ON CONVERGENCE THEOREMS FOR SPACE QUASIREGULAR MAPPINGS

V.Ya. Gutlyanskiǐ, O. Martio, V.I. Ryazanov, M. Vuorinen

Institute of Applied Mathematics and Mechanics NAS of Ukraine Department of Mathematics, University of Helsinki

June 5, 1996

Abstract. Convergence problems are studied for quasiregular mappings in space. We show the continuity of the injectivity radius for arbitrary continuous discrete sense–preserving mappings and prove a space version of the Strebel convergence theorem for the local dilatation. We give the Bers–Bojarski convergence theorem in terms of the matrix dilatation. We establish a sharp upper semicontinuity result for distortion coefficients in the mean. These theorems are used to give some extensions of Liouville’s theorem (Lavrentiev–Reshetnyak).

1. Introduction

Let f_j : D → R^n, n ≥ 2, be a sequence of quasiregular mapings converging locally uniformly to f. For n = 2 Strebel [St] established the inequality

K_f (x) ≤ lim sup_{j→∞} K_{fj} (x) a.e. (1.1)

where K_f (x) denotes the local dilatation of f at x,

K_f (x) = ‖f^′(x)‖^n/J_f (x) a.e. (1.2)

at each regular point x of f and K_f (x) = 1 at the rest of the points. Recently we proved in [GMRV] that (1.1) holds for all n ≥ 2. In this paper we show that (1.1) holds for quasiregular mappings, i.e. for nonhomeomorphic quasiconformal mappings, in R^n, n ≥ 2.

We shall also employ the normalized Jacobian matrix

M_f (x) = f^′(x)/J_f (x)^{1/n}, (1.3)

and the symmetrized normalized Jacobian matrix

G_f (x) = M^∗_f (x)M_f (x), (1.4)

1991 Mathematics Subject Classification. AMS (MOS) 30C55,60. 1

that we call the matrix dilatation and the dilatation tensor of the mapping f at x, respectively (see, e.g., [A_1], [A_2]).

We give a space version of the Bers–Bojarski convergence theorem for nonconstant Q–quasiregular mappings. This result states that if f_j (x) → f(x) locally uniformly and if the corresponding matrix dilatations M_{fj} (x) → M_0(x) a.e., then

M_f (x) = U(x)M_0 (x) a.e. (1.5)

where U(x), x ∈ D, belongs to the family O of orthogonal matrices (cf., e.g., [Be], [Bo], [LV]). As a natural consequence we deduce a well–known convergence theorem [IK] that says that if f_j (x) → f(x) locally uniformly and G_{fj} (x) → G_0(x) a.e., then

G_f (x) = G_0(x) a.e. (1.6)

Next we obtain the inequality ∫ E Φ(P_f (x))dx ≤ lim inf_{j→∞} ∫ E Φ(P_{fj} (x))dx (1.7)

for every measurable set E ⊂ D with 0 < mesE < ∞ and for every continuous nondecreasing convex function Φ(t) where (see, e.g., [Iw])

P_f (x) = K^{1n}�^1_f (x). (1.8)

This result is sharp in the sense that if Φ does not satisfy one of the above conditions, then ∫ E Φ(P_f (x))dx > lim sup_{j→∞} ∫ E Φ(P_{fj} (x))dx (1.9)

for some sequence of Q–quasiregular mappings. This is a motivation to make use of P_f (x) in the convergence theorems.

Since the composition of two continuous nondecreasing convex functions is a function with the same properties and since

K_f (x) = P^{n−1}_f (x), (1.10)

we deduce from (1.7) that ∫ E φ(K_f (x))dx ≤ lim inf_{j→∞} ∫ E φ(K_{fj} (x))dx (1.11)

for an arbitrary continuous nondecreasing convex function φ : [1, Q] → R^+.

Note that (1.11) implies the well–known result on the semicontinuity of the maximal dilatation (see, e.g., [Re_1])

K(f) ≤ lim inf_{j→∞} K(f_j ) where K(f) = ess sup_{x∈D} K_f (x).

The aforementioned convergence theorems provide us with a tool which can be used to study stability and injectivity problems for quasiregular mappings in space.

Let F be a locally bounded family of quasiregular mappings f : D → R^n, n ≥ 3.

Suppose that ρ and r are some metrics that generate in D the locally uniform convergence of mappings and the convergence in measure of their local dilatations, respectively. Then for any ε > 0 there exists a δ(ε) > 0 such that

r(1, K_f ) < δ (1.12)

implies ρ(f, φ) < ε (1.13) for some Möbius mapping φ in the space R^n, n ≥ 3. Choosing metrics in an appropriate form we easily recover some well–known stability theorems for quasiregular mappings in the space (see, for instance, [Re_1], [Re_2], [RK] and references therein).

It is well–known that for every n ≥ 3 there exists Q > 1 such that any nonconstant Q–quasiregular mapping f : D → R^n is a local homeomorphism (see [MRV_3], p. 24, [Gol]). We prove a similar statement concerning local injectivity on the compact sets when the local dilatation is close to 1 only in measure.

We complete the introduction by giving the definition of quasiregular mappings; here and later on D is a domain in R^n, n ≥ 2.

A mapping f : D → R^n is said to be Q–quasiregular if 1) f is continuous.

2) f ∈ W^1_{n,loc}(D), the Jacobian J_f (x) has the same sign a.e. and

‖f^′(x)‖^n ≤ Q|J_f (x)| a.e. (1.14)

Here ‖f^′(x)‖ denotes the usual matrix norm ‖f^′(x)‖ = sup_{|h|≤1} |f^′(x)h|. For simplicity, and without loss of generality, we will assume that

J_f (x) ≥ 0 a.e. in D. (1.15)

Recall that a point x_0 ∈ D is called a regular point of f : D → R^n if f is differentiable at x_0 and if J_f (x_0) ≠ 0. If f is a non-constant quasiregular mapping, then almost every point x is a regular point of f and hence, K_f (x) ≤ Q a.e. for a Q–quasiregular mapping f. Note that K_f (x) = 1 for a constant mapping.

For the theory of quasiregular mappings or mappings with bounded distortion, see [MRV_{1−3}], [Re_1], [Vu].

2. Continuity of the injectivity radius

In what follows we assume that all mappings f : D → R^n, n ≥ 1, are continuous. We say a domain S ⊂ D is a compact subdomain of D and write S ∈ J(D) if its closure S is a compact subset of D. Denote by μ(y, f, S) the topological index of the triple (y, f, S) f : D → R^n, S ∈ J(D), y ∈ R^n \ f(∂S). (2.1) See [RR], or [Re_1], p. 40–46 and [FG], for the definition of μ(y, f, S). We need the following property of μ(y, f, S); this is an immediate consequence of [FG], Theorem 2.3.

2.2. Lemma. Suppose that f_j : D → R^n, j = 1, 2, . . . , is a sequence of functions such that f_j → f locally uniformly in D. If S ∈ J(D) and if C is a compact subset of D such that f(C) ∩ f(∂S) = ∅, then there is j_0 such that μ(f_j (x), f, S) = μ(f(x), f, S) (2.3) for all x ∈ C.

A mapping f : D → R^n is said to be sense–preserving (sense–reversing) if μ(y, f, S) > 0 (μ(y, f, S) < 0) for all y ∈ f(S) \ f(∂S) and all S as above. It is well–known that if f is one–to–one then f is either sense–preserving or sense– reversing and, moreover, μ(y, f, S) ≡ 1 or μ(y, f, S) ≡ −1, respectively (see [RR], p. 133–134).

A mapping f is called discrete if the set f^{−1}(y) consists of isolated points for every y ∈ f(D). A mapping f is called open if f(A) is open whenever A ⊆ D is open.

Note that nonconstant quasiregular mappings are discrete, open and sense– preserving (see, e.g., [Re_1], [MRV_1]).

If f is discrete, then the topological index μ(f(x), f, S) is independent of the choice of a compact subdomain S ⊂ D with S̄ ∩ f^{−1}(f(x)) = {x} and it is then denoted by i_f (x) (see [MRV_1], p. 6).

We need the following formula (cf., e.g., [RR], p. 126, [Vu], p. 123)

μ(y, f, S) = k∑ l=1 i_f (x_l) (2.4)

that holds for discrete mappings f : D → R^n where {x_1, . . . , x_k } = S ∩ f^{−1}(y).

Let f : D → R^n, A ⊂ D, y ∈ R^n, and N(y, f, A) be the number of points in A ∩ f^{−1}(y). We set N_f (A) = sup N(y, f, A) over y ∈ R^n. If a mapping f is continuous, open, discrete and sense–preserving, then every point x ∈ D has a neighborhood V such that N_f (U) = i_f (x) for all neighborhoods U ⊂ V of x. Moreover, x ∈ D \ B_f if and only if i_f (x) = 1 (see [MRV_1], p. 11).

Here the branch set B_f of f is the set of all points of D at which f fails to be a local homeomorphism. Note that by the definition D \ B_f is an open set. If f is simultaneously open and discrete then, by the well-known Černavskii theorem, dimB_f ≤ n − 2 (see, e.g., [C_1], [C_2], [V]). Hence D \ B_f is connected [HW], i.e. D \ B_f is a domain.

For every mapping f : D → R^n and x ∈ D we define the radius of injectivity R_f (x) of f at x as the supremum over all ρ > 0 such that f(x_1) ≠ f(x_2) for x_1 ≠ x_2 in the ball B_ρ(x) = {z ∈ R^n : |x − z| < ρ} where B_ρ(x) ⊆ D.

2.5. Theorem. Let f and f_j : D → R^n, n ≥ 2, be continuous discrete sense– preserving (sense–reversing) mappings. If f_j → f locally uniformly as j → ∞ then for every x ∈ D :

R_f (x) = lim_{j→∞} R_{fj} (x). (2.6)

Moreover, the limit (2.6) is locally uniform with respect to the parameter x ∈ D.

In particular, choosing special sequences f_j (x) = f(x + x_j − x_0), x_j → x_0 ∈ D, we obtain the following consequence of Theorem 2.5.

2.7. Corollary. Let f : D → R^n be continuous, discrete and sense–preserving. Then the injectivity radius R_f (x) is a continuous function of x ∈ D.

Proof of Theorem 2.5. Without loss of generality we may assume that the mappings are sense–preserving.

1) First we show the upper semicontinuity of the injectivity radius R_f (x) with respect to f, i.e. for every fixed x_0 ∈ D the following inequality holds :

R_f (x_0) ≤ lim inf_{j→∞} R_{fj} (x_0). (2.8)

If R_f (x_0) = 0, then (2.8) is obvious. Let 0 < r_2 < r_1 < r_0 = R_f (x_0), S = B_{r1} (x_0)), C = B_{r2} (x_0).

Since f is injective in S then f(C) ⊂ f(S) \ f(∂S) and by Lemma 2.2 for all j ≥ j_0 and x ∈ C μ(f_j (x), f_j , B_{r1} (x_0)) = μ(f(x), f, B_{r1} (x_0)) = 1. (2.9)

If there exist x_1 ≠ x_2 ∈ B_{r2} (x_0) such that f_j (x_1) = f_j (x_2) for some j ≥ j_0 then in view of (2.4)

μ(f_j (x_1), f_j , B_{r1} (x_0)) ≥ i_{fj} (x_1) + i_{fj} (x_2) ≥ 2

because f_j are sense–preserving. However, this inequality contradicts (2.9). We hence obtain (2.8) in view of arbitrariness of 0 < r_2 < r_1 < r_0.

2) In the same way the lower semicontinuity is shown :

R_f (x_0) ≥ lim sup_{j→∞} R_{fj} (x_0). (2.10)

The lower semicontinuity is obvious if the limit on the right hand side is equal 0 and we need only to consider the case lim sup j→∞ R_{fj} (x_0) = r > 0.

Let us suppose that f(x_1) = f(x_2) = y for some x_1 ≠ x_2 ∈ B_r(x_0). Since f is discrete, there exists r_1 ∈ (r_0, r) where r_0 = max{|x_1 − x_0|, |x_2 − x_0|} such that y ∈ R^n \ f(∂B_{r1} (x_0)) and by formula (2.4) we have μ(y, f, B_{r1} (x_0)) ≥ i_f (x_1) + i_f (x_2) ≥ 2 (2.11) because f is sense–preserving. Let r = lim_{k→∞} R_{fjk} (x_0), where f_{jk} , k = 1, 2, . . . are injective in B_{r1} (x_0). Then μ(y, f_{jk} , B_{r1} (x_0)) = 1 and by Lemma 2.2 μ(y, f_{jk} , B_{r1} (x_0)) = μ(y, f, B_{r1} (x_0)) for k ≥ k_0. Thus, μ(y, f, B_{r1} (x_0)) = 1.

This relation contradicts (2.11). Hence (2.10) holds.

3) The inequalities (2.8) and (2.10) imply the equality (2.6) for every fixed x = x_0.

4) The limit (2.6) is locally uniform in x ∈ D. Indeed, let us suppose that there exist a compact subset C ⊂ D and a sequence x_j ∈ C such that |R_{fj} (x_j ) − R_f (x_j )| ≥ ε > 0 (2.12) and x_j → x_0 ∈ C. Then F_j (x) = f_j (x_j + x) → F (x) = f(x_0 + x) as j → ∞ locally uniformly and by 3) we obtain that R_{Fj} (0) → R_F (0). This conclusion contradicts the assumption (2.12).

2.13. Remark. The upper semicontinuity (2.8) of the injectivity radius was first established in [Sar] for locally homeomorphic quasiregular mappings f : B_1(0) → R^n, n ≥ 3. 3. The pointwise behavior of dilatations

We start with the basic result on the semicontinuity property of the local dilatations for quasiregular mappings.

3.1. Theorem. Suppose that f_j : D → R^n, n ≥ 2, j = 1, 2, . . . , is a sequence of Q–quasiregular mappings of D into R^n and that f_j → f locally uniformly. Then the inequality K_f (x) ≤ lim sup_{j→∞} K_{fj} (x) (3.2)

holds for almost all x ∈ D.

Proof. By the Reshetnyak theorem [Re_1, p.180], f is quasiregular. If f is constant, then K_f (x) = 1 and (3.2) is immediate. Thus we may assume that all the mappings f and f_j , j = 1, 2, . . . , are non–constant.

The branch set B_f of the non–constant quasiregular mapping f is of measure zero [MRV_1] and a closed subset of D. By Theorem 2.5 each x ∈ D \ B_f has a neighborhood U and j_0 such that f and every f_j , j ≥ j_0, are injective in U. Thus f and f_j , j ≥ j_0, are Q–quasiconformal in U and (3.2) follows from the corresponding result for quasiconformal mappings, see [St] for n = 2 and [GMRV] for n ≥ 3, and from the fact that m(B_f ) = 0. The proof is complete.

Theorem 3.1, together with the Liouville theorem [Re_1, Theorem 5.10], immediately implies

3.3. Corollary. Let f_j : D → R^n, n ≥ 3, j = 1, 2, . . . , be a sequence of Q– quasiregular mappings such that f_j → f locally uniformly in D and that K_{fj} (x) → 1 a.e. Then f is a constant or a Möbius transformation.

3.4. Remark. The conclusion of Corollary 3.3 holds if K_{fj} (x) → 1 in measure only.

In what follows we shall employ the matrix dilatation M_f (x) and the dilatation tensor G_f (x) of f at x. If x is a regular point of f, then M_f (x) = f^′(x)/J_f (x)^{1/n}; we let M_f (x) = I = the identity matrix at the rest of the points. Therefore, the equality G_f (x) = M^∗_f (x)M_f (x) defines the dilatation tensor of f. Here, as usual, M^∗ denotes the transpose of M.

It is clear that det M_f (x) = 1 = det G_f (x) (3.5)

at every point x and K_f (x) = ‖M_f (x)‖^n a.e. (3.6)

provided that f is quasiregular.

The dilatation tensor has an additional symmetry,

G^∗_f (x) = G_f (x). (3.7)

However, the matrix dilatation is more convenient because of the multiplicativity property with respect to the compositions of mappings,

M_{f∘g} (x) = M_f (g(x))M_g (x) a.e., (3.8)

if f and g are quasiregular and if f ∘ g is well defined.

3.9. Theorem. Let f and f_j : D → R^n, n ≥ 2, j = 1, 2, . . . , be Q–quasiregular mappings, and let M and M_j be their matrix dilatations, respectively. Suppose that f_j → f locally uniformly and that U_j (x)M_j (x) → M_0(x) a.e. for some sequences of orthogonal matrices U_j (x). Then

M(x) = U(x)M_0 (x) a.e., (3.10)

where U(x) are an orthogonal matrices.

Proof. Let A_m : R^n → R^n, m = 1, 2, . . . be an enumeration of the matrices whose entries consist of rational numbers and which satisfy detA_m = 1. Then each A_m defines a quasiconformal affine mapping R^n → R^n.

By the chain rule the matrix dilatations N and N_j of the mappings f ∘ A^{−1}_m and f_j ∘ A^{−1}_m are N(y) = M(A^{−1}_m y)A^{−1}_m and N_j (y) = M_j (A^{−1}_m y)A^{−1}_m ,

respectively.

Now f_j ∘ A^{−1}_m → f ∘ A^{−1}_m locally uniformly, and from Theorem 3.1 and (3.6) we obtain ‖M(x)A^{−1}_m ‖ ≤ lim sup_{j→∞} ‖M_j (x)A^{−1}_m ‖ (3.11)

a.e. for all m = 1, 2, . . . . Because the set of matrices A_m, m = 1, 2, . . . , is dense in the space of all the matrices with the determinant 1 we have

‖M(x)M^{−1}_0 (x)‖ ≤ lim sup_{j→∞} ‖M_j (x)M^{−1}_0 (x)‖ a.e., (3.12)

and thus, ‖M(x)M^{−1}_0 (x)‖ = 1 a.e. (3.13)

because U_j (x)M_j (x) → M_0(x) a.e. Now (3.13), together with the normalization, imply that U(x) = M(x)M^{−1}_0 (x) is an orthogonal matrix as required.

In what follows, for an arbitrary matrix M, denote

G = M^∗M (3.14)

where M^∗ is the transpose of M. First of all, we observe the following algebraic fact.

3.15. Remark. Let M_1 and M_2 be real nonsingular square matrices. Then

G_2 = G_1 (3.16)

if and only if M_2 = UM_1 (3.17) where U ∈ O(n).

Here we write U ∈ O(n) if a matrix U is orthogonal, i.e. U^∗U = I = UU^∗ Geometrically (3.17) means that G determines M from (3.14) up to left rotations.

Indeed, (3.17) implies G_2 = M^∗_2 M_2 = M^∗_1 U^∗UM_1 = M^∗_1 M_1 = G_1.

Conversely, let (3.16) take place. Then for M = M_1M^{−1}_2 we have G = M^∗M = (M^∗_2 )^{−1}M^∗_1 M_1M^{−1}_2 = (M^∗_2 )^{−1}G_1M^{−1}_2 = = (M^∗_2 )^{−1}G_2M^{−1}_2 = (M^∗_2 )^{−1}M^∗_2 M_2M^{−1}_2 = I i.e. M is an orthogonal matrix.

Further, applying the well–known diagonalization theorem for the symmetric matrices and the continuous dependence of the roots for the characteristic polynomial we conclude the following 3.18. Lemma. Let M_j , j = 0, 1, 2, . . . , be real nonsingular square matrices. Then lim_{j→∞} G_j = G_0 (3.19) is equivalent to lim_{j→∞} U_j M_j = M_0 (3.20) for some orthogonal matrices U_j .

Here the convergence of matrices is understood in the element–wise sense. Proof. Indeed, (3.20) obviously implies (3.19) because G_j = M^∗_j M_j = M^∗_j U^∗_j U_j M_j = (U_j M_j )^∗(U_j M_j ).

Conversely, let (3.19) take place. Then for N_j = M_j M^{−1}_0 we have D_j = N^∗_j N_j = (M^∗_0 )^{−1}M^∗_j M_j M^{−1}_0 = (M^∗_0 )^{−1}G_j M^{−1}_0 → (M^∗_0 )^{−1}G_0M^{−1}_0 = I as j → ∞ element–wise.

It is well–known from algebra (see, e. g., [Bell], p. 54) that D_j = V^∗_j Λ^2_j V_j where V_j ∈ O(n), j = 0, 1, 2, . . . , and Λ^2_j are diagonal matrices with eigenvalues of D_j on their diagonals. By Remark 3.15 N_j = W_j Λ_jV_j where W_j ∈ O(n), j = 1, 1, 2, . . . . Further, the eigenvalues of D_j are roots of the so–called characteristic equations for D_j where the coefficients are continuous functions of the elements of D_j (see, e.g.,[Bell], p.34). Next, in view of the continuous dependence of roots of polynomials from their coefficients (see, e.g., [HJ], p. 634) we obtain that Λ_j → I as j → ∞.

Now, set U_j = V_j^∗W_j^∗ ∈ O(n). (3.21)

Then the maximal element of the matrix

Δ_j = U_j N_j − I = V^∗_j (Λ_j − I)V_j

does not exceed the maximal element of the matrix (Λ_j − I) because V_j ∈ O(n). Thus, we obtain (3.20) with U_j given by (3.21).

¿From Lemma 3.18 we arrive at the following consequence of Theorem 3.9, which was first established in [IK].

3.22. Corollary. Let f and f_j : D → R^n, n ≥ 2, j = 1, 2, . . . , be Q–quasiregular mappings and let G and G_j be their dilatation tensors, respectively. Suppose that f_j → f locally uniformly and that G_j (x) → G_0(x) a.e. as j → ∞. Then

G(x) = G_0(x) a.e. (3.23)

4. Semicontinuity of dilatations in mean

We recall that the distortion coefficient P_f (x) was defined as P_f (x) = K^{1n}�^1_f (x). The behavior of P_f (x) is better than that of K_f (x), see [Iw]. The main result of this section is the following sharp result; in Section 5 we show that all the assumptions on Φ are necessary.

4.1. Theorem. Let f_j : D → R^n, n ≥ 2, j = 1, 2, . . . , be Q–quasiregular mappings and let Φ : [1, Q^{1/(n−1)}] → [0, ∞), Q > 1, be a continuous, nondecreasing and convex function. If f_j → f locally uniformly in D, then ∫ E Φ(P_f )dx ≤ lim inf_{j→∞} ∫ E Φ(P_{fj} )dx (4.2)

on every measurable set E ⊂ D with m(E) < ∞.

Before proving Theorem 4.1 we state some of its consequences. Let φ : [1, Q] → [0, ∞) be continuous, nondecreasing and convex. Then Φ(t) = φ(t^{n−1}) satisfies the assumptions in Theorem 4.1. Since K_f (x) = P^{n−1}_f (x), we obtain the following result from Theorem 4.1.

4.3. Theorem. Let f_j and f be as in Theorem 4.1. Then ∫ E φ(K_f )dx ≤ lim inf_{j→∞} ∫ E φ(K_{fj} )dx (4.4)

for every measurable set E ⊂ D with m(E) < ∞.

Choosing φ appropriately we obtain from Theorem 4.3 the following corollaries; f_j and f are as in Theorem 4.1 and E ⊂ D with m(E) < ∞. 4.5. Corollary. If p ≥ 1, then

‖K_f (x) − 1‖_Lp_{(E)} ≤ lim inf_{j→∞} ‖K_{fj} (x) − 1‖_Lp_{(E)} .

4.6. Corollary. The dilatation K_f has the lower semicontinuity property ∫ E K_f dx ≤ lim inf_{j→∞} ∫ E K_{fj} dx.

The proof for Theorem 4.1 is based on the following lemma. This lemma is a generalization of a corresponding lemma in [GMRV] where K_f (x) is considered instead of P_f (x).

4.7. Lemma. Let f, f_j : D → R^n, n ≥ 2, j = 1, 2, . . . , be quasiconformal mappings. If f_j → f locally uniformly, then

P_f (x) ≤ lim inf_{h→0} lim inf_{j→∞} 1 h^n ∫ C(x,h) P_{fj} (y)dy

at every regular point x ∈ D of f. Here C(x, h) is the open cube centered at x with edge length h > 0 and oriented along the principal axes of the quadratic form (f^′(x)z, f^′ (x)z).

4.8. Remark. Lemma 4.7 holds for general ACL homeomorphisms, but then the local dilatation P_f (x), and the Jacobian J_f (x), must be interpreted in a more general way.

Proof for Lemma 4.7. We may assume that x = 0, f(0) = 0, and f_j (0) = 0, j = 1, 2, . . . . Let e_1, . . . , e_n be an orthonormal basis in R^n formed by the eigenvectors of f^′(0)^∗f^′(0). Now f^′(0)B(0, 1) is an ellipsoid whose semiaxes λ_1 ≤ λ_2 ≤ · · · ≤ λ_n are the positive square roots of the corresponding eigenvalues of f^′(0)^∗f^′(0). We also abbreviate C(h) = C(0; h). For ε > 0 we can choose δ = δ(ε) > 0 such that for h ∈ (0, δ) and for all y ∈ C(h) |f(y) − f^′(0)y| < hε since f is differentiable at 0. Since f_j → f locally uniformly, we have for all y ∈ C(h) |f_j (y) − f^′(0)y| < hε (4.9) for j > j_0. The set f^′(0)C(h) is the rectangular parallelopiped (−λ_1h/2, λ_1h/2) × · · · × (−λ_nh/2, λ_nh/2) where the edges are directed along the basis vectors ẽ_1, . . . , ẽ_n, of R^n

ẽ_i = f^′(0)e_i |f^′(0)e_i| , i = 1, 2, . . . , n, that are orthogonal in view of the choice of the e_1, . . . , e_n. Inequality (4.9) yields that the points f_j (y), y ∈ C(h), all lie in the parallelopiped (−( λ_1 2 + ε)h, ( λ_1 2 + ε)h) × · · · × (−( λ_n 2 + ε)h, ( λ_n 2 + ε)h). Here R^n is again equipped with the basis ẽ_1, . . . , ẽ_n. Thus

mes(f_j (C(h))) ≤ h^n(λ_1 + 2ε)(λ_2 + 2ε) · · · (λ_n + 2ε). (4.10)

Further, by the Lebesgue theorem for the locally finite measures (see [S], p. 115, 119) we obtain from (4.10) the inequality ∫ C(h) J_{fj} (y)dy ≤ mes(f_j (C(h))) ≤ h^n[J_f (0) + △(ε)] (4.11)

where △(ε) → 0 as ε → 0 because J_f (0) = λ_1λ_2 . . . λ_n.

Next consider the (n − 1)–dimensional cube C^∗(h) with center at x = 0 and edges (length h) oriented along e_1, . . . , e_{n−1}. Consider a segment l(z), z ∈ C^∗(h), perpendicular to C^∗(h) inside C(h) and write l_j (z) for the length of the curve f_j (l(z)). Since f is ACL, we have

l_j(z) = h/2∫ −h/2 |f^′_j (z, y_n)e_n|dy_n (4.12)

for almost every z ∈ C^∗(h) with respect to the (n − 1)–dimensional Lebesgue measure. On the other hand, (4.9) implies l_j (z) ≥ (|f^′(0)e_n| − 2ε)h = (λ_n − 2ε)h. Hence (4.12) yields_{h/2} ∫ −h/2 |f^′_j (z, y_n)e_n|dy_n ≥ h(λ_n − 2ε)

for a.e. z ∈ C^∗(h). Integrating over C^∗(h) and using the Fubini theorem we obtain ∫ C(h) |f^′_j (y)e_n|dy ≥ h^n(λ_n − 2ε). (4.13)

Next the Hölder inequality gives ∫ C(h) |f^′_j (y)e_n|dy ≤ ∫ C(h) ‖f^′_j (y)‖dy ≤ ∫ C(h) K^{1/n}_{fj} (y)J^{1/n}_{fj} (y)dy (4.14)

≤ ( ∫ C(h) K^{1n}�^1_{fj} (y)dy ) n�1_n ( ∫ C(h) J_{fj} (y)dy ) 1_n . Here the equality ‖f^′_j (y)‖^n = K_{fj} (y)J_{fj} (y) a.e. has also been used. Now (4.14) together with (4.11) and (4.13) yield ( (λ_n − 2ε)^n J_f (0) + △(ε)

) 1_n�_1 ≤ 1 h^n ∫ C(h) K^{1n}�^1_{fj} (y)dy.

Letting first j → ∞ and then h → 0 and finally ε → 0 we complete the proof. 4.15. Lemma. Let f, f_j and Φ be as in Theorem 4.1. Then at every regular point x ∈ D of f we have

Φ(P_f (x)) ≤ lim inf_{h→0} lim inf_{j→∞} 1 h^n ∫ C(x,h) Φ(P_{fj} (y))dy, (4.16)

where C(x, h) is as in Lemma 4.7.

Proof. Let x be a regular point of f. Then x does not belong to the branch set B_f of f, see [MRV_1, Lemma 2.14]. By Lemma 2.5 there is a neighborhood U of x such that f and f_j , j ≥ j_0, are Q–quasiconformal in U. Now (4.16) follows from Lemma 4.7 and from the Jensen inequality for convex functions.

We shall also employ the following discrete variant of the Fatou lemma, see e.g. [S].

4.17. Lemma. If a_{mj} ≥ 0, m, j = 1, 2, . . . , then ∞∑ m=1 lim inf j→∞ a_{m,j} ≤ lim inf_{j→∞} ∞∑ m=1 a_{m,j} . Proof for Theorem 4.1. If f is a constant, then there is nothing to prove. Otherwise f is a non–constant Q–quasiregular mapping and hence almost every point x ∈ D is a regular point of f. Now

lim_{h→0} 1 h^n ∫ C(x,h) Φ(P_f (y))dy = Φ(P_f (x)) (4.18)

at almost all points x ∈ D. Let E_0 consist of all irregular points of f and of the points where (4.18) does not hold. Then m(E_0) = 0 and for every ε > 0 and x ∈ E_0, Lemma 4.15 and (4.18) give δ = δ(x, ε) > 0 such that ∫ C(x,h) Φ(P_f (y))dy ≤ lim inf_{j→∞} ∫ C(x,h) Φ(P_{fj} (y))dy + εh^n holds for 0 < h < δ.

Let E ⊂ D be a measurable set. We choose an open set Ω ⊂ D such that Ω ⊃ E and m(Ω \ E) < ε. The collection of cubes C(x, h) ⊂ Ω, x ∈ Ω \ E_0, h < δ = δ(x, ε), is a Vitali covering of Ω \ E_0 and we can choose disjoint cubes C_m = C(x_m, h_m), m = 1, 2, . . . , from this covering such that m(Ω \ ∪C_m) = 0.

Applying Lemma 4.17 to the sequence a_{m,j} = ∫ C_m Φ(P_{fj} (y))dy we obtain ∫ Ω Φ(P_f (y))dy ≤ lim inf_{j→∞} ∫ Ω Φ(P_{fj} (y))dy + εm(Ω). Consequently, ∫ E Φ(P_f (y))dy ≤ lim inf_{j→∞} ∫ E Φ(K_{fj} (y))dy + ε(Φ(Q^{1n}�^1 ) + m(E) + ε)

and assuming m(E) < ∞ and letting ε → 0 we obtain (4.2) and complete the proof.

5. Some examples

The main goal of this section is to show that all the conditions for the function Φ in Theorem 4.1 are necessary. More precisely, the following theorem holds. 5.1. Theorem. Assume that Φ(t) : [1, q] → R^+, q = Q^{1/(n−1)}, n ≥ 2, does not satisfy one of the conditions of Theorem 4.1. Then there exists a sequence of Q– quasiconformal mappings f_j : D → R^n, j = 0, 1, 2, . . . , f_j → f_0 as j → ∞ such that ∫ E Φ(P_{f0} (x))dx > lim sup_{j→∞} ∫ E Φ(P_{fj} (x))dx (5.2)

for every measurable set E ⊆ D, 0 < mesE < ∞.

Proof of Theorem 5.1 is based on the following two lemmas.

5.3. Lemma. Let τ_1, τ_2 ∈ [1, ∞) and Λ ∈ [0, 1] be arbitrary numbers. Then there exists a sequence F_j , j = 1, 2, . . . , of quasiconformal mappings of the space

R^n, n ≥ 2, onto itself with the distortion coefficient Pj (x) taking only two values

τ_1 and τ_2 that converges locally uniformly to an affine quasiconformal mapping F_0 with the distortion coefficient P_0(x) = τ_0 = Λτ_1 + (1 − Λ)τ_2 (5.4) Moreover, simultaneously for all the functions φ : [1, ∞) → R and for all the measurable sets E ⊂ R^n with 0 < mesE < ∞

lim sup j→∞ 1 mesE ∫ E φ(P_j (x))dx = Λφ(τ_1) + (1 − Λ)φ(τ_2). (5.5)

Here the compositions φ(P_j (x)) are always measurable because P_j (x) take only two values.

5.6. Lemma. Let τ_1, τ_2, 1 ≤ τ_1 ≤ τ_2 < ∞ be arbitrary numbers and Λ ∈ [0, Λ_0] where Λ_0 = τ_2 − 1 τ_2 − 1/τ^{n−1}_1

. (5.7)

Then there exists a sequence of Q–quasiconformal mappings of the space R^n onto itself F_j , j = 1, 2, . . . , with the distortion coefficients P_j (x) taking only two values τ_1 and τ_2 that converges locally uniformly to an affine quasiconformal mapping F_0 with the distortion coefficient

P_0(x) = τ_0 = Λ/τ^{n−1}_1 + (1 − Λ)τ_2. (5.8)

Moreover, simultaneously for all the functions φ(t) : [1, ∞) → R and for all the measurable sets E ⊂ R^n with 0 < mesE < ∞, the equality (5.5) holds.

The choice of the constant Λ_0 from (5.7) is only defined by the natural condition which guarantees that τ_0 ≥ 1 in (5.8). We have the following interesting consequences.

5.9. Corollary. Let t_1, t_2, 1 ≤ t_1 < t_2 < ∞, be arbitrary numbers. Then there exists a sequence of quasiconformal mappings F_j : R^n → R^n, n ≥ 2, with the distortion coefficient P_j (x) = t_2 a.e. such that F_j → F_0 locally uniformly as j → ∞ where F_0 : R^n → R^n is a quasiconformal mapping with the distortion coefficient P_0(x) = t_1 a.e.

Indeed, setting in Lemma 5.6 τ_1 = τ_2 = t_2 and Λ = t_2 − t_1 t_2 − 1/t^{n−1}_2

(5.10)

we obtain in (5.8) τ_0 = t_1.

In particular, from the Corollary 5.9 and the Liouville theorem we obtain the following result:

5.11. Corollary. For each Q ≥ 1 there exists a sequence of quasiconformal mappings F_j : R^n → R^n, n ≥ 2, with K_j (x) = Q, j = 1, 2, . . . a.e. such that F_j → F_0 as j → ∞ where F_0 : R^n → R^n is a similarity.

Renormalizing we obtain from Corollary 5.11

5.12. Corollary. For each n ≥ 2 there exists a sequence of quasiconformal mappings F_j : R^n → R^n with K_j (x) = Q_j , j = 1, 2, . . . a.e. where Q_j → ∞ as j → ∞ such that F_j (x) → x as j → ∞ locally uniformly.

Note that a similar result is well–known in the plane (see, e.g., [LV], p. 195–196).

Proof of Theorem 5.1. First, it is sufficient to consider the case D = R^n. Further, it is well–known that an arbitrary convex function Φ given in [1, q] is continuous on (1, q) and Φ(1 + 0) ≤ Φ(1), Φ(q − 0) ≤ Φ(q) (see [B]). If Φ(t) is simultaneously nondecreasing then Φ(1 + 0) = Φ(1). Thus, such a function is not continuous only when Φ(q − 0) < Φ(q). (5.13)

1. If there exists a pair of numbers t_1, t_2 with 1 ≤ t_1 < t_2 ≤ q such that Φ(t_1) > Φ(t_2) then by Corollary 5.9 we obtain (5.2) for the corresponding sequence.

2. Let Φ be nondecreasing and there exist numbers t_1, t_2 with 1 ≤ t_1 < t_2 ≤ q and Λ ∈ (0, 1) such that

ΛΦ(t_1) + (1 − Λ)Φ(t_2) < Φ(Λt_1 + (1 − Λ)t_2). (5.14)

Then by Lemma 5.3 we again obtain (5.2).

3. Finally, let Φ be nondecreasing and convex and let (5.13) take place, i.e. for every sequence t_j ∈ [1, q], j = 1, 2, . . . , t_j → t_0 = q as j → ∞,

lim sup j→∞ Φ(t_j ) < Φ(q). (5.15)

Then for the sequence of the quasiconformal stretchings y = f_j (x) given by the component description

y^{(j)}_l = x_l, l = 1, 2, . . . , n − 1, (5.16)

y^{(j)}_n = t_j x_n, j = 0, 1, 2, . . . (5.17)

the inequality (5.2) takes place.

The proof is completed in view of the well–known logical formula: A ∨ B ∨ C = A ∨ (B ∧ ¬A) ∨ (C ∧ ¬A ∧ ¬B). Proof of Lemma 5.3. First, consider the following affine quasiconformal mappings

of R^n onto itself, y = gs(x), s = 0, 1, 2, with the component description y_l = x_l, l = 1, 2, . . . , n − 1, (5.18) y^{(s)}_n = τ_sx_n, s = 0, 1, 2, (5.19)

respectively, i.e. stretchings along the axis x_n. Their distortion coefficients P_{gs} are equal to τ_s, s = 0, 1, 2.

Let us fix a positive integer j and use the hyperplanes given parametrically by

x = z_{mj} (ζ) = ζ + m 2^j e_n, ζ ∈ R^{n−1} , (5.20)

where m = 0, ±1, ±2, . . . , to partition the whole space R^n into hyperstrips. Each such strip is partitioned, in turn, into two hyperstrips by hyperplanes of the form

x = z^∗_{mj} (ζ) = ζ + ( m 2^j + Λ 2^j ) e_n, ζ ∈ R^{n−1}. (5.21)

Here, as usual, R^{n−1} is identified with hyperplane in R^n, x_n = 0, and e_n denotes the corresponding vector from an orthonormal base of R^n.

Between the hyperplanes z_{0j} and z^∗_{0j} we set F_j (x) = g_1(x). In all the remaining hyperstrips we define F_j (x) = g_s(x) + c^s_{mj} e_n, where s = 1 or 2 (between the hyperplanes z_{mj} and z^∗_{mj} we take s = 1 and s = 2 between the hyperplanes z^∗_{mj} and z_{(m+1)j}) and the constants c^{(s)}_{mj} are found for any particular j by induction on m on both sides of zero (m = 0, ±1, ±2, . . . ) from the gluing condition.

Note that in the hyperstrips between the hyperplanes z_{mj} and z^∗_{mj} we have P_j (x) = τ_1 while in hyperstrips between the hyperplanes z^∗_{mj} and z_{(m+1)j} we have P_j (x) = τ_2.

Under Δx^{(s)} = h_se_n, h_s > 0, s = 0, 1, 2 we have

Δg_s = τ_sh_se_n. (5.22)

We thus obtain that

ΔF_j = 1 2^j

(Λτ_1 + (1 − Λ)τ_2) = 1 2^j τ_0 = Δg_0 (5.23)

for Δx = 2^{−j} e_n (it suffices to choose h_0 = 2^{−j} , h_1 = Λ2^{−j} and h_2 = (1 − Λ)2^{−j} ). This shows, in particular, that F_j (x) = g_0(x) on the hyperplanes of subdivision z_{mj} for m = 0, ±1, ±2, . . . ; j = 1, 2, . . . . It is thus obvious that on the set of all points on the hyperplanes z_{mj} (ζ), ζ ∈

R^{n−1}, m = 0, ±1, ±2, . . . , j = 1, 2, . . . which set is dense in R^n, the sequence Fj (x)

converges to the mapping F_0(x) = g_0(x), and consequently, it converges to F_0(x) locally uniformly in the whole space R^n because the family F_j (x), j = 0, 1, 2, . . . is thus obvious equicontinuous.

Finally, the relation (5.5) immediately follows from the measure partitioning among the values of τ_1 and τ_2 in the distortion coefficients P_j (x).

Proof of Lemma 5.6. The proof is similar to the proof of Lemma 5.3; in (5.19) now y^{(1)}_n = x_n/τ^{n−1}_1 .

6. Some applications

This section is devoted to applications of the convergence results. Our first theorem is similar to the stability results of Reshetnyak, see [Re_2] and [RK]. We assume that ρ and r are metrics that generate in D the local uniform convergence of Q–quasiregular mappings f : D → R^n and the convergence of their local dilatations K_f (x) in measure, respectively. Some examples of such metrics will be given in Remark 6.3.

6.1. Theorem. Let F be a locally bounded family of Q–quasiregular mappings f : D → R^n, n ≥ 3. Then for each ε > 0 there exists δ > 0 such that r(1, K_f ) ≤ δ implies ρ(f, φ) < ε for some Möbius transformation φ : R^n → R^n.

Proof. If the theorem does not hold, then for some ε > 0 and j = 1, 2, . . . there exists f_j ∈ F such that r(1, K_{fj} ) < 1/j and ρ(f_j , φ) ≥ ε (6.2) for all Möbius transformations φ.

Since F is normal (see, [MRV_2], p. 10), we may assume that f_j → f_0 ∈ F locally uniformly where f_0 is a quasiregular mapping (see, [Re_1], p. 180). Since K_{fj} (x) → 1 a.e. and since Theorem 3.1 yields

K_{f0} (x) ≤ lim sup_{j→∞} K_{fj} (x) a.e.,

we have K_{f0} (x) = 1 a.e.

Now there are two possibilities. First suppose that f_0 ≡ c. Choosing a sequence of Möbius transformations φ_j(x) = c + x/j we see that φ_j → c locally uniformly in D. Since f_j → f_0 locally uniformly, ρ(f_j , φ_j ) < ε for sufficiently large j. This contradicts (6.2). Next let f_0 be non–constant. Since n ≥ 3 and K_{f0} (x) = 1 a.e., the Liouville theorem implies that f_0 is a Möbius transformation. This again contradicts (6.2). The theorem follows.

6.3. Remark. It is easy to give examples of metrics ρ and r which can be used in Theorem 6.1 . For example, let C_m, m = 1, 2, . . . , be an exhaustion of D by compact sets. Set ρ(f, g) = ∞∑ m=1 g^{−m} ρ_m(f, g) 1 + ρ_m(f, g)

(6.4)

where ρ_m(f, g) = max_{Cm} |f(x) − g(x)|. Define similarly r(μ, ν) where ρ_m(f, g) in (6.4)

is replaced by r_m(μ, ν) = ∫ E_m |μ(x) − ν(x)|dx where E_m, m = 1, 2, . . . , is an exhaustion of D with measurable sets E_m, m(E_m) < ∞. The following theorem (see [MRV_3], p. 24, [Gol]) is well–known. For every n ≥ 3 there exists Q > 1 such that any nonconstant Q–quasiregular mapping f : D → R^n is a local homeomorphism.

We may formulate a similar statement on local injectivity on the compact sets when the dilatation is close to 1 only in measure.

6.5. Theorem. Let F be a sequentially compact family of nonconstant Q–quasiregular mappings f : D → R^n, n ≥ 3. Suppose that r is some metric that generates in D the convergence in measure of their local dilatations. Then for every compact subset C of D there exists a δ > 0 such that

r(1, K_f ) < δ (6.6)

implies the local injectivity of f in C.

Proof. Indeed, let us suppose that there exist a compact subset C of D and a sequence of points x_j ∈ C and a sequence of mappings f_j ∈ F with the injectivity radius R_{fj} (x_j ) = 0 (6.7)

such that r(1, k_j ) < 1/j (6.8) where k_j (x) = K_{fj} (x), j = 1, 2, . . . . In view of sequential compactness of the class

F and of the subset C we may without loss of generality assume that fj → f0 ∈ F

locally uniformly, k_j → 1 a.e. and x_j → x_0 ∈ C as j → ∞, too.

Then by Theorem 3.1 K_{f0} (x) = 1 a.e. and by the Liouville theorem f_0 is a Möbius mapping. Hence, by Theorem 2.5,

R_{fj} (x) → R_{f0} (x) (6.9)

as j → ∞ uniformly on C. Thus,

lim_{j→∞} min_{x∈C} R_{fj} (x) = min_{x∈C} d(C, ∂D) > 0. (6.10)

However, (6.10) contradicts (6.7). Thus, the proof is completed.

We intend to write a paper devoted to the local behavior of quasiregular mappings where the sequential approach plays a decisive role.

References

[A1] Ahlfors L., On a class of quasiconformal mappings, Osterreich. Acad. Wiss. Math. – Naturw. K1. S. BII 185 (1976), 5–10.

[Bell] Bellman R., Introduction to Matrix Analysis, McGraw–Hill book comp., New York etc., 1970.

[A2] Ahlfors L., Quasiconformal deformations and mappings in Rn, J. Analyse Math. 30 (1976), 74–97.

[Be] Bers L., On a theorem of Mori and the definition of quasiconformality, Trans. Amer.

Math. Soc. 84 (1957), 78–84.

[Bo] Bojarski B.V., Generalized solutions of a system of differential equations of first order and elliptic type with discontinuous coefficients, Mat. Sb. 43 (85) (1957), 451–503. (Russian) [B] Bourbaki N., Real variable functions, Nauka, Moskwa, 1965. (Russian) [C1] Černavskii A.V., On finite–to–one open mappings of manifolds, Mat. Sb. 65 (1964), 357–369. (Russian) [C2] Černavskii A.V., Finite–to–one open mappings of manifolds, Mat. Sb. 66 (1965), 471– 472. (Russian) [D] Dugundji J., Topology, Allyn and Bacon, Inc.,, Boston, 1966.

[DS] Dunford N., Schwarz J. T., Linear operators. General theory., Inostrannaya literatura, Moskwa, 1962. (Russian) [FG] Fonseca, I., Gangbo, W., Degree Theory in Analysis and Applications, Clarendon Press, Oxford, 1995.

[G] Gehring F., Rings and quasiconformal mappings in space, Trans. Amer. Math. Soc.

103 (1962), 353–393.

[Gol] Gol’dshtein V. M., On behavior of mappings with bounded distortion under distortion coefficient close to 1, Sibirsk. Mat. Zh. 12 (1971), 1250–1258.

[GMRV] Gutlyanskii V. Ya., Martio O., Ryazanov V. I., Vuorinen M., On asymptotical behavior of quasiconformal mappings in the space, (to appear).

[HLP] Hardy G.H., Littlewood J.E., Polya G., Inequalities, Cambridge University Press, Cambridge, 1934.

[HJ] Horn R.A., Johnson Ch.R., Topics in Matrix Analysis, Nauka, Moskva, 1992. (Russian) [HW] Hurewicz W., Wallman H., Dimension theory, Princeton University Press, Princeton, New Jersy, 1948.

[IK] Iwaniec T., Kopiecki R., Stability in the differential equations for quasiregular map-

pings, Lecture Notes in Math. 798 (1980), 203–214.

[Iw] Iwaniec T., Geometric function theory and partial differential equations, Lectures in

Seillac (France), May 27 – June 2 (1995), 1–41.

[LV] Lehto O. and K. Virtanen, Quasikonforme Abbildungen, Berlin etc.:, Springer–Verlag, 1965.

[M] Martio O., A capacity inequality for quasiregular mappings, Ann. Acad. Sci. Fenn. Ser.

A1 474 (1970), 1-18.

[MRV1] Martio O., Rickman S., Väisälä J., Definitions for quasiregular mappings, Ann. Acad.

Sci. Fenn. Ser. A1 448 (1969), 1-40.

[MRV2] Martio O., Rickman S., Väisälä J., Distortion and singularities of quasiregular mappings, Ann. Acad. Sci. Fenn. Ser. A1 465 (1970), 1-13.

[MRV3] Martio O., Rickman S., Väisälä J., Topological and metric properties of quasiregular mappings, Ann. Acad. Sci. Fenn. Ser. A1 488 (1971), 1-31.

[MSA] Martio O., Sarvas J., Injectivity theorems in plane and space, Ann. Acad. Sci. Fenn.

Ser. A1 4 (1978/1979), 383–401.

[MSR] Martio O., Srebro U., Universal radius of injectivity for locally quasiconformal mappings, Israel J. Math. 29 (1978), 17–23.

[RR] Rado T., Reichelderfer P.V., Continuous transformations in analysis, Springer–Verlag, 1955.

[Re1] Reshetnyak Yu. G., Space mappings with bounded distortion, Nauka, Sibirskoe otdelenie, 1982, Novosibirsk, Russian, AMS Translations of Math. Monographs Vol. 73, English, 1989.

[Re2] Reshetnyak Yu. G., Stability theorems in geometry and analysis, Nauka, Sibirskoe otdelenie, 1982, Novosibirsk, Russian, Translation into English Kluwer Academic Publishers, 1994.

[RK] Reshetnyak Yu. G., Kudryavtseva .N. A., On Stability of Möbius Transformations in Class of Mappings with Bounded Distortion, Sibirsk. Mat. Zh. 34 (1993), 85–90.

[RS] Rickman S., Srebro U., Remarks on the local index of quasiregular mappings, J. Analyse Math. 46 (1986), 246–250.

[S] Saks S., Theory of the integral, Dover Publ. Inc., New York, 1937. [Sar] Sarvas J., Coefficient of injectivity for quasiregular mappings, Duke Math. J. 43 (1976), 147–158.

[St] Strebel K., Ein Konvergenzsatz für Folgen quasikonformer Abbildungen, Comment.

Math. Helv. 44 (1969), 469–475.

[TY] Titus C.J., Young G.S., The extension of interiority, with some applications, Trans.

Amer. Math. Soc. 103 (1962), 329–340.

[TV] Tukia P., Väisälä J., A remark on 1–quasiconformal maps, Ann. Acad. Sci. Fenn. Ser.

A 10 (1985), 561–562.

[V] Väisälä J., Discrete open mappings on manifolds, Ann. Acad. Sci. Fenn. Ser. A 392 (1966), 1-10.

[Vu] Vuorinen M., Conformal Geometry and Quasiregular Mappings, Lecture Notes in Math.

1319 (1988), Springer-Verlag, Berlin-New York.

ul. Roze Luxemburg 74, 340114, Donetsk, Ukraine

P.O. Box 4 (Yliopistonk. 5), FIN–00014 University of Helsinki, Finland