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Abstract

We give coefficient estimates for a class of close-to-convex
harmonic mappings, and discuss the Fekete-Szeg6 problem of
it. We also introduce two classes of polyharmonic mappings
HSp and HCp, consider the starlikeness and convexity of them,
and obtain coefficient estimates on them. Finally, we give a
necessary condition for a mapping F to be in the class HCp.
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Polyharmonic mappings

@ A complex-valued mapping F in a domain D is called
polyharmonic (or p-harmonic) if F satisfies the
polyharmonic equation APF = A(AP~'F) = 0 for some
p € N*, where A" := A is the usual complex Laplacian
operator.
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Polyharmonic mappings

@ In a simply connected domain, a mapping F is
polyharmonic if and only if F has the following
representation:

p
F(z) =Y [2P*DG(2),
k=1

where each Gy is harmonic, i.e., AG(z) = 0 for
ke{1,---,p}.
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Polyharmonic mappings
@ D denote the unitdisk {z : |z] < 1,z € C}.

@ It is known that the mappings Gy can be expressed as the
form Gk = hx + gk for k € {1,..., p}, where all hx and gi
are analytic in D.

@ Obviously, for p =1 (resp. p=2), F is a harmonic (resp.
biharmonic) mapping.
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the class A

@ A debote the class of functions of the form

(1) f(z2)=z+) aZ,
j=2
which are analytic in D.

@ Denote by S the subclass of A consisting of functions
f € A, which are univalent.
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the class Sy

@ Sy denote the class consisting of univalent harmonic
mappings in D. Such mappings can be written in the form

@ fD=h)+a@ =2+ a7+ b7,
i—2 =

with |by| < 1.
@ Let S, and Cy be the subclasses of Sy, where the images
of f(D) are starlike and convex, respectively.

o If by =0, then Sy, Sf; and Cy reduce to the classes SO,
Sp* and Y, respectively.
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the class Sy

@ Itis well known that the coefficients of every starlike
mapping f € S;;° of the form (2) satisfy the sharp
inequalities

2/ +1)j+1 2j—1)(j—1 .
g1 < EHDUED ) BZ0D gy <
forj=2,3,....

@ The coefficients of each mapping f € C?, satisfy the sharp
inequalities

[+ 1 f—1
gl<i=, Igl<t=, and |lal-Ibl| <1
forj=2,3,....
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Fekete-Szegd problem

A classical theorem of Fekete and Szegd [FS] states that for
f € S of the form (1), the functional |a; — \&3| satisfies the
following inequality:

34, A<0,
las — A\l < {1426 Tx, 0<r<A,
4\ — 3, A1
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Fekete-Szegd problem

@ This inequality is sharp in the sense that for each real A
there exists a function in S such that equality holds.

@ Thus the determination of sharp upper bounds for the
nonlinear functional |as — )\agy for any compact family F of
functions in A is often called the Fekete-Szegd problem for
F.

@ Many researchers have studied the Fekete-Szegd problem
for analytic close-to-convex mappings . A natural question
is whether we can get similar generalizations to harmonic
close-to-convex mappings.
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Characterizations of starlikeness and convexity

@ We say that a univalent polyharmonic mapping F with
F(0) = 0 is starlike with respect to the origin if the curve
F(re) is starlike with respect to the origin for each
re(0,1).

o If Fis univalent, F(0) = 0 and 4, (arg F(re)) > 0 for
z = re' # 0, then F is starlike with respect to the origin.

@ A univalent polyharmonic mapping F with F(0) = 0 and
£, F(re”) # 0 whenever r € (0, 1), is said to be convex if
the curve F(re') is convex for each r € (0, 1).

o If Fis univalent, F(0) = 0, & F(re”) # 0 whenever
re (0,1), and & [arg (ZF(re”))] > 0for z = re’ +# 0,
then F is convex.
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The class Hp

Hp denote the set of polyharmonic mappings F in D with the
form:

3)  F@)=)_12P* "V (h(2) + gk(2))

M= 11~

2PEDS (ay 2 + by ),

k=1 j=1

where aq = 1, |b171| < 1.
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The classes HSp and HCp

In [QW], J. Qiao and X. Wang introduced the class 1S, of
polyharmonic mappings F of the form (3) satisfying the
condition
p o
DD (k= 1) +)) (1ak | + [bijl)
k=1 j=2
p
(4) <1 —|bygl =Y (2k — 1) (lak 1] + [bk.1]),
k=2
P
0 < |bral+ Y (2k — 1)(laka] + [bx1l) <1,
L k=2
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The classes HSp and HCp

subclass HCp of HSp, where

( P oo
>> 2k — 1) + %) (lak | + b )
k=1 j=2

(5) <1 — by — Yk ok — 1) (Jak1] + |bk.l),

p
0 < [bral+ > (2k — 1)(|ak1| + bra]) < 1.
k=2
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@ For p =1, the classes HS, and HCp reduce to HS and
HC, respectively.

@ Forany F € HSp, we have |F(z)| < 2|z| for z € D.

Theorem (J. Qiao and X. Wang)

Suppose F € HSp. Then F is univalent and sense preserving
in D.
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coefficient estimates for a class of close-to-convex
harmonic mappings

Theorem (S. Bharanedhar and S. Ponnusamy)

Let f = h+ g be a harmonic mapping of D, with #/(0) # 0,
which satisfies

(6) 9'(z) = €YzH(z) and Re (1 + zf;;//((zz))) > _%

for all z € D. Then f is a univalent close-to-convex mapping in
D.
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@ F denote by the class of harmonic mapping f in D of the
form (2), satisfying (6).
@ Let H and G be the subclasses of F, where

H={F=h+g:FeF and g=0}

and
Gg={F=h+g:FeF and h=0}.

v

@ Can we consider the Fekete-Szeg6 problem of the class of
harmonic mapping F?
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The classes #H, G and F are compact

Theorem 1
Let f be of the form (2) satisfying (6). Then

J+1
2

j—1

laj| < —— 5

and |bj| < ——

forallj=1,2,....
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Let f be of the form (2) and satisfy (6). Then
IAI

1 18— 9)
— 2\l < _
20 - raf] < max { 5. 2

} and |bs — Ab3| <1+ 21

for all A € R.
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[8—9)| 1
o If — < 5, then

1
2

— L =,
|a3 )\aZ| )
Equality is attained if we choose a, = 0 and a3 = i%.

|8—9)|

o If 7

1
> 5, then

18 — 9|

A& <
|as — AaB| < i

Choosing a» = i% and az = 2 in shows that the result is
sharp.
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Remark

e If A > 0, then equality in |b;| < 15! is attained when
by =—€"ie. ap = —3e.
@ If A <0, then equality in |b;| < /’71 is attained when
by =€ i.e. a = 3€"”.
@ Both equalities in Theorem 2 are attained when a, = 3 and
by = e or a; = —3 and by = —€', but only in the case
|8 —9\| > 2 and 0 = 2kr, where k € Z.
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Geometric properties

Each mapping F € HS,, is starlike with respect to the origin. I
Theorem 4
Each mapping F € HCp is convex.

Let F1(z) = z+ 3z + {|2|?Z. Then F is convex.
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Coefficient estimates for two classes of polyharmonic

mappings

The coefficients of every mapping F € HS,, satisfy the sharp
inequalities
1
(7) > (lawl + bk < =
k=1 J
forallj=2,3,....
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Let F € HSp be of the form (3). By (4), we have

p
Z/ |k jl + |k )

k=1
p oo
<> @k =1)+)) (laky

+ |bk/|) <1
k=1 j=2
It follows that
P 1
> (lakgl + 1brl) < =
k=1 J

forj=2,3,....
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o Let F(z) =z+ Zel¥forallj=2,3,...and ¢ € R. Then
Foe HS is univafent, sense preserving and starlike with
respect to the origin. Obviously, the coefficients of F,
satisfy (7).

@ The above example shows that the coefficient estimate in
Theorem 5 is sharp for p = 1.
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Theorem 6

The coefficients of each mapping F € HC, satisfy the sharp
inequalities

p

1

(8) > (lawyl + |bxl) < 7
k=1

forj=2,3,....
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o Let F3(z)=z+ f—ée"P forallj=2,3,...and ¢ € R. Then
F3 € HC is univalent, sense preserving and convex
harmonic mapping. Obviously, the coefficients of F3 satisfy

(8). )

@ This example shows that the coefficient estimate in
Theorem 6 is sharp for p = 1.
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Proposition 1

In [CS], Clunie and Sheil-Small obtained the following result:
Proposition 1 ([CS, Lemma 5.11]) If f = h+ g € Cy, then there
exist angles o and 3 such that

Re { (e’ah’(z) s e"ag’(z)) (el — e"'ﬂzz)} >0

for all z € D.

| A\

Question

@ The question is whether we obtain a generation of
Proposition 1 to the class polyharmonic.
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Theorem 7

If F e HCpand ax1 =0for k € {2,...,p}, then there exist
angles « and S such that

p p
Re { <e"‘ > 1zP* () + ey |Z|2(k_1)gf<(2)>

k=1 k=1

x (e — e"ﬂzz)} >0

for all z € D.

Jiaolong Chen Coefficient estimates and the Fekete-Szegd problem 31/1



proof
Let F € HCp be of the form (3), fix r € (0,1), and let

Z r2lD (h(2) + gk(2))

oo P
ZZ(ak 2=zl 4 py etk 1)z!>, zeD.
j=1 k=1

Then F; is harmonic. By the hypothesis and (5), F € HCp
implies
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Z/ +Z/
j=2 j=2

2(k 1) 2(k 1)

o
Z bkjfz(k_” ,

k=1

i.e., Fy € Cy (see [AZ]). Then Proposition 1 implies that there
exist angles a and 5 such that

<1-
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proof

14 14
Re eia Z r2(k—1)h;((z) + e—ia Z r2(k—1)g;((z)
k=1 k=1

(e — e"'ﬁzz)} >0

forall z € D. Let r = |z|. The result is proved.
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@ Obviously, the mapping Fi(z) = z + 3z + £|2[?Z € HCa.
Let o = B8 = 0. Then F; satisfies the inequality in Theorem
7.

@ However, the mapping F4(2) = z + §|z[?z + 12 + §|z[°Z
€ HC» also satisfies the inequality in Theorem 7 for
Oz:,B:OWith a 1 :%.

@ The proof of Theorem 7 request an additional assumption,
it is not know if all F € HC), satisfy the inequality.

A\
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