[AVV2] G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen: Conformal Invariants, Inequalities, and Quasiconformal Maps, John Wiley & Sons, New York, to appear.

[Ao] K. Aomoto: Hypergeometric functions – the past, today, and ... (from the complex analytic point of view), Sugaku Expositions 9 (1996), 99-116.

[Ask1] R. Askey: Handbooks of Special Functions, A Century of Mathematics in America, ed. by P. Duren, Part III, 369–391, Amer. Math. Soc., 1989.

[Ask2] R. Askey: Ramanujan and hypergeometric and basic hypergeometric series, Ramanujan Internat.

Symposium on Analysis, December 26–28, 1987, ed. by N. K. Thakare, 1–83, Pune, India, Russian Math. Surveys 451 (1990), 37–86.

20 S.-L. Qiu and M. Vuorinen

[BPV] R. Balasubramanian, S. Ponnusamy and M. Vuorinen: Functional inequalities for the quotients of hypergeometric functions, manuscript (1996).

[Be1] B. C. Berndt: Ramanujan’s Notebooks, Vol. I, Springer-Verlag, Berlin – Heidelberg – New York, 1985.

[Be2] B. C. Berndt: Ramanujan’s Notebooks, Vol. II, Springer-Verlag, Berlin – Heidelberg – New York, 1989.

[Be3] B. C. Berndt: Ramanujan’s Notebooks, Vol. III, Springer-Verlag, Berlin – Heidelberg – New York, 1991.

[Be4] B. C. Berndt: Ramanujan’s Notebooks, Vol. IV, Springer-Verlag, Berlin – Heidelberg – New York, 1993.

[Be5] B. C. Berndt: Ramanujan’s theory of theta-functions, Centre de Recherches Mathématiques, CRM Proc. and Lecture Notes 1 (1993), 1–63.

[BBG] B. C. Berndt, S. Bhargava, and F. G. Garvan: Ramanujan’s theories of elliptic functions to alternative bases, Trans. Amer. Math. Soc. 347 (11) (1995), 4163–4244.

[BH] F. Beukers and G. Heckman: Monodromy for the hypergeometric function nFn�_1, Invent. Math.

95 (1989), 325-354.

[BB] J. M. Borwein and P. B. Borwein: Pi and the AGM, John Wiley & Sons, New York, 1987.

[CC] D. V. Chudnovsky and G. V. Chudnovsky: Hypergeometric and modular function identities, and new rational approximations to a continued fraction expansions of classical constants and functions, in A Tribute to Emil Grosswald - Number Theory and Related Analysis, ed. by M. Knopp and M. Sheingorn, Contemporary Math., Vol. 143 (1993), 117–162.

[DM] P. Deligne and G. D. Mostow: Commensurabilities among lattices in P U (1, n), Annals of Mathematics Studies, Princeton University Press, Princeton, New Jersey, 1993.

[E] R. J. Evans: Ramanujan’s second notebook: Asymptotic expansions for hypergeometric series and related functions, in Ramanujan Revisited, Proc. of the Ramanujan Centenary Conf. at the Univ. of Illinois at Urbana- Champaign, Ed. by G. E. Andrews, R. A. Askey, B. C. Berndt, R. G. Ramanathan, and R. A. Rankin, Academic Press, Boston, 1988, 537–560.

[Ga] F. G. Garvan: Ramanujan’s theories of elliptic functions to alternative bases–a symbolic excursion, J. Symbolic Comput., to appear.

[GKZ] I. M. Gel’fand, M. M. Kapranov, and A. V. Zelevinsky: Generalized Euler Integrals and A-hypergeometric functions, Adv. Math. 84 (1990), 255–271.

[LV] O. Lehto and K. I. Virtanen: Quasiconformal Mappings in the Plane, 2nd ed., Die Grundlehren der Math. Wiss. 126, Springer-Verlag, New York–Berlin, 1973.

[PBM] A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev: Integrals and Series, Vol. 3: More Special Functions, transl. from the Russian by G. G. Gould, Gordon and Breach Science Publishers, New York, 1988.

[QVa] S.-L. Qiu and M. K. Vamanamurthy: Elliptic integrals and the modulus of Grötzsch ring, PanAmer. Math. J. 5 (1995), 41–60.

[QVu] S.-L. Qiu and M. Vuorinen: Landen inequalities for hypergeometric functions, manuscript (1996).

[R] E. D. Rainville: Special Functions, Chelsea Publ. Co., New York, 1960.

[Var] V. S. Varadarajan: Linear meromorphic differential equations: A modern point of view, Bull.

Amer. Math. Soc. 33 (1996), 1–42.

[Va] A. Varchenko: Multidimensional hypergeometric functions and their appearance in conformal field theory, algebraic K-theory, algebraic geometry, etc., Proc. Internat. Congr. Math. (Kyoto, Japan, 1990), 281–300.

Ratios of Hypergeometric Functions 21

[Vu] M. Vuorinen: Conformal Geometry and Quasiregular Mappings, Lecture Notes in Math. 1319, Springer–Verlag, Berlin–New York, 1988.

[WW] E. T. Whittaker and G. N. Watson: A Course of Modern Analysis, 4th ed., Cambridge Univ.

Press, London, l958.

[WZ] H. S. Wilf and D. Zeilberger: An algorithmic proof theory for hypergeometric (ordinary and “q”) multisum/integral identities, Invent. Math. 108 (1992), 575–633.