UNIVALENCE AND CONVEXITY PROPERTIES FOR CONFLUENT HYPERGEOMETRIC FUNCTIONS

S. Ponnusamy and M. Vuorinen Department of Mathematics P.O. Box 4 (Yliopistonkatu 5) University of Helsinki FIN-00014, FINLAND.

e-mail: samy@geom.helsinki.fi e-mail: vuorinen@csc.fi

September 4, 1996

ABSTRACT. The authors determine conditions for close-to-convexity (and, in particular, univalence), convexity and starlikeness of confluent hypergeometric functions. Several new examples are considered for the univalence question for the series of the form f(z) = z + ∑_∞ n=2 a_nz^n especially when the coefficients a_n are real and non-negative for each n ≥ 2.

KEY WORDS. Confluent hypergeometric functions, univalent, convex and starlike functions. 1991 Mathematics Subject Classification. Primary 30C45; Secondary 33A30.

1. Introduction

A function f, analytic in the unit disc Δ, is said to be convex if it maps Δ conformally onto a convex domain. It is known that this holds if and only if f^′(0) ≠ 0 and Re(zf^{′′}(z)/f^′(z) + 1) > 0, for z ∈ Δ. If, in addition, Re ( 1 + zf^{′′}(z) f^′(z) ) > β, for some real 0 ≤ β < 1, then f is called convex of order β. The family of these functions is denoted by C(β). The analytic function f is starlike in Δ if it maps Δ conformally onto a starlike domain such that f(0) = 0. This geometric fact for the starlike function f holds if and only if f^′(0) ≠ 0 and Re(zf^′(z)/f(z)) > 0 for z ∈ Δ. Further f is called starlike of order β, 0 ≤ β < 1, if and only if Re ( zf^′(z) f(z) ) > β. The family of these functions is denoted by S^∗(β). For a detailed study of these classes and other classes of functions, we refer to the books by Pommerenke [19], Goodman [9] and Duren [6] and the detailed bibliography of Bernardi [4]. Denote by A the family consisting of functions of the form

f(z) = z + ∞∑ n=2 A_nz^n (1.1)

that are analytic in Δ. A function f ∈ A is said to be close-to-convex of order β, 0 ≤ β < 1, if there exists a convex function g such that Re ( e^{iγ} f^′(z) g^′(z) ) > β cos γ, for some real γ. The family of close-to-convex functions of order β is denoted by K(β). Some of our results in this paper concern K(β) where γ = 0. Clearly, every starlike (and hence convex) function is close-to-convex [6, Section 2.6, p. 46]. However, if f is starlike then it is not necessary that it will be close-to-convex with respect to any particular convex function. For instance, it is well-known that if f defined by (1.1) belongs to C then f need not be close-to-convex with respect to the identity function. Further, it was shown by MacGregor [16] that if Re f^′(z) > 1/2 in Δ then f(Δ_r), where Δ_r = {z ∈ C : |z| < r}, is convex only for r ≤ 1/ √ 2 and 1/ √ 2 cannot be replaced by a larger constant. We observe that the converse part of this observation fails under a stronger condition. In fact it is well known [8] that if f ∈ A satisfies the condition that |f^′(z) − 1| < λ for some λ larger than 2/ √ 5 then f need not even be starlike in Δ.

We prove in this paper univalence criteria for the Confluent (or Kummer) hypergeometric series

Φ(a; c; z) =_1F_1(a; c; z) = ∞∑ n=0 (a, n) (c, n)n! z^n, |z| < 1, where (a, 0) = 1, (a, n + 1) = (a + n)(a, n), n = 0, 1, 2, ..., and where we require that the denominators ≠ 0 that is c ≠ 0, −1, −2, −3, .... We give various univalence/starlikeness/convexity criteria for the function z_1F_1(a; c; z) in terms of inequalities between the two parameters a and c, see Theorems 1.3, 1.5, 1.8, 1.14, 5.1, 5.3. Next we recall some well known properties of Φ(a; c; z) which will be used in the sequel:

cΦ^′(a; c; z) = aΦ(a + 1; c + 1; z)

(1.2)

Φ(a; a; z) = e^z,

and if Re c > Re a > 0 then

Φ(a; c; z) =

Γ(c) Γ(a)Γ(c − a) ∫ 1 0 t^{a−1}(1 − t)^{c−a−1}e^{tz}dt. In [10] Kreyszig and Todd consider the radius of univalency question for the error function zΦ(1/2; 3/2; −z^2). Further, some properties were obtained for confluent case in [24] but none of them gives full information in terms of the coefficients a, c. The results of this paper provide more results of the same type, see Theorem 1.5 and Corollary 5.13. The authors in [22] used similar approach and obtained univalence results for the Gaussian hypergeometric series z_2F_1(a, b; c; z) and z_2F_1(a, b; c; z^2), where

2F_1(a, b; c; z) = ∞∑ n=0 (a, n)(b, n) (c, n)n! z^n, |z| < 1.

The Gaussian hypergeometric functions and its various generalizations play important role in science and engineering and have a lot of application both in pure and applied mathematics, see [25]. Various inequalities and the asymptotic behaviour concerning Gaussian hypergeometric functions have been analyzed in [3, 2] and in this paper we study the geometric properties of the confluent case in two different methods. The univalence question for the functions_2F_1(a, b; c; z) and_1F_1(a; c; z) has been considered in [20]. Lewis [14], using another approach, studied the order of starlikeness of_2F_1(a, b; c; z) and in [5] Carlson and Shaffer discussed similar problems related to the theory of convolution.

Now we state some of our results which will be used later in this paper. Because of the following basic (strict) inclusions C(0) ⊂ S^∗(0) ⊂ K(0) ⊂ S

Theorems 1.3, 1.5 and 1.14 give sufficient conditions for the univalence of the functions considered.

1.3. Theorem. If a > 0 and c ≥ max{(1 + a)/2, 2a} then zΦ(a; c; z) is close-to-convex with respect to − log(1 − z).

Theorem 1.3 could be restated equivalently in the following form.

1.4. Corollary. If a and c are real and satisfy one of the following conditions

(1) 0 < a ≤ 1/3 and c ≥ (1 + a)/2, or

(2) a ≥ 1/3 and c ≥ 2a,

then zΦ(a; c; z) is close-to-convex with respect to − log(1 − z).

By making use of the derivative formula (1.2) and Corollary 1.4 we see that if a ≠ 0 and c are real and satisfy one of the following conditions

(1) −1 < a ≤ −2/3 and c ≥ a/2, or

(2) a ≥ −2/3 and c ≥ 2a + 1,

then zΦ^′(a; c; z) is close-to-convex with respect to − log(1 − z). In particular, this shows that Φ^′(a; c; z) ≠ 0 in Δ if a, c are related by any one of the above two conditions (1) and (2).

1.5. Theorem. If a > 0 and c ≥ max{2(1 + a)/3, 3a} then zΦ(a; c; z^2) is close-to-convex with respect to^1_2 log((1 + z)/(1 − z)).

If we take a = 1/2 in Theorem 1.5, then we see that the generalized error function

zΦ(1/2; c; z^2) = z

Γ(c) √ πΓ(c − 1/2) ∫ 1 0 t^{−1/2}(1 − t)^{c−3/2}e^{tz2} dt (1.6)

is close-to-convex with respect to^1_2 log((1 + z)/(1 − z)) for c ≥ 3/2. In particular, the function zΦ(1/2; 3/2; z^2), and hence the error function Erf(z) defined by

Erf(z) = zΦ(1/2; 3/2; −z^2) = ∫ 1 0 e^{−t2} dt, (1.7) is close-to-convex with respect to^1_2 log((1+z)/(1−z)) in Δ. Later, in this paper, we also show that the function zΦ(1/2; c; z^2) and the error function zΦ(1/2; 3/2; −z^2) are starlike of some positive order.

In our next theorem we obtain conditions on a, c which would ensure that the function zΦ(a; c; z) is not only close-to-convex with respect to the convex function − log(1 − z) but is also starlike in Δ. For convenience, we denote by KS^∗ the family of functions in A which are close-to-convex with respect to − log(1 − z) and also starlike in Δ.

1.8. Theorem. Let a > 0 and

T_1(a) = a − 3 + √ a^2 + 26a + 29 4 , T_2(a) =

8a − 1 + √ 44a^2 + 164a + 61 10 , T_3(a) =

4a − 1 + √ 10a^2 + 2a + 1 2 . If c ≥ max{T_1(a), T_2(a), T_3(a)} then zΦ(a; c; z) is in KS^∗.

Our next result concerns the close-to-convexity property of the confluent hypergeometric function with respect to the identity function.

1.9. Theorem. Let a, c be real and 0 ≤ β < 1/2. Suppose that

c ≥ 1 + √ 1 + (a − β(a + 1))^2 1 − 2β . (1.10)

Then Re Φ(a; c; z) > β for z ∈ Δ.

For a > 0 we have the following interesting results:

1.11. Corollary. If a > 0, a ≠ 1 and c ≥ 1 + √ 1 + a^2, then

Re Φ(a; c; z) > 2a (1 + a)^2 , |z| < 1.

Proof. The result follows from Theorem 1.9. If we consider a > 0, a ≠ 1 and take β = 2a/(1 + a)^2 in Theorem 1.9, then the condition (1.10) becomes c ≥ 1 + √ 1 + a^2. Since β = 1/2 if and only if a = 1, the conclusion for this case follows a by limit process. 22

Taking β = a/(1 + a) in Theorem 1.9, we have

1.12. Corollary. If a ∈ (0, 1) and c ≥ 2 then

Re Φ(a; c; z) > a 1 + a , |z| < 1.

Corollaries 1.11 and 1.12 do not cover the case a = 1. In order to cover this case we form a result which is of independent interest. In fact, Theorem 1.9 is applicable only when 0 ≤ β < 1/2. Our next theorem deals with the situation where β = 1/2.

1.13. Theorem. If a and c are real such that a ≥ 1 and c ≥ 2a then

Re Φ(a; c; z) > 1 2 , for z ∈ Δ.

At this place it will be interesting to remark that every convex function f in the unit disc must satisfy the condition Re [f(z)/z] > 1/2 for z ∈ Δ, [6, Exercise 23, p. 72].

Because of the identity (1.2), Theorems 1.9 and 1.13 take the following equivalent forms.

1.14. Theorem. If a, c are real, a ≠ 0 and 0 ≤ β < 1/2 and c satisfies c ≥ √ 1 + (a + 1 − β(a + 2))^2 1 − 2β then Re ( c a Φ^′(a; c; z) ) > β, |z| < 1 and in particular the function^c_a [Φ(a; c; z) − 1] is close-to-convex (with respect to the identity function) of order β.

1.15. Theorem. If a, c are real, a > 0 and c ≥ 2a + 1, then Re ( Φ^′(a; c; z) ) > a 2c , |z| < 1.

As a special case of Theorem 1.14 we have the following:

(1) If a ∈ (−1, ∞), a ≠ 0 and c ≥ √ 1 + (a + 1)^2, then Re ( c a Φ^′(a; c; z) ) > 2(1 + a) (2 + a)^2 , |z| < 1. (2) If a ∈ (−1, 0), and c ≥ 1, then Re ( c a Φ^′(a; c; z) ) > 1 + a 2 + a , |z| < 1.

2. Preliminaries

In [26], Ozaki obtained the following sufficient conditions for univalency: if the coefficients of f defined by (1.1) satisfy one of the following conditions 1. ∑ n≥1 |nA_n − (n + 1)A_{n+1}| ≤ 1, 2. ∑ n≥1 |(n − 1)A_{n−1} − 2nA_n + (n + 1)A_{n+1}| ≤ 1, 3. ∑ n≥1 |(n − 1)A_{n−1} − (n + 1)A_{n+1}| ≤ 1, then f is analytic and univalent in Δ. A generalized version of these criteria together with a new criterion for close-to-convex functions in the unit disc were obtained recently in [21].

The above conditions 1-3, in particular, give criteria for close-to-convexity with respect to the convex functions: g(z) = − log(1 − z), z 1 − z , 1 2 log ( 1 + z 1 − z ) , respectively. For these three functions, 1/g^′(z) equals

1 − z, (1 − z)^2, 1 − z^2.

More precisely, Ozaki [26] (see also [1, 15]) proved the following interesting theorems just by looking at certain monotone conditions on the coefficients A_n in the case when the coefficients are real and non-negative.

2.1. Lemma. [26] Suppose that 1 ≥ 2A_2 ≥ · · · ≥ nA_n ≥ · · · ≥ 0 (2.2) or 1 ≤ 2A_2 ≤ · · · ≤ nA_n ≤ · · · ≤ 2 (2.3) and f is defined by (1.1). Then f is close-to-convex with respect to − log(1 − z).

2.4. Lemma. [26] Suppose that

1 ≥ 2A_2 − 1 ≥ · · · ≥ (n + 1)A_{n+1} − nA_n ≥ · · · ≥ 0

(2.5) or 1 ≤ 2A_2 − 1 ≤ · · · ≤ (n + 1)A_{n+1} − nA_n ≤ · · · ≤ 2

(2.6) and f is defined by (1.1). Then f is close-to-convex with respect to z/(1 − z).

2.7. Lemma. [26] Suppose that f is an odd function, (i.e., A_{2n} in (1.1) is zero for each n ≥ 1) such that 1 ≥ 3A_3 ≥ · · · ≥ (2n + 1)A_{2n+1} ≥ · · · ≥ 0

(2.8) or 1 ≤ 3A_3 ≤ · · · ≤ (2n + 1)A_{2n+1} ≤ · · · ≤ 2.

(2.9) Then f ∈ S.

Proceeding exactly as in the proof of Ozaki [26], one can verify directly that if an odd function f satisfies either (2.8) or (2.9) then f is close-to-convex with respect to the convex function 2^{−1} log((1+ z)/(1 − z)). For a more general version of Lemmas 2.1, 2.4 and 2.7, we refer to [21].

2.10. Definition. A sequence of real numbers {A_n} is called monotone of order k if m∑ j=0 (−1)^j ( m j ) A_{n+j} ≥ 0, for m = 0, 1, 2, · · ·, k and n = 0, 1, 2, · · ·.

Fejér [7] proved the following interesting result.

2.11. Lemma. [7] If A_n ≥ 0, {nA_n} and {nA_n − (n + 1)A_{n+1}} both are non-increasing, i.e., {nA_n} is monotone of order 2, then f defined by (2.2) is in S^∗.

2.12. Lemma. [17] Let Ω ⊂ C . Suppose that ψ : C^3 × Δ −→ C satisfies the condition ψ(ir_2, s_1, t_1 + it_2; z) ∉ Ω when z ∈ Δ, r_2 is real, s_1 ≤ −(1 + r^2)/2 and s_1 + t_1 ≤ 0. If P is analytic in Δ, with P (0) = 1 and ψ(P (z), zP^′(z), z^2P^{′′}(z); z) ∈ Ω for z ∈ Δ, then Re P (z) > 0 in Δ.

The above Lemma 2.12 is a special case of Theorem 1 in [17]. If we only have ψ : C^2 × Δ −→ C , then the condition in Lemma 2.12 simplifies to ψ(ir_2, s_1; z) ∉ Ω for z ∈ Δ, r_2 is real and s_1 ≤ −(1 + r^2)/2.

3. Proofs, Part 1

3.1. Proof of Theorem 1.3 . Define f(z) = zΦ(a; c; z) = z + ∞∑ n=2 A_nz^n, where A_n = (a, n − 1) (c, n − 1) 1 (1, n − 1)

, for n ≥ 2

(3.2) and A_1 = 1. From the definition of the ascending factorial notation we observe that A_{n+1} = a + n − 1 (c + n − 1)n A_n and note that A_n > 0 for all n ≥ 1. We use Lemma 2.1 to prove that f is close-to-convex with respect to − log(1 − z). Therefore, we need to show that {nA_n} is a decreasing sequence. Now

nA_n − (n + 1)A_{n+1} = A_n [ n − (n + 1)(a + n − 1) (c + n − 1)n ] so that nA_n − (n + 1)A_{n+1} = A_n n(c + n − 1) U(n), where U(n) = n^3 + n^2(c − 2) − na + 1 − a.

(3.3) Using the fact that n^2 ≥ 2n − 1, we obtain for n ≥ 1 that U^′(n) = 3n^2 + 2n(c − 2) − a ≥ 2(c + 1)n − a − 3 ≥ 2c − (a + 1) ≥ 0, since c ≥ (1 + a)/2, and since c ≥ 2a, the above inequality gives that U(n) ≥ U(1) = c − 2a ≥ 0. Thus, {nA_n} is a decreasing sequence and the desired conclusion follows. 22

3.4. Proof of Theorem 1.5 . Define

f(z) = zΦ(a; c; z^2) = z + ∞∑ n=2 B_{2n−1}z^{2n−1}, where B_{2n−1} = (a, n − 1) (c, n − 1) 1 (1, n − 1)

, for n ≥ 2 and B_1 = 1. Then we have

(2n − 1)B_{2n−1} − (2n + 1)B_{2n+1} = B_{2n−1} n(c + n − 1) Y (n), where Y (n) = 2n^3 + n^2(2c − 5) + n(2 − c − 2a) + 1 − a.

We observe that n^3 ≥ 3n^2 − 3n + 1, for all n ≥ 1.

As in the proof of Theorem 1.3, if we use the condition on c, then we see easily that Y (n) is non-negative for all n ≥ 1. Thus, {(2n − 1)B_{2n−1}} is a decreasing sequence. The conclusion now follows from Lemma 2.7. 22

3.5. Example. Various univalence questions related to the Bessel function defined by

J_0(z) = ∑ n≥1 (−1)^{n−1}z^{2n−2} (Γ(n))^24^{n−1} have been considered in [12]. We now give an application of Lemma 2.7 to this function. If we let

A_{2n−1} = 1 (Γ(n))^24^{n−1} then it is easy to verify that the sequence {(2n−1)A_{2n−1}} is non-increasing and so by Lemma 2.7, we immediately obtain that the function zJ_0(iz) is close-to-convex with respect to^1_2 log((1+z)/(1−z)) and hence zJ_0(z) is univalent in Δ. This observation is an example of the applications of Lemma 2.7.

3.6. Proof of Theorem 1.8 . We use the method of proof of Theorems 1.3 and 1.5. Define f(z) = zΦ(a; c; z) = z + ∑_∞ n=2 A_nz^n, where A_n is defined by (3.2). For a ≥ 0, we observe that T_1(a) > (1 + a)/2, T_3(a) > 2a and so the condition on c in particular implies that c > max{(1 + a)/2, 2a}. By the proof of Theorem 1.3, this condition implies that the sequence {nA_n} is non-increasing. Now we use Lemma 2.11 to prove that f is starlike. Therefore to prove that the function f is starlike, we need to show that the sequence {nA_n − (n + 1)A_{n+1}} is also non-increasing. For convenience, we define B_n = nA_n − (n + 1)A_{n+1}.

Using the definition of A_n we find that

B_n − B_{n+1} = A_n [ n + (n + 2) A_{n+2} A_n − 2(n + 1) A_{n+1} A_n ] . After some elementary computation we obtain that

B_n − B_{n+1} = A_n n(n + 1)(c + n − 1)(c + n) U(n), where U(n) = n^5 + D_1n^4 + D_2n^3 + D_3n^2 + D_4n + D_5

(3.7) with D_1 = 2(c − 1) D_2 = c^2 − c − 2a − 2 D_3 = c^2 − 3c − 2ca − 2a + 3 D_4 = a^2 + a − 4ca + 2c D_5 = 2(a^2 − a − ca + c).

Our aim is to check that U(n) is non-negative for all n ≥ 1. First we observe that for every n ≥ 1, the inequality n^5 ≥ 5n^4 − 10n^3 + 10n^2 − 5n + 1 holds. Thus for all n ≥ 1, we use the above inequality and obtain U(n) ≥ (2c + 3)n^4 + (D_2 − 10)n^3 + (D_3 + 10)n^2 + (D_4 − 5)n + D_5 + 1 ≡ V (n), say.

By hypothesis, 2c + 3 > 0 and so using the inequality n^4 ≥ 4n^3 − 6n^2 + 4n − 1 which holds for all n ≥ 1, we after minor simplification obtain that V (n) ≥ D_6n^3 + D_7n^2 + D_8n + D_9 ≡ W (n), say, where D_6 = c^2 + 7c − 2a D_7 = c^2 − 15c − 2ca − 2a − 5 D_8 = a^2 + a − 4ca + 10c + 7 D_9 = 2(a^2 − a − ca) − 2.

By hypothesis we note that D_6 > 0. Therefore using the fact that n^3 ≥ 3n^2 − 3n + 1, for all n ≥ 1, we have W (n) ≥ (3D_6 + D_7)n^2 + (D_8 − 3D_6)n + D_6 + D_9 ≡ X(n), say, where 3D_6 + D_7 = 4c^2 + 6c − 2ca − 8a − 5 and 3D_6 + D_7 is non-negative, since c ≥ T_1(a). Again, since n^2 ≥ 2n − 1, we have X(n) ≥ (3D_6 + 2D_7 + D_8)n + D_9 − 2D_6 − D_7 ≡ Y (n), say, where 3D_6 + 2D_7 + D_8 = 5c^2 + c − 8ca − 9a − 3 + a^2 and 3D_6 + 2D_7 + D_8 is seen to be non-negative because c ≥ T_2(a). This observation shows that Y (n) ≥ Y (1) = 2[c^2 + c(1 − 4a)] + 3a^2 − 5a for all n ≥ 1. Thus, we have proved a chain of inequalities U(n) ≥ V (n) ≥ W (n) ≥ X(n) ≥ Y (n) ≥ Y (1). Finally, to complete the proof we need to show that Y (1) ≥ 0 which is in fact true by the condition on c, namely c ≥ T_3(a). Therefore, the sequence {B_n} and hence the sequence {nA_n − (n + 1)A_{n+1}}, is non-increasing, and by Lemma 2.11 we deduce that f is starlike. We also note that all the requirements of Lemma 2.1 have been verified and so f also is close-to-convex with respect to − log(1 − z). 22

4. Proofs, Part 2

4.1. Proof of Theorem 1.9 . If we put Φ(a; c; z) = p(z) and p(z) = β + (1 − β)P (z), then P is regular in Δ. Therefore to prove the theorem we need to show that Re P (z) > 0 in Δ. Since Φ = Φ(a; c; z) satisfies the Kummer hypergeometric differential equation z^2Φ^{′′}(z) + (c − z)zΦ^′(z) − azΦ(z) = 0,

(4.2) it follows that P satisfies the second order differential equation z^2P^{′′}(z) + (c − z)zP^′(z) − az ( P (z) + β 1 − β ) = 0.

(4.3) Put ψ(r, s, t; z) = t + (c − z)s − az ( r + β 1 − β ) . Then (4.3) is equivalent to ψ(P (z), zP^′(z), z^2P^{′′}(z); z) ∈ Ω = {0}. We follow the argument of [18]. Therefore to prove Re P (z) > 0, according to Lemma 2.12, it is enough to show that ψ(ir_2, s_1, t_1 + it_2; z) ∉ Ω for z ∈ Δ and for real r_2, s_1 ≤ −(1 + r^2)/2 and t_1 + s_1 ≤ 0. We actually verify a stronger statement namely that Re ψ(ir_2, s_1, t_1 + it_2; z) < 0.

Let z = x + iy. From the condition on c we note that c ≥ 2 and so we have c − x − 1 > 0. Therefore for s_1 ≤ −(1 + r^2)/2 and t_1 + s_1 ≤ 0 we get

Re ψ(ir_2, s_1, t_1 + it_2; z) = t_1 + (c − x)s_1 − a( βx 1 − β − yr_2)

= t_1 + s_1 + (c − x − 1)s_1 + ayr_2 − aβx 1 − β ≤ −(c − x − 1)((1 + r^2)/2) + ayr_2 − aβx 1 − β = Q(r_2)

where Q(r_2) = − 1 2 [ (c − x − 1)r^2 − 2ayr_2 + (c − x − 1 + 2aβx 1 − β ) ] . We note that Q(r_2) < 0 for all real r_2 provided the discriminant for the quadratic equation Q(r_2) = 0 for real r_2 is non-positive, i.e., when

(2ay)^2 ≤ 4(c − x − 1) [ (c − x − 1) + 2aβx 1 − β ] . (4.4)

Since z ∈ Δ, x^2 + y^2 < 1 and so to check (4.4) it suffices to verify the inequality

a^2(1 − x^2) ≤ (c − x − 1) [ (c − x − 1) + 2aβx 1 − β ]

which, as we find after simplification, is equivalent to 0 ≤ ( a^2 + 1 − 2aβ 1 − β ) x^2 − 2(c − 1) ( 1 − aβ 1 − β ) x + (c − 1)^2 − a^2.

(4.5)

Clearly (4.5) holds if the discriminant for the right hand side of (4.5), as a function of x, is nonpositive. i.e., if

(c − 1)^2 ( 1 − aβ 1 − β )2 ≤ ( a^2 + 1 − 2aβ 1 − β ) [(c − 1)^2 − a^2] which, as we see after some computation, can be rewritten as (c − 1)^2(1 − 2β) ≥ (1 − β)[a^2 + 1 − β(a + 1)^2].

(4.6) Note that 0 ≤ β < 1/2 and 1/2 ≤ (1 + a^2)/(1 + a)^2. This inequality shows that the factor a^2 + 1 − β(a + 1)^2 is always positive. Therefore, we may rewrite (4.6) in the form

c ≥ 1 + √ 1 + (a − β(a + 1))^2 1 − 2β which is the same as (1.10). Thus (4.4) holds and hence we have Re ψ(ir_2, s_1, t_1 + it_2; z) < 0.

Finally, by Lemma 2.12, we obtain that the function P satisfies the condition Re P (z) > 0 in Δ, which shows that Re p(z) = Re Φ(a; c; z) > β for z ∈ Δ. 22

4.7. Proof of Theorem 1.13 . From the proof of Theorem 1.9, it is evident that we need only to check the inequality (4.5) for the case β = 1/2. Therefore putting β = 1/2 in (4.5), we note that (4.5) becomes h(x) ≡ (a − 1)^2x^2 + 2(c − 1)(a − 1)x + (c − 1)^2 − a^2 ≥ 0.

Since c ≥ 2a and a ≥ 1, we have h^′(x) ≡ 2(a − 1)(x + c − 1) ≥ 0, for x ∈ (−1, 1).

Thus we have h(x) ≥ h(−1) = c(c − 2a) ≥ 0. This inequality shows that the inequality (4.5) is satisfied. Therefore as in the proof of Theorem 1.9 we obtain that Re Φ(a; c; z) > 1/2 for z ∈ Δ. 22 5. Order of convexity and starlikeness for Confluent hypergeometric functions

In the next theorem, we determine constraints on a and c that lead to a sufficient condition for Φ(a; c; z) to become convex of order β.

5.1. Theorem. If a ≠ 0 and c are real and satisfy c ≥ M_β(a), where M_β(a) is given by

M_β(a) = 1 2(3 − 2β) { 4(1 − β)^2 +

(3 − 2β)^2(β + a)^2 (1 − β)^2 } if |β + a| ≤ 1 − β 3 − 2β , |β + a| 1 − β + 1 − 2β 2 if |β + a| ≥ 1 − β 3 − 2β , (5.2)

then Φ(a; c; z) is a convex function of order β in Δ.

Before proving Theorem 5.1 we draw some interesting consequences of this theorem and some of its special cases. First we observe that the function Φ satisfies the identity (1.2), i.e., (a − 1)zΦ(a; c; z) = (c − 1)zΦ^′(a − 1; c − 1; z).

This derivative formula immediately gives the following equivalent form of Theorem 5.1.

5.3. Theorem. If a is a non-zero real number and c ≥ 1 + M_β(a − 1), where M_β(a) is given by (5.2), then zΦ(a; c; z) is starlike of order β.

Taking β = 0 in Theorem 5.3 we have

5.4. Corollary. If a ≠ 0 and c are real such that

c ≥ 1 + M_0(a − 1) =

5/3 + 3(a − 1)^2/2 if 2/3 ≤ a ≤ 4/3, 1/2 + a if a ≥ 4/3, 5/2 − a if a ≤ 2/3, (5.5)

then zΦ(a; c; z) ∈ S^∗.

It is interesting to point out that when a → 0 in Corollary 5.4, then we have c ≥ 5/2, whereas if we take the limit a → 0 in Theorem 1.8 we see that c ≥^{√61−1}_2 . From this observation, we notice that there exists a positive number a_0 such that for a ∈ (0, a_0] Theorem 1.8 gives a better bound for the starlikeness of the function zΦ(a; c; z). It can be easily seen that for larger values of a, Corollary 5.4 gives us better results for zΦ(a; c; z) to be in S^∗ but the difference is marginal. However in both cases, at least when a > 0, Theorem 1.8 gives us a stronger conclusion, namely zΦ(a; c; z) ∈ KS^∗. Choosing β = 1/2 in Theorem 5.3, we easily have the following corollary, after elementary computation.

5.6. Corollary. If a ≠ 0 and c are real and satisfy c ≥ R(a) ≡ 1 + M_{1/2}(a − 1), where

R(a) = 2a if 3/4 ≤ a, (1 − 2a)^2 + 5/4 if 1/4 ≤ a < 3/4, 2(1 − a) if a < 1/4,

(5.7)

then zΦ(a; c; z) is starlike of order 1/2.

In fact the choice β = 1/2 in Theorem 5.3 gives Theorem 3 in [18]. Therefore, Theorem 5.3 not only yields Theorems 2 and 3 in [18] but also gives a stronger conclusion namely that the function Φ(a; c; z) is convex of order β. Some of the special cases, e.g. the case a = 1 in Theorem 5.1, are interesting enough to be stated separately since they improve the results of Miller and Mocanu [18]. Thus, if we choose a = 1 and c = δ + 1 in Theorem 5.1, then we have the following corollary.

5.8. Corollary. Let

N(β) = 1 2 + β(1 + β) 1 − β , if 0 ≤ β ≤ √ 5 − 2 2 −1 +

4(1 − 2β)^2 2(3 − 2β) + (1 + β)^2(3 − 2β) 2(1 − β) if √ 5 − 2 2 ≤ β < 1. If δ ≥ N(β) then the function

f_δ(z) = Φ(1; δ + 1; z) = δ ∫ 1 0 (1 − t)^{δ−1}e^{tz}dt is convex of order β.

5.9. Example. From Theorem 5.3, we also have additional information for the function Φ(a; c; z). For convenience, we let

N_1(β) =

2(1 − 2β) 3 − 2β + β^2 ( 4(1 − β)(3 − 2β) + 1 2(3 − 2β)(1 − β)^2 )

and N_2(β) = 1 2 + β^2 1 − β . Then from Theorem 5.3, we immediately obtain

(1) zf_δ(z) ∈ S^∗(β) if δ and β are related by δ ≥ N_1(β) with 0 ≤ β ≤ √ 2 − 1 √ 2 .

(2) zf_δ(z) ∈ S^∗(β) if δ and β are related by δ ≥ N_2(β) with √ 2 − 1 √ 2 ≤ β < 1. Further, using the fact that

zf_{δ+1}(z) = (δ + 1)[Φ(1; δ + 1; z) − 1],

we have the following: if δ and β are related by any one of the following

(1) δ ≥ −1 + N_1(β), with 0 ≤ β ≤ √ 2 − 1 √ 2 (2) δ ≥ −1 + N_2(β), with √ 2 − 1 √ 2 ≤ β < 1, then Φ(1; δ + 1; z) − 1 ∈ S^∗(β).

Next we derive some new results to the theory of convolution. Suppose g ∈ S^∗. Then it is well-known that g is in the closed convex hull of S^∗ if and only if g(z) = ∫ ∂Δ z (1 − ζz)^2 dμ(ζ), where dμ(ζ) is a probability measure on the unit circle ∂Δ = {|z| = 1}. This integral representation gives that for f ∈ A (f ∗ g)(z) = ∫ ∂Δ zf^′(ζz) ζ dμ(ζ) so that (f ∗ g)(z) z = ∫ ∂Δ f^′(ζz) ζ dμ(ζ). In particular (see [23]) we have

g ∈ S^∗ and Re (e^{iγ}f^′(z)) > β =⇒ Re ( e^{iγ} (f ∗ g)(z) z ) > β, which can equivalently be written as h ∈ C and Re (e^{iγ} f^′(z)) > β =⇒ Re ( e^{iγ} (f ∗ h)^′(z) ) > β, for γ real and 0 ≤ β cos γ.

Now we use this observation to obtain the following convolution results for the Confluent hypergeometric functions and we state them without proof.

5.10. Theorem. Let a, c ∈ R (a ≠ 0) and 0 ≤ β < 1/2 be as in Theorem 1.9. Further let a_1, c_1 ∈ R (a_1 ≠ 0) and c_1 ≥ M_0(a_1), where M_0(a_1) is defined by (5.2). Then Re { c a (Φ(a; c; z) ∗ Φ(a_1; c_1; z))^′ } > β. In particular, for 0 ≤ β < 1/2, the convolution Φ(a; c; z) ∗ Φ(a_1; c_1; z) is univalent in Δ.

Using Theorem 1.13 one can easily derive similar results for the case β = 1/2. 5.11. Proof of Theorem 5.1 . It is a simple matter to see that the several hypotheses (see Theorems 1.3, 1.5) imply that Φ^′(a; c; z) ≠ 0 in Δ. Therefore if we define Φ = Φ(a; c; z) and 1 + zΦ^{′′}(z) Φ^′(z)

= β + (1 − β)p(z)

(5.12) then p is well defined and regular in Δ. Further, p(0) = 1 and [−1 + ((1 − β)p(z) + β)]Φ^′(z) = zΦ^{′′}(z).

Since Φ = Φ(a; c; z) satisfies the Kummer hypergeometric differential equation (4.2), we have zΦ^{′′}(z) + (c − z)Φ^′(z) − aΦ(z) = 0.

Substituting for Φ^{′′}(z) in terms of p(z), we find that [β − 1 + (1 − β)p(z)]Φ^′(z) + (c − z)Φ^′(z) − aΦ(z) = 0.

Differentiating the above with respect to z, we get [(1 − β)p^′(z) − (1 + a)]Φ^′(z) + [(1 − β)(p(z) − 1) + (c − z)]Φ^{′′}(z) = 0.

Making use of (5.12) we see after some computation, that the above expression is equivalent to ψ(p(z), zp^′(z); z) ∈ Ω = {0} where ψ(r, s; z) = s + (1 − β)r^2 + r[c − z − 2(1 − β)] + (1 − β − c) − (β + a)z 1 − β . According to Lemma 2.12, as in the proof of Theorem 1.9, it is enough to show that Re ψ(ir_2, s_1; z) < 0 for z ∈ Δ and real r_2 and s_1 ≤ −(1 + r^2)/2. As usual, we have

Re ψ(ir_2, s_1; z) ≤ −

(1 + r^2) 2 − (1 − β)r^2 + r_2y + (1 − β − c) − x β + a 1 − β = − 1 2 [ 1 + r^2 + 2(1 − β)r^2 − 2r_2y − 2(1 − β − c) − 2x(β + a) 1 − β ]

= − 1 2 [ (3 − 2β)r^2 − 2r_2y + 2x(β + a) 1 − β + 2(β + c) − 1 ]

= Q(r_2).

To complete the proof we show that Q(r_2) < 0 for all real r_2 and x^2 + y^2 < 1. For this the discriminant of Q(r_2) must be negative. That is, we must have

4y^2 < 4(3 − 2β) [ 2x(β + a) 1 − β + 2(β + c) − 1 ] . Since y^2 < 1 − x^2, it is enough to show that

1 − x^2 ≤ (3 − 2β) [ 2x(β + a) 1 − β + 2(β + c) − 1 ]

which is equivalent to h(x) ≤ 0, where h(x) ≡ − [ x^2 +

2(3 − 2β)(β + a) 1 − β x + (3 − 2β)[2(β + c) − 1] − 1 ] . If |(3 − 2β)(β + a)| ≤ 1 − β, then

h^′(x_0) = 0 for x_0 = −

(3 − 2β)(β + a) 1 − β and h^{′′}(x) = −2 < 0 for all x. It now follows that

h(x) ≤ h(x_0) =

(3 − 2β)^2(β + a)^2 (1 − β)^2

+ 1 − (3 − 2β)[2(β + c) − 1].

We note that h(x_0) ≤ 0 provided c ≥ 1 2(3 − 2β) { 4(1 − β)^2 +

(3 − 2β)^2(β + a)^2

(1 − β)^2 }

which is the same as the first condition of c by (5.2).

If |(3 − 2β)(β + a)| ≥ 1 − β, then h(x) is monotone on (−1, 1) and so h(x) < h(−1). Since

h(−1) =

2(3 − 2β)(β + a) 1 − β − (3 − 2β)[2(β + c) − 1] ≤ | | | | 2(3 − 2β)(β + a) 1 − β | | | | − (3 − 2β)[2(β + c) − 1]

≤ 0, by (5.2), we have h(x) < h(−1) ≤ 0. Hence, we deduce that Re ψ(ir_2, s_1; z) < 0. Thus, by Lemma 2.12, we obtain Re p(z) > 0 in Δ, which by (5.12) shows that Φ(a; c; z) is convex of order β for z ∈ Δ. 22

If we let f(z) = zΦ(a; c; z) and h(z) = f(z^2) z then we have the identity zh^′(z) h(z) = 2 z^2f^′(z^2) f(z^2) − 1. This identity and Theorem 5.3 immediately yield

5.13. Corollary. If a is a non-zero real number, c ≥ 1 + M_β (a − 1) and 1/2 ≤ β < 1, where M_β(a) is given by (5.2), then the odd function zΦ(a; c; z^2) is starlike of order 2β − 1.

We observe that for given two real numbers a and c satisfying the hypothesis of Theorem 1.9 or 5.1, we see that all the results improve some of the previously known results in this direction. For instance if we take a = 1/2 in Corollary 5.13, then we see that the generalized error function zΦ(1/2; c; z^2) defined by (1.6) is starlike of order 2β − 1 whenever

c ≥ 1 + 1 2(3 − 2β) { 4(1 − β)^2 +

(3 − 2β)^2(2β − 1)^2 4(1 − β)^2 } if 1 2 ≤ β ≤ 5 − √ 5 4 ,

1 + β(2β − 1) 2(1 − β) if 5 − √ 5 4 ≤ β < 1. In the special case when c = 3/2, a computation shows that the function zΦ(1/2; 3/2; z^2) belongs to the class S^∗( √ 2 − 1) and hence the error function Erf(z) defined by (1.7), namely

Erf(z) = zΦ(1/2; 3/2; −z^2) = ∫ 1 0 e^{−t2} dt is in S^∗( √ 2 − 1). This result is an improvement of the recent result of Miller and Mocanu [18] who derived that the error function is just starlike. Our previous observation in Section 1 implies that the error function Erf(z) is also close-to-convex with respect to the convex function^1_2 log((1+z)/(1−z)). However, for a > 0 and c = a + 1, the result of Ruscheweyh and Singh [24, Theorem 8]) yields a sharp order of starlikeness for the function zΦ(a; a + 1; z) but under a suitable restriction on a, and in particular they derived that the error function Erf(z) is in S^∗(γ), where γ ≈ 0.4925 and is greater than √ 2 − 1. Therefore the interesting problem is to obtain the sharp order of starlikeness and convexity improving the general Theorems 5.3 and 5.1 respectively, since these theorems hold for any non-zero real number a.

6. Concluding remarks

Define E(ρz) = ∞∑ n=1 A_{2n−1}z^{2n−1} where A_{2n−1} = 2^{n−1}ρ^{2n−1} 1 · 3 · · ·(2n − 1) .

Then for this function we note that the sequence {(2n − 1)A_{2n−1}} is decreasing provided ρ ≤ 1/ √ 2. Thus, by Lemma 2.7, we note that the function

E(z) = exp(z^2) ∫ z 0 exp(−t^2)dt

is close-to-convex with respect to^1_2 log((1 + z)/(1 − z)) for |z| < 1/ √ 2. On the other hand, in [11] the radius of univalence has been found to be 0.92413887. Using Lemma 2.7 one can show that the function 1 √ 1 − z^2 arcsin z = ∞∑ n=1 (1, n − 1)z^{2n−1} (3/2, 1)

is close-to-convex with respect to^1_2 log((1 + z)/(1 − z)) for |z| < 1/ √ 2. Further, a similar problem arises when we consider the hypergeometric function F (a, b; c; z) where c < a + b, (a > 0, b > 0). Another example to exhibit this kind of behaviour is the function zF (1, 1; 3/2; z) and the special case of Bessel’s function defined by z[J_0(iz)]^2 = zF (1/2, 1; 1; z^2), as we see by using Lemmas 2.1 and 2.7, respectively.

Our final example is the special case of Struve function H_γ(z) defined by

H_0(z) = ∞∑ n=1 (−1)^{n−1}A_{2n−1}z^{2n−1} where A_{2n−1} = 1 2^{2n−1}{Γ(n + 1/2)}^2 = 2 π 1 {1 · 3 · · ·(2n − 1)}^2 It is easy to check that {(2n−1)A_{2n−1}} is a decreasing sequence. Thus, by Lemma 2.7, the function −iH_0(iz) is close-to-convex with respect to^1_2 log((1 + z)/(1 − z)) for |z| < 1 and hence H_0(z) is univalent for |z| < 1. It seems that there are not many criteria available to check the univalency of functions such as H_0(z). Further, there is no general and direct method available in the literature to verify the starlikeness and convexity of odd functions whose Maclaurin coefficients are real. This problem has been discussed by the authors in a recent paper [22].

Acknowledgment. This work was completed during the visit of the first author to the University of Helsinki. The visit was supported by grants from CIMO, the Center of International Mobility in Helsinki, and from Commission on Development and Exchanges in Paris.

References

[1] J. W. Alexander, Functions which map the interior of the unit circle upon simple regions, Ann. of Math. 17(1915), 12-29.

[2] G. D. Anderson, R. W. Barnard, K. C. Richards, M. K. Vamanamurthy, and M. Vuorinen, Inequalities for zero-balanced hypergeometric functions, Trans. Amer. Math. Soc. 347(1995), 1713-1723.

[3] G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen, Functional inequalities for hypergeometric functions and complete elliptic integrals, SIAM J. Math. Anal. 23(2)(1992), 512-524.

[4] S. D. Bernardi, Bibliography of schlicht functions, Mariner Publ. Co. Inc. Tampa, Florida 1983.

[5] B. C. Carlson and D. B. Shaffer, Starlike and prestarlike hypergeometric functions, SIAM J.

Math. Anal. 15(1984), 737-745.

[6] P. L. Duren, Univalent functions, Springer-Verlag, 1983.

[7] L. Fejér, Untersuchungen über Potenzreihen mit mehrfach monotoner Koeffizientenfolge, Acta Litterarum ac Scientiarum 8(1936), 89-115.

[8] R. Fournier, On integrals of bounded analytic functions in the closed disc, Complex Variables:

Theory and Appl. 11(1989), 125-133.

[9] A. W. Goodman, Univalent functions Vol. I & II, Mariner Publ. Co. Inc. Tampa, Florida 1983.

[10] E. Kreyszig and J. Todd, The radius of univalence of the error function, Numer. Math.

1(1959), 78-89 [11] E. Kreyszig and J. Todd, On the univalence of the function exp(z^2) ∫ z 0 exp(−t^2)dt, Pacific J.

Math. 9(1959), 123-127.

[12] E. Kreyszig and J. Todd, The radius of univalence of Bessel functions, Illinois J. Math.

4(1960), 143-149.

[13] J. Krzyż, A counterexample concerning univalent functions, Folia Soc. Sci. Lublin. Mat. Fiz.

Chem. 2(1962), 57-58.

[14] J. Lewis, Application of a convolution theorem to Jacobi polynomials, SIAM J. Math. Anal.

10(1979), 1110-1120.

[15] T. H. MacGregor, Univalent power series whose coefficients have monotone properties, Math.

Z. 112(1969), 222-228.

[16] T. H. MacGregor, The radius of convexity for starlike functions of order 1/2, Proc. Amer.

Math. Soc. 14(1)(1963), 71-76.

[17] S. S. Miller and P. T. Mocanu, Differential subordinations and inequalities in the complex plane J. Differential Equations 67(1987), 199-211.

[18] S. S. Miller and P. T. Mocanu, Univalence of Gaussian and Confluent Hypergeometric functions, Proc. Amer. Math. Soc. 110(1990), 333-342.

[19] Ch. Pommerenke, Univalent functions, Vandenhoeck and Ruprecht: Göttingen, 1975. [20] S. Ponnusamy, Univalence of Alexander transform under new mapping properties, Complex Variables: Theory and Appln., To appear.

[21] S. Ponnusamy and F. Rønning, Geometric properties of certain integral transforms, (in preparation).

[22] S. Ponnusamy and M. Vuorinen, Univalence and convexity properties of Gaussian hypergeometric functions, Preprint 82, Department of Mathematics, University of Helsinki, (1995), 34pp.

[23] St. Ruscheweyh and T. Sheil-Small, Hadamard product of schlicht functions and Polya- Schoenberg conjecture, Comment. Math. Helv. 48(1973), 119-135.

[24] St. Ruscheweyh and V. Singh, On the order of starlikeness of hypergeometric functions, J.

Math. Anal. Appl. 113(1986), 1-11.

[25] J. B. Seaborn, Hypergeometric functions and their applications, Texts in Applied Mathematics, Vol. 8, Springer-Verlag, Berlin, Heidelberg, and New York, 1991.

[26] S. Ozaki, On the theory of multivalent functions, Sci. Rep. Tokyo Bunrika Daigaku A 2(1935), 167-188.