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Notations
• Let Cn be the complex Euclidean n-space.

• For z, w ∈ Cn, the standard inner product on Cn and the Euclidean norm of

z are given by 〈z, w〉 :=
∑n

k=1 zkwk and ‖z‖ := 〈z, z〉1/2, respectively.

• For a ∈ Cn,

Bn(a, r) = {z ∈ Cn : ‖z − a‖ < r}

is the (open) ball of radius r with center a. Also, we let Bn(r) := Bn(0, r) and

use Bn to denote the unit ball Bn(1), and D = B1.
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Preliminaries
• Definition A continuous complex-valued function f defined on a domain

G ⊂ Cn is said to be pluriharmonic if for each fixed z ∈ G and θ ∈ ∂Bn, the

function f(z + θζ) is harmonic in {ζ : ‖ζ‖ < dG(z)}, where dG(z) denotes the

distance from z to the boundary ∂G of G (see Rudin’s book: Function theory

in the unit ball of Cn, 1980).

• Specially, if n = 1, then f is a planar harmonic mapping (see Duren’s book:

Harmonic mapping in the plane, 2004).
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• A mapping f : Ω → C is pluriharmonic if and only if f has a representation

f = h + g, where Ω is a simply connected domain in Cn and h, g are holomor-

phic in Ω (see Vladimirov’s book, Methods of the theory of functions of several

complex variables (in Russian), 1966).

• Definition A vector-valued mapping f = (f1, . . . , fn) defined in Bn is said

to be pluriharmonic, if each component fj (1 ≤ j ≤ n) is a pluriharmonic

mapping from Bn into C.

• We denote by PH(Bn, Cm) the set of all vector-valued pluriharmonic map-

pings from Bn into Cm.

http://192.9.200.1
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• Definition For an n× n complex matrix A, we introduce the operator norm

‖A‖ = sup
z 6=0

‖Az‖
‖z‖

= max {‖Aθ‖ : θ ∈ ∂Bn} .

•We use L(Cn, Cm) to denote the space of continuous linear operators from Cn

into Cm with the operator norm, and let In be the identity operator in L(Cn, Cn).
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• Definition Let f = (f1, . . . , fn) ∈ PH(Bn, Cn). For j ∈ {1, . . . , n}, we let

z = (z1, . . . , zn), zj = xj + iyj and fj(z) = uj(z) + ivj(z), where uj and vj

are real pluriharmonic functions from Bn into R. We denote the real Jacobian

matrix of f by

Jf =



∂u1

∂x1

∂u1

∂y1

∂u1

∂x2

∂u1

∂y2
· · · ∂u1

∂xn

∂u1

∂yn

∂v1

∂x1

∂v1

∂y1

∂v1

∂x2

∂v1

∂y2
· · · ∂v1

∂xn

∂v1

∂yn

...
∂un

∂x1

∂un

∂y1

∂un

∂x2

∂un

∂y2
· · · ∂un

∂xn

∂un

∂yn

∂vn

∂x1

∂vn

∂y1

∂vn

∂x2

∂vn

∂y2
· · · ∂vn

∂xn

∂vn

∂yn


.
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• A sufficient condition for sense-preserving pluriharmonic mappings Let f =

h + g ∈ PH(Bn, Cn), where h and g are holomorphic in Bn. Then the real

Jacobian determinant of f can be rewritten in the following form

det Jf = det

(
Dh Dg

Dg Dh

)
and if h is locally biholomorphic, then the determinant of Jf can be written as

follows

det Jf = | det Dh|2 det
(
In −Dg[Dh]−1Dg[Dh]−1

)
.

For f = h + g ∈ PH(Bn, Cn), the condition ‖Dg[Dh]−1‖ < 1 is sufficient

for det Jf > 0 ( P. Duren, H. Hamada and G. Koihr, Trans. Amer. Math. Soc.,

2011).

http://192.9.200.1
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• A necessary and sufficient condition for sense-preserving planar harmonic

mappings In the case of a planar harmonic mapping f = h + g, we find that

det Jf = |h′|2 − |g′|2,

and so, f is locally univalent and sense-preserving in D if and only if

|g′(z)| < |h′(z)| in D; or equivalently if h′(z) 6= 0 and the dilatation

ω(z) = g′(z)/h′(z) is analytic in D and has the property that |ω(z)| < 1

in D (H. Lewy, Bull. Amer. Math. Soc., 1936).

• For f = h + g ∈ PH(Bn, Cn), the condition ‖Dg[Dh]−1‖ < 1 is sufficient

for det Jf to be positive and hence for f to be sense-preserving. This is indeed

a natural generalization of one-variable condition ( P. Duren, H. Hamada and G.

Koihr, Trans. Amer. Math. Soc., 2011).

http://192.9.200.1
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Statement of the problems
• Definition For a ∈ D and a locally univalent analytic function f defined in D,

let

fa(z) =
f
(

z+a
1+az

)
− f(a)

f ′(a)(1− |a|2)
= z +

∞∑
k=2

ak(a)zk.

Pommerenke (Math. Ann., 1964) introduced the notion of order for such a func-

tion f as follows

ordf = sup
a∈D

|a2(a)| = sup
a∈D

|f ′′a (0)|
2

.

• Definition The universal linear-invariant family Uα of order α is defined to be

the set of all locally univalent analytic functions f in D such that ordf ≤ α.

http://192.9.200.1


�¯Ì�

I K �

JJ II

J I

1 11�� 43�

� £

�¶w«

' 4

ò Ñ

• Remark Pommerenke demonstrated that Uα = ∅ for α < 1 and that U1 is the

class of convex functions. Many well-known classes of conformal mappings

are subclasses of Uα for various α (Pommerenke, Math. Ann., 1964). Later,

Pfaltzgraff and Suffridge (J. Anal. Math., 2000) extended Pommerenke’s inves-

tigations of Uα to holomorphic functions defined in Bn.

• A question How is about for planar harmonic mappings?

http://192.9.200.1
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• Definition Let f be harmonic in D with

f(z) = h(z) + g(z) =
∞∑

n=1

an(f)zn +
∞∑

n=1

a−n(f)zn,

where h and g are analytic functions in D. We use H(α, K) (α ≥ 1, K ≥ 1) to

denote all harmonic mappings f satisfying the following conditions:

(1) a1(f) + a−1(f) = 1;

(2) f is locally homeomorphism in D;

(3) f is K-quasiregular in D;

(4) h/h′(0) ∈ Uα.

http://192.9.200.1
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• Starkov discussed some distortion and covering theorems of the class

H(α, K). The obtained results generalized the corresponding results of Pom-

merenke (Math. Ann., 1964).

(cf. V. V. Starkov, Annales Universitatis Mariae Curie-Sklodowska. Sectio A.

Mathematica, 1995 and Siberian Math. J., 1997)

• A question How is about Starkov’s investigations of H(α, K) to higher di-

mensional case?

http://192.9.200.1
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• For motivation, we consider the Taylor expansion of a function f = h + g ∈
PH(Bn, Cn) with h(0) = g(0) = 0, where

h(z) = [Dh(0)]z +
1

2
[D2h(0)](z, z) + · · ·+ 1

m
[Dmh(0)](z, · · · , z) + · · ·

and

g(z) = [Dg(0)]z +
1

2
[D2g(0)](z, z) + · · ·+ 1

m
[Dmg(0)](z, · · · , z) + · · · .

http://192.9.200.1


�¯Ì�

I K �

JJ II

J I

1 15�� 43�

� £

�¶w«

' 4

ò Ñ

• Definition A linear invariant family (hereafter LIF) in Bn is a family M of

locally biholomorphic mappings f : Bn → Cn such that if f ∈M then

(i) f(0) = 0, Df(0) = In and

(ii) Λφ(f) ∈M for all φ ∈ Aut(Bn), the holomorphic automorphism of Bn.

Here Λφ(f) = [Dφ(0)]−1[Df(φ(0))]−1[f(φ(z)) − f(φ(0))] is the Koebe trans-

form of f .

http://192.9.200.1
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• Definition If M is a LIF , then the norm order of M is the quantity

‖ord‖M = sup

{
1

2
‖D2f(0)‖ : f ∈M

}
= α.

• Pfaltzgraff and Suffridge (J. Anal. Math., 2000) proved that α ≥ 1. The

universal linearly-invariant family Mα of order α is defined as the union of all

linearly invariant families of order less than or equal to α.

http://192.9.200.1
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• Definition Let PH(α, k) denote the set of all sense-preserving mappings f =

h + g ∈ PH(Bn, Cn) with the normalization h(0) = g(0) = 0, ‖Dh(0) +

Dg(0)‖ = 1, [Dh(0)]−1h(z) ∈Mα, and such that for k ∈ [0, 1),∥∥Dg(z)[Dh(z)]−1
∥∥ ≤ k,

where h is locally biholomorphic and g is holomorphic in Bn.

• Remark Obviously, if n = 1, then PH(α, k) coincides with the set H(α, K)

defined by Starkov.

http://192.9.200.1
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Main results

PH(α, k) are compact for α < +∞

• Theorem 1 For α < +∞, the classes PH(α, k) are compact with respect to

the topology of almost uniform convergence in Bn.

http://192.9.200.1
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• Directional derivative The derivative of f = h + g ∈ PH(Bn, Cn) in the

direction of vector θ ∈ ∂Bn at the point z will be denoted by

∂θf(z) = lim
ρ→0+

f(z + ρθ)− f(z)

ρ
= Dh(z)θ + Dg(z)θ,

where h and g are holomorphic in Bn.

• We use the standard notations:

Λf = max
θ∈∂Bn

‖∂θf‖ and λf = min
θ∈∂Bn

‖∂θf‖ .

• Let B2n
R denote the unit ball of R2n. Then

Λf = max
θ∈∂B2n

R

‖Jfθ‖ and λf = min
θ∈∂B2n

R

‖Jfθ‖.

http://192.9.200.1
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The distortion theorem on Λf

• Theorem 2 For α < +∞, let f = h + g ∈ PH(α, k). Then

1− k

‖[Dh(0)]−1‖
(1− ‖z‖)α−1

(1 + ‖z‖)α+1 ≤ Λf(z) ≤ 1 + k

1− k

(1 + ‖z‖)α−1

(1− ‖z‖)α+1 . (1)

Especially, if n = 1, then the estimate of (1) is sharp. The equality on the right

is obtained for f(z) = h(z)− kh(z), where z = reit and

h(z) =
eit

2α(1− k)

[(1 + ze−it

1− ze−it

)α

− 1

]
.

Moreover, the equality on the left is obtained for f(z) = h∗(z) + kh∗(z), where

z = reit and

h∗(z) =
eit

2α(1 + k)

[(1− ze−it

1 + ze−it

)α

− 1

]
.

http://192.9.200.1
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The distortion theorem on f ∈ PH(α, k)

• Theorem 3 For α < +∞, if f ∈ PH(α, k), then

‖f(z)‖ ≤ 1 + k

2α(1− k)

{
(1 + ‖z‖)α

(1− ‖z‖)α
− 1

}
.

http://192.9.200.1
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The covering theorem on f ∈ PH(α, k)

• Theorem 4 For r ∈ (0, 1] and α < +∞, if f = h + g ∈ PH(α, k), then

f(Bn(r)) contains a univalent ball Bn(R) with

R ≥ (1− k)| det Dh(0)|
‖Dh(0)‖n−1

∫ r

0

(1− x)(2n−1)α+(n−3)/2

(1 + x)(2n−1)α−(n−3)/2dx.

In particular, if n = 1, then R = (1 − k)
[
1−

(1−r
1+r

)α]
/[2α(1 + k)], and the

extreme function f = h + kh show that this estimate is sharp, where

h(z) =
±i

2α(1 + k)

[(1± iz

1∓ iz

)
− 1

]
.

http://192.9.200.1
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The distortion theorem on Jf

• Theorem 5 For α < +∞, if f = h + g ∈ PH(α, k), then

| det Jf(z)| ≥ (1− k2)n(
det[Dh(0)]−1

)2
(
1− ‖z‖

)2nα−n−1(
1 + ‖z‖

)2nα+n+1 .

http://192.9.200.1
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• Definition For r ∈ (0, 1), a univalent mapping f = h + g ∈ PH(Bn, Cn) with

h(0) = g(0) = 0, Dg(0) = 0 and∥∥Dg[Dh]−1
∥∥ < 1

is called fully starlike if it maps every ball Bn(r) onto a starlike domain with

respect to the origin, where h is locally biholomorphic and g is holomorphic in

Bn.

http://192.9.200.1
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The growth Theorem on f ∈ PH(Bn, Cn)

• Theorem 6 Let r ∈ (0, 1) and f = h + g ∈ PH(Bn, Cn) be fully starlike,

where h is locally biholomorphic and g is holomorphic in Bn. Then for all

z ∈ Bn(r),

‖h(z)‖ ≤ 1

1− r
‖f(z)‖.

• Conjecture For the same condition with Theorem 6,

‖h(z)‖ ≥ 1

1 + r
‖f(z)‖.

• Remark On the related study of this topic in D, see (Chen, Ponnusamy and

Wang, Arch. Math., 2013), (Chen, Ponnusamy and Rasila, J. Aust. Math. Soc.,

2014) and (Chen, Ponnusamy and Rasila, Math. Z., 2014).
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• The main tools to the proof of Theorem 6 are the following.

• (1) The inverse mapping theorem;

• (2) The theory of matrix equation;

• (3) The Schwarz Lemma;

• (4) The theory of linear algebra.

http://192.9.200.1
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Proof of Theorem 6

• Step 1. Solving the equation f−1(f(z)) = z

By the inverse mapping theorem, we know that f−1 is differentiable. Differen-

tiation of the equation

f−1(f(z)) = z

yields the following relationsDf−1Dh + Df−1Dg = In,

Df−1Dg + Df−1Dh = 0,

which giveDhDf−1 =
(
In −Dg[Dh]−1Dg[Dh]−1)−1

,

DhDf−1 = −
(
In −Dg[Dh]−1Dg[Dh]−1)−1

Dg[Dh]−1.
(2)

http://192.9.200.1
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• Step 2. Estimate ‖DhDf−1‖+ ‖DhDf−1‖
By (2), we get

‖DhDf−1‖+ ‖DhDf−1‖ =
∥∥ (In −Dg[Dh]−1Dg[Dh]−1)−1 ∥∥
+
∥∥ (In −Dg[Dh]−1Dg[Dh]−1)−1

Dg[Dh]−1
∥∥

≤
∥∥ (In −Dg[Dh]−1Dg[Dh]−1)−1 ∥∥
×
(
1 + ‖Dg[Dh]−1‖

)
≤ 1 + ‖Dg[Dh]−1‖

1−
∥∥Dg[Dh]−1Dg[Dh]−1

∥∥
≤ 1 + ‖Dg[Dh]−1‖

1− ‖Dg[Dh]−1‖2

=
1

1− ‖Dg[Dh]−1‖
.

http://192.9.200.1
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• Step 3. Estimate ‖Dg(z)[Dh(z)]−1‖
Since Ω = f(Bn(r)) is starlike, for any point z0 ∈ Bn(r) and t ∈ [0, 1], we have

ϕ(t) = tf(z0) ∈ Ω,

where f = (f1, . . . , fn). Let γ = f−1 ◦ ϕ. For any fixed θ ∈ ∂Bn, let Aθ =

Dg[Dh]−1θ. By Schwarz’s lemma, for z ∈ Bn(r), ‖Aθ(z)‖ ≤ ‖z‖ if r ∈ (0, 1).

The arbitrariness of θ ∈ ∂Bn gives

‖Dg(z)[Dh(z)]−1‖ ≤ ‖z‖ ≤ r (3)

for z ∈ Bn(r). By (3), we have

http://192.9.200.1
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• The final step

‖h(z0)‖ =

∥∥∥∥∫ 1

0
Dh(γ(t))

d

dt
γ(t) dt

∥∥∥∥
=

∥∥∥∥∫ 1

0
Dh(γ(t))

[
Df−1(ϕ(t))Dϕ(t) + Df−1(ϕ(t))Dϕ(t)

]
dt

∥∥∥∥
≤
∫ 1

0

(
‖Dh(γ(t))Df−1(ϕ(t))‖+ ‖Dh(γ(t))Df−1(ϕ(t))‖

)
‖Dϕ(t)‖ dt

≤ ‖f(z0)‖
∫ 1

0
(1 + ‖Dg(γ(t))[Dh(γ(t))]−1‖)

×‖In −Dg(γ(t))[Dh(γ(t))]−1Dg(γ(t))[Dh(γ(t))]−1‖ dt

≤
∫ 1

0

1 + ‖Dg(γ(t))[Dh(γ(t))]−1‖
1− ‖Dg(γ(t))[Dh(γ(t))]−1Dg(γ(t))[Dh(γ(t))]−1‖

dt

×‖f(z0)‖

≤ ‖f(z0)‖
∫ 1

0

1

1− ‖Dg(γ(t))[Dh(γ(t))]−1‖
dt

≤ 1

1− r
‖f(z0)‖,

http://192.9.200.1
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where

Dϕ(t) =



f1(z0) 0 0 · · · 0

0 f2(z0) 0 · · · 0

... ... ... · · · ...

0 0 · · · fn−1(z0) 0

0 0 · · · 0 fn(z0)


.

is a diagonal matrix. The proof of this theorem is complete.
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• Corollary 1 Let f = h + g ∈ PH(Bn, Cn) be fully starlike with

‖Dg[Dh]−1‖ < 1 and h ∈ Mα, where g is holomorphic with g(0) = 0.

Then

(a) for z ∈ Bn(r0),

‖f(z)‖ ≥ (1− r0)r
2
0

‖z‖
(r0 + ‖z‖)2 ,

where r0 = 4α/(1 + 4α2);

(b) f differ from zero in Bn(r0) if z 6= 0.

• Remark We remark that

4α

1 + 4α2 =
1

α
− 1

α(1 + 4α2)
∼

1

α

as α →∞. If n = 1 and g ≡ 0, then Corollary 1 coincides with the correspond-

ing result of Pommerenke (Math. Ann., 1964) as α →∞.
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•Definition A continuous mapping f : Ω ⊂ Rn → Rn is called K-quasiregular

if f ∈ W 1
n,loc(Ω) and

‖Df(x)‖n ≤ K det Jf(x) for almost every x ∈ Ω,

where K (≥ 1) is a constant, f ∈ W 1
n,loc(Ω) means that the distributional deriva-

tives ∂fj/∂xk of the coordinates fj of f are locally in Ln(Ω) and Jf(x) denotes

the Jacobian of f .
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The Landau-type covering Theorem on f ∈ PH(Bn, Cn)

• Theorem 7 Let f = h + g ∈ PH(Bn, Cn) with
∥∥Dg(z)[Dh(z)]−1

∥∥ ≤ c < 1

for z ∈ Bn, where c is a positive constant. Then

(a) f is a quasiregular mapping if and only if h is a quasiregular mapping;

(b) f(Bn) contains a univalent ball with the radius

R ≥ knπ

8m

(
knπ

√
1− c

4K
√

1 + c log(1/(1− kn))

)4n−1

,

where m ≈ 4.2, Jf(0) = 1, h is a K-quasiregular mapping with K ≥ 1 and

0 < kn < 1 is a unique root such that

4n log
1

1− kn
= (4n− 1)

kn

1− kn
.
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• The main tools to the proof of Theorem 7 are the following.

• (1) The theory of topology;

• (2) The theory of operator;

• (3) The theory of linear algebra.
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Problems

Convex holomorphic mappings

• Definition A holomorphic mapping f is normalized means that f(0) = 0 and

Jf(0) = In. A holomorphic mapping f is convex means that f is normalized,

one-to-one mapping with an image that is convex.

• The distortion theorem Let f be a convex holomorphic mapping. Then for any

point z ∈ Bn,
‖z‖

1 + ‖z‖
≤ ‖f(z)‖ ≤ ‖z‖

1− ‖z‖
.

Furthermore the estimates are sharp (see the book: Graham, Kohr, Geometric

function theory in one and higher dimensions, 2003).
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• Definition An univalent mapping f = h + g ∈ PH(Bn, Cn) with h(0) =

g(0) = 0, Dh(0) = In, Dg(0) = 0 and∥∥Dg[Dh]−1
∥∥ < 1

is called convex if it maps Bn onto a convex domain, where h is locally biholo-

morphic and g is holomorphic in Bn.

• Problem 1 What is the sharp distortion theorem for convex pluriharmonic

mappings?
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• If n = 1 on Problem 1, then for z ∈ D,

|f(z)| ≤ |z|
(1− |z|)2 .

This estimate is sharp and the extreme function is

f(z) =
1

2

[
z

1− z
+

z

(1− z)2

]
+

1

2

[
z

1− z
− z

(1− z)2

]
.
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Starlike holomorphic mappings

• Definition A holomorphic mapping f is normalized means that f(0) = 0 and

Jf(0) = In. A holomorphic mapping f is starlike with respect to the origin

means that f is normalized, one-to-one mapping with an image that is starlike

with respect to the origin.

• The distortion theorem Let f be a starlike holomorphic mapping. Then for

any point z ∈ Bn,

‖z‖
(1 + ‖z‖)2 ≤ ‖f(z)‖ ≤ ‖z‖

(1− ‖z‖)2 .

Furthermore the estimates are sharp (cf. Barnard, Fitzgerald, Gong, Pacific J.

Math., 1991).
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•Definition A univalent mapping f = h+g ∈ PH(Bn, Cn) with h(0) = g(0) =

0, Dh(0) = In, Dg(0) = 0 and∥∥Dg[Dh]−1
∥∥ < 1

is called starlike if it maps Bn onto a starlike domain with respect to the origin,

where h is locally biholomorphic and g is holomorphic in Bn.

• Problem 2 What is the sharp distortion theorem for starlike pluriharmonic

mappings?
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• If n = 1 on Problem 2, then for z ∈ D,

|f(z)| ≤ 1

3
· 3|z|+ |z|3

(1− |z|)3 .

This estimate is sharp and the extreme function is

f(z) =
z − 1

2z
2 + 1

6z
3

(1− z)3 +
1
2z

2 + 1
6z

3

(1− z)3 .
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Thanks for your attention!
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