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Abstract

Let G R" be a domain and let d; and d, be two metrics
on G. We compare the geometries defined by the two
metrics to each other for several pairs of metrics such
as the distance ratio metric, the triangular ratio metric
and the visual angle metric. Finally we apply our results
to study Lipschitz maps with respect to metrics.

This talk is based on [hvz]:

P. Hariri and M. Vuorinen, X. Zhang: Inequalities and
bilipschitz conditions for triangular ratio metric.
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Introduction

Several metrics have an important role in the
geometric function theory and in the study of
quasiconformal maps in the plane and space [G], [V1],
[GP] and [GO]. One of the key topics studied is uniform
continuity of quasiconformal mappings with respect to
metrics. Many authors have proved that these maps
are either Lipschitz or Hélder continuous with respect to
hyperbolic type metrics [GO, Vull.
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.
J. Ferrand studies in [F1] the reverse question: does
Lipschitz continuity imply quasiconformality? A
negative answer was given in [FMV] in the case of a
conformally invariant metric introduced by Ferrand
[F1]. Our goal here is to continue this research and to
study similar questions for some other metrics. In
particular, we are interested in the visual angle metric
studied recently in [KLVW] and triangular ratio metric
from [CHKV].
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Triangular ratio metric

The triangular ratio metric is defined as follows for a
domain G c R" and x, y € G:

ey = — A (1)
G5 763G |X— 2| + |z—y]| T
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Visual angle metric

For a domain G R", n> 2, and x, y € G the visual angle
metric is defined by

vg(X,y) =sup{4£(x,z y):z€ oG} €0, m|. (2)

0G is not a proper subset of a line, see [KLVW, Lemma
2.8].
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Hyperbolic metric

For the hyperbolic metric py» and pg» by [B, p.35] we
have

Ix—y|?
chow (x,y) =1+ —"— (3)
2XnYn

for all x,y e H",
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Hyperbolic metric

For the hyperbolic metric py» and pg» by [B, p.35] we
have
Ix—yl?
chow (x,y) =1+ (3)
2XnYn
for all x, y e H", and by [B, p.40] we have
n(X, X—
<hPE x.y) _ Ix—yl @)
2 V1-Ix2y/1—lyl?
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Distance ratio metric

For a domain G c R", x, y € G, we define the j-metric by

Ix—yl )
min{dg(x), dc(y)} )’

Jje(x,y)=log (1 +

where dg(z) = d(z, 3G).
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Quasihyperbolic metric

Let G be a proper subdomain of R”. For all x, y € G, the
quasihyperbolic metric kg is defined as

1
kg(x,y)=inf | ————|dz|,
G(X, y) L JY e aG)l |

where the infimum is taken over all rectifiable arcs y
joining x to y in G [GP].
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Point pair function
We define for x, y € G R" the point pair function

Ix—yl
VIX—yR+4d(x)d(y)

This point pair function was introduced in [CHKV] where
it turned out to be a very useful function in the study of
the triangular ratio metric. However, there are domains
G such that pg is not a metric.

pc(x,y) =

W

Turun yliopisto
University of Turku

By P. Hariri, M. Vuorinen, X. Zhang Inequalities and bilipschitz conditions



Let G be a proper subdomain of R”. If x, y € G, then
g Joxy) x—yl
2 X —y|+2min{d(x), d(y)}
and ,
tth(X' Y) <sg(x, y) < w .
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Proof

For x,y € G, let z € 9G satisfying d(x) = |[x—z|. By
symmetry we may assume that d(x) < d(y). For the
equality claim we see that
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Proof

For x,y € G, let z € 9G satisfying d(x) = |[x—z|. By
symmetry we may assume that d(x) < d(y). For the
equality claim we see that

Ix—yl Ix—yl/d(x)  elsty)—1
X—yl+2d(x)  Ix—yld(x)+2 et 1
_ @lc(xy)/2 _ a—jc(x.y)/2 _ tth(X' %)
eic(x.y)/2 | @—Jc(X.y)/2 2
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For the first inequality we get by the triangle inequality

Turun yliopisto
University of Turku

M. Vuorinen, X. Z Inequalities and bilipschitz conditions



For the first inequality we get by the triangle inequality

X— X — ic(X,
se(x,y)> Ix—yl S =yl _ th/e( y)_
Ix—=2z|+|z—y| |x—yl+2d(x) 2
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.
For the second inequality, for every € > 0 we choose
u € 3G, such that,
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For the second inequality, for every € > 0 we choose
u € 3G, such that,
Ix—yl
sg(Xx, y) +€
Ix—ul+ly—ul
Ix—yl
2|x—Zz|
alexy) —1
< ————+E.
2 .
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Letting € — 0, we have that

Sc(x,y) <

and the proof is complete.

gle(xy) — 1

2
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Lemma 2.8

Let G be a proper subdomain of R”. Then forall x,y € G

we have

(X,
Sg(x,y)<2 tth(Ty).
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Lemma 2.8

Let G be a proper subdomain of R”. Then forall x,y € G
we have

sg(x,y) £ 2th

Jo(x,y)
S

Proof

We first consider the points x, y € G satisfying
els(x¥) > 3, We have that

je(x,y) z(ejc(x,}/) -1)
= >1> .
2th > G 11 2 1>5s6(x,y)
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.
We next suppose that e/6*¥) < 3, In this case, it is clear

that -
(X, elexy) —1
2th/G( y) > ,
2 2
which together with Lemma 2.7 implies the desired
inequality.
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We next suppose that e/6*¥) < 3, In this case, it is clear
that ,
je(x,y) . alc(xy) —1

2 2
which together with Lemma 2.7 implies the desired
inequality. The sharpness of the inequality can be
easily verified by investigating the domain G=R"\ {0}.

For any x € G selecting y = —x gives sg(x,y) =1 and
tth()z(,y) _ %

2th
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Let G be a proper subdomain of R, then for all x, y € G,

sG(X, y) < 2pG(X, y).

| A\

Proof
Observe first that by Lemma 2.8
2|x—yl 2|x—y]

s6(X.¥) < IX— y| + 2d(x) = VIX=yIZ + 4d(x)d(y)’

where the second inequality follows from the inequality
d(y) < d(x) + |x—y|. This completes the proof.
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Let G be a proper subdomain of R”, then for all x,y € G,

y)

jG(z Y) <ps(x,y) < \/_th
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Lemma 2.10

Let G be a proper subdomain of R”, then for all x,y € G,

Je(X, y)

(x,
1505 < ps(x, y) < vV2th :

th

Proof
For the first inequality, by Lemma 2.7 the claim is
equivalent to

N
N
\,

Ix—yl [x—yl
Ix—yl+2d(x) = /Ix=yP + 4d(x)d(y)

This, in turn, follows easily from the inequality
d(y) < Ix—yl+d(x).

\
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(0
For the second inequality if we assume d(x) < d(y), then

|x—yl 1
pc(x,y) < =
Vix=yP+4d(x)2  V1+4u2
_ dx)
where u = FavE
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Next again by Lemma 2.7
oY) x—yvdx) 1
2 |x—yldx)+2 1+2u
and thus
1 V2 je(x,y)
X, y) < < =+/2th .
Pe(X.y) V1+4u2 1+42u 2
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Jer (X.Y)
For x,y € B" we have vgn(x, y) = th®=5=.
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Lemma 2.11

For x, y € B" we have vgn(x, y) > th2%),

2

| \

Proof

By [HVW, Theorem 2.13] sgn(X, y) < var (X, y), So the
result follows directly from Lemma 2.7.
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Theorem 2.12

For a convex domain G R" and all x,y € G we have
© G(X, Y) 6(X, y)
th’ 2,y SsG(x,y)sﬁth’G 2,y’
and
° (x,y)2 - (x,y)2 - (x,y)
vGe(X,¥) = —=ps(Xx, ¥y) = —=5s6(X, y).
c\Xy ﬁPG y el G\X,y J
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Proof

(1) The first inequality was proved in Lemma 2.7, and
the second inequality follows from Lemma 2.10 and
[CHKV, Lemma 3.4].
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Proof

(1) The first inequality was proved in Lemma 2.7, and
the second inequality follows from Lemma 2.10 and
[CHKV, Lemma 3.4].

(2) By [VW, Theorem 3.16] we have for a convex
domain G

t t
vg(X, y) = arcsin—— > ——,
6(x.¥) tr2 - t12

where t = els(x¥) —1, so

glsy) —1 Jje(x,y)
- = th

els(xy) 11 2

and the result follows by Lemma 2.10 and [CHKYV,
Lemma 3.4]. iso

ve(x,y) =

’
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Let G be a half space or a ball in the Euclidean space
R", Then forall x,y € G

vG(X,¥) = pc(X,y) = sc(X, y).
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Remark 2.14

For a general convex domain G c R”, the inequality

VG = pc may not hold. Consider the strip domain
S={(x,y)eR?: —c0o <x<00,—1 <y<1}andtwo
points a = (0, t), b= (0,—t) for 0 <t < 1. Then it is easy
to see that

t
and vs(a, b) = arcsint.

S -
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A
We see that

vs(a, b)
= 1n
te(0,1) ps(a, b)

—0.73707--- > 1/4/2 = 0.707107....

Actually, one can prove that for a general convex
domain G we have that

v = Cps, C=0.73707... (5)
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A
We see that

vs(a, b)
= 1n
te(0,1) ps(a, b)

—0.73707--- > 1/4/2 = 0.707107....

Actually, one can prove that for a general convex
domain G we have that

v = Cps, C=0.73707... (5)

The above example of the strip domain shows that the
constant C is best possible. Thus the inequality (5)

improves Theorem 2.12 (2).

Unive
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For all x,y e H"

sun (X, ¥) < Vin (X, y) < dspn(X, Y).
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Suppose that G R" is a domain and x, y € G. If there
exists A € (0, 1) such that for all ze€ G we have
X,y € B(z, A\d(2)) then kg(x, y) = log(1 + A).
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Lemma 2.17

Suppose that G R" is a domain and x, y € G. If there
exists A € (0, 1) such that for all ze€ G we have

X,y € B(z, A\d(2)) then kg(x, y) = log(1 + A).

| A\

Lemma 2.18

Let G be a proper subdomain of R” and let A € (0, 1).
Then for all x,y € B(z, Ad(2))

Kp(z,d(z))(X, ¥) <

1+Ak
X, V).
— (X y)
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Theorem 2.19

Let G c R", then sg(x,y) < cth (1+)‘kc;(X y)) for x,y € G,

1
NGB, € = th(Elog(1+1))”
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Remark 2.20

A uniform domain G c R" is a domain with the following
comparison property between the quasihyperbolic
metric and the distance ratio metric: there exists a
constant C > 1 such that, for all x, y € G,
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Remark 2.20

A uniform domain G c R" is a domain with the following
comparison property between the quasihyperbolic
metric and the distance ratio metric: there exists a
constant C > 1 such that, for all x,y € G,

je(x, y) < kg(x,y) < Cjg(x,y).
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Remark 2.20

A uniform domain G c R" is a domain with the following
comparison property between the quasihyperbolic
metric and the distance ratio metric: there exists a
constant C > 1 such that, for all x, y € G,

je(x, y) < kg(x,y) < Cjg(x,y).

Hence, this comparison property and the above results
inequalities yield numerous new inequalities between
the quasihyperbolic metric and the triangular ratio
metric or the visual angle metric in uniform domains.
See [GH], [GO].
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Let G c R”, then for all x,y € G,
vG(X, y)
— -

sG(x,y)=sin
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Theorem 3.2

Let G c R? be a domain such that 3G satisfies the
nonlinearity condition, i.e. There exists 6 € (0, 1), such
that for every z € G and for every r € (0, d(G)) and for
every line L with LN B(z, r) # @, there exists

w € (B(z,r)naG)\ U,e, B(y, 6r). If x,y € G and

sG(x,y) <1 then

o
VG(X,y) > arctan (ESG(X, y)).
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(levma33

Let G c R"” be a proper subdomain of R, x € G and
y € B"(x, d(x)). Then

. Ix—yl |x—yl
SIN(Vg(X, < su = .
(Velx.y)) < sup i da(x)
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(levma33

Let G c R"” be a proper subdomain of R, x € G and
y € B"(x, d(x)). Then

. Ix—yl |x—yl
SIN(Vg(X, < su = .
(Velx.y)) < sup i da(x)

| A\

Theorem 3.4

Let G be a proper subdomain of R2. For x,y € G,
Ix—yl/d(x)

SG(X,y) <

1+ cos(Vs(x, ¥)) + v/ (Ix = y1/d(x))2 — sin? (Vs (x, )

\
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Remark 3.5

(1) If [x—y|/d(x) > 1 then the square root in Theorem
3.4 is clearly well-defined. In the case |[x—y|/d(x) <1 it
follows from Lemma 3.3 that the square root is
well-defined, too.

(2) The inequalities in Theorem 3.4 are sharp in the
following sense: If vg(x, y) =0, then

s < Ix—yl/(Ix—y| + 2d(x)) which together with Lemma
2.7 actually gives sg(x, y) = [x—yl/(Ix—y| + 2d(x)); If
sg(Xx,y) =1, then the inequality actually gives
VG(X,y)=Tm.
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Definition 3.6

Let 6 € (0, 1/2). We say that a domain G c R" satisfies
condition H(é) if for every z € aG and all r € (0, d(G)/2)
there exists w e B"(z, r)n (R" \ G) such that

B"(w, ér) c B"(z, r)n (R"\ G).
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Definition 3.6

Let 6 € (0, 1/2). We say that a domain G c R" satisfies
condition H(é) if for every z€ aG and all r € (0,d(G)/2)
there exists w e B"(z, r)n (R" \ G) such that

B"(w, ér) c B"(z, r)n (R"\ G).

Note that the condition H(6) excludes domains whose
boundaries have zero angle cusps directed into the
domain. For instance B2 \ [0, 1] does not satisfy the
condition H(6). A similar condition has been studied
also in [MV] and [KLV].
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B?(w, ér)

Figure: Condition H(d) iso
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Theorem 3.7

Let G c R? be a domain satisfying the condition H(5).
Then for all x, y € G we have

Ja(x Y)

sinvg(X, >—th
(X, y) > >
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.
Vaisala [V2] has proved that an L—bilipschitz map with
respect to the quasihyperbolic metric is a
quasiconformal map with linear dilatation 4L2.

Motivated partly by his work we consider the bilipschitz
maps with respect to the triangular ratio metric, and
our result gives a refined upper bound L? of the linear
dilatation in the case of Euclidean spaces.
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Theorem 4.1

Let G R” be a domain and let f : G — fG c R"” be a sense
preserving homeomorphism, satisfying L-bilipschitz
condition with respect to triangular ratio metric, i.e.

sGc(X, ¥)/L < si(f(x), f(y)) < Lsg(x,y),

holds for all x, y € G. Then f is quasiconformal with
linear dilatation H(f) < L.
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Corollary 4.3

Let G c R" be a domainand letf: G — fG c R" be a
sense preserving homeomorphism, satisfying
L-bilipschitz condition with respect to distance ratio
metric or quasihyperbolic metric. Then f is
quasiconformal with linear dilatation H(f) < L2.
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Corollary 4.4

Let G c R" be a domain and letf: G — fG c R" be a
sense preserving isometry with respect to triangular
ratio metric, distance ratio metric, or quasihyperbolic
metric. Then f is a conformal mapping. In particular, for
n = 3 the mapping f is the restriction of a Mébius map.

4
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