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21 IntroductionArjas and Gasbarra (1994) introduced a new approach to the nonparametricBayesian estimation of the intensity (or hazard rate) of a non-homogeneousPoisson process. The basic idea was to use piecewise constant functions witha random number and random locations of jump times to approximate `real'(smooth) intensity functions. In this way an intensity de�ned on a �nite inter-val was parametrized by a �nite number of real numbers. Variability of thisnumber lead, however, to an in�nite-dimensional parameter space. Examplesof such random step functions have been plotted in Figure 2 (Section 4).The form of piecewise constant intensities was chosen as a convenient wayof arriving at a simple model formulation and straightforward calculation forthe posterior. Since Bayesian inference is not concerned with selecting apoint estimate (here single intensity function) from the postulated modelclass, the precise functional form of its individual members is not as crucialas in the frequentist approach. More important is that the integrals of testfunctions of interest (e.g. predictive densities or probabilities) w.r.t. the pos-terior distribution obtained from the approximate model are close to thoseobtained from the `true' model (see Arjas and Andreev 1996). Furthermore,a `Bayesian point estimate', the posterior mean, does not necessarily belongto the model class. In the present case pointwise posterior means don't needto form a piecewise constant function since the jump times are variable, andindeed the posterior mean is typically a smooth continuous function (see Fig-ure 1 in Secion 4). Further discussion on the topic can be found in the paperscited above and in Arjas (1996).In Arjas and Gasbarra (1994) a prior distribution on the space of randomstep functions, or jump processes, was speci�ed in terms of the correspond-ing local characteristics. A martingale structure was assumed, which penal-izes large di�erences between nearby function values. The aim was, besidessmoothing the oscillations, to have the change points concentrated on theareas where the intensity is changing most rapidly.The mainmotivationof the work presented here was to modify the methodof Arjas and Gasbarra (1994) so that it could also be generalized to theestimation of spatial intensities. In this modi�cation random step functionsare generated via `center points' of regions of constant intensity rather thanvia the jump points; (one dimensional) Voronoi tessellations are applied. Thisalso simpli�es the structure so that corresponding to each generating pointthere is exactly one intensity level; in other words, step functions are speci�edby marked point patterns. Instead of the martingale model we use (onedimensional) Markov random �elds: Conditional distributions of levels arespeci�ed given both the preceding and the following level, instead of buildingthe prior distribution sequentially in time as in Arjas and Gasbarra (1994).This approach is also in better correspondence with the role of the prior asa smoother. Finally, we use the more general reversible jump algorithm ofGreen (1995) to replace the version of Gibbs sampler developed by Arjas



3and Gasbarra (1994) for sampling from the variable dimensional posteriordistribution.Development and application of this approach to the estimation of spatialintensities is reported in Heikkinen and Arjas (1998). Green (1995) presentedtwo examples where a similar approach was taken to the estimation of anintensity function on the real line and of a surface on the plane. The mainconcern in these examples was in �nding change-points and boundaries infunctions that are truly discontinuous, and accordingly independence wasassumed between values of the step functions in di�erent regions. In thissense our method is more general, and perhaps better suited for prediction.Related concurrent work includes also Denison et al. (1998), where piecewisepolynomials were used instead of our step functions.2 ModelSuppose we observe a non-homogeneous Poisson process during observationtime �obs � R, which may, in general, be a �nite union of disjoint intervals.The likelihood of observing sequence T = (T1; : : : ; TN ) � �obs, T1 < T2 <� � �< TN , of event times isp(Tj�) = exp �� Z�obs �(t) dt� NYn=1�(Tn); (2.1)where � : R ! [0;1) is the intensity function of the process. Given dataT we consider the inference concerning the restricion of � to a �nite interval�tot = [Tmin; Tmax) containing �obs. We may choose �tot to be longer than�obs for the purpose of prediction; see Section 5.We construct a prior distribution for � on the set of positive valued stepfunctions �(t) = KXk=1�k1�k (t); (2.2)where intervals �1; : : : ;�K form a partition of �tot, and �1; : : : ; �K 2 (0;1)are the corresponding intensity levels. Random partitions� = (�1; : : : ;�K)are generated by sequences � = (�1; : : : ; �K) of generating points �k 2 �totso that the subinterval �k consists of those points of �tot which are closerto �k than to any other point of �; in other words � is the (one dimensional)Voronoi tessellation of pattern �. The explicit formulae for the intervals are�k = �k(�) = 8><>:�Tmin ; 12(�1 + �2)� k = 1;�12 (�k�1 + �k); 12(�k + �k+1)� k = 2; : : : ;K � 1;�12 (�K�1 + �K); Tmax� k = K: (2.3)



4An advantage of this parametrization, as opposed to de�ning the partition bythe endpoints of the subintervals, is the one-to-one correspondence betweengenerating points �k and intensity values �k. A step function is speci�ed bya pattern of marked points (�k; �k). This makes it possible to extend theconstruction to more general spaces than the real line. A slight defect is thatall partitions of the real line can not be represented as a Voronoi tessella-tion. This should not, however, have any essential e�ect on the practicalperformance of our method.The actual prior distribution among step functions parametrized as ex-plained above, that is, the joint prior distribution of � and � = (�1; : : : ; �K)is speci�ed through p(�;�) = p(�)p(�j�) (2.4)The prior distribution of � is taken to be the homogeneous Poisson process on�tot with a given intensity �� 2 (0;1), and with zero probability assignedto the empty pattern. Hence, density p(�) is proportional to �K� if K > 0and Tmin < �1 < � � � < �K < Tmax, and equal to 0 otherwise.The prior of � (given �) will reect an assumption of smoothness in thesense that the di�erences j�k � �k�1j between two consecutive levels areexpected to be small. A multivariate Gaussian priorp(�j�) / (2�)�K=2jQj1=2 expf�12(� � �)TQ(� � �)g (2.5)is assigned to the K-vector � of log-intensities �k = log�k. Here K naturallydepends on �, but also the mean vector � = (�1; : : : ; �K) and the precisionmatrix Q may in general be functions of �, although we will suppress thesedependencies from the notation for clarity.The expectations �k may be chosen according to any prior knowledge oflocal intensities. They could, for example, be functions of covariate valuesattached to the corresponding intervals �k. Here we will assume, however,that they have been chosen to be all equal, �k = � for all k, to simplify thenotation.Following the Markov random �eld approach we specify the covariancestructure via the local characteristics p(�kj��k; �), where ��k denotes thesequence � with �k removed. With the assumption of multivariate normal-ity (2.5) and the �rst-order Markov propertyp(�kj��k; �) = p(�kj�j; jj � kj = 1; �) (2.6)the conditional distributions p(�kj��k; �) become Gaussian with expectationsE(�kj��k; �) = �+ Xj:jj�kj=1�kj(�j � �); (2.7)where �kj = �Qkj=Qkk, and variancesVar(�kj��k; �) = �2k = Q�1kk : (2.8)



5In specifying the joint distribution (2.5) via the local characteristics (2.7)and (2.8), that is, in choosing the parameters �kj and �2k, some consistencyconditions must be imposed. The symmetry of Q requires that�kj�2j = �jk�2k: (2.9)The matrix Q must also be positive de�nite, for which a simple su�cientcondition (Besag and Kooperberg 1995) is that the �kj are all non-negativeand Xj:jj�kj=1�kj < 1; for all k. (2.10)The role of the prior as smoother becomes now apparent asE(�kj��k; �) = �1� Xj:jj�kj=1�kj��+ Xj:jj�kj=1�kj�j (2.11)is a weighted average of the prior expectation � and the neighbouring levels�j; jj � kj = 1.A simple and yet rather exible scheme satisfying the above restrictionsis given by �kj = lkjlk � and �2k = �2lk (2.12)with hyperparameters � 2 [0; 1) and �2 > 0. Here lkj and lk are some simplefunctions of the generating points � satisfyinglkj = ljk and Xj:jj�kj=1 lkj � lk: (2.13)The easiest choice would be to have all lkj equal (= 1) and lk equal to thenumber of neighbours of k (1 for k 2 f1;Kg, 2 otherwise). We wish, however,to encourage adaptivity by allowing larger jumps for shorter intervals, andhence choose lk to be the length of �k. The requirements (2.13) are thenmet by choosing lkj = 12 j�k � �j j. In the corresponding expression (2.5) ofthe joint distribution we now have Q = 1�2�, where�kj = 8><>:lk if j = k,��lkj if jj � kj = 1, and0 otherwise. (2.14)Our entire prior distribution p(�;�) = p(�)p(�j�) has four hyperparam-eters: �� controls the resolution, � gives the expected overall level of log-intensity, � determines the weighting between � and the neighbouring levels,



6and �2 between the prior and the data. Consider, for a moment, a slight mod-i�cation of p(�j�), where l1 = l1;2 and lK = lK;K�1. As � approaches 1, thisdistribution tends to the improper pairwise di�erence prior (Besag 1989, Be-sag et al. 1995)p(�j�) / (2��2)�K=2 exp�� 12�2 Xj�k lkj(�k � �j)2�; (2.15)and � disappears. Hence, in the case where prior knowledge of the intensitylevel is vague, we can give � a value close to 1, and the choice of � is notcrucial. We are then left with two hyperparameters, �� and �2, which controlthe degree of smoothing. Our experience suggests that a moderate value of�� is su�cient; see the comments on Figure 4. Also, the posterior level ofK appears to get higher as we take smaller values of �2. Naturally, thereis the option of treating (some of) these parameters as random variables bybuilding one more level of hierarchy.For the piecewise constant log-intensity functionP �k1�k determined by� and �, the Poisson likelihood (2.1) can be written asp(Tj�;�) = exp� KXk=1 `k(�)�; (2.16)where `k(�) = N (�k)�k � j�k \�obsje�k ; (2.17)N (A) is the number of events of T during time A, and jAj is the length ofA. The inference concerning the intensity is now based on sampling from theresulting posterior distributionp(�;�jT)/ p(�)p(�j�)p(Tj�;�)/ �K� (2��2)� 12K j�j 12 exp�� 12�2 (� � �)T�(� � �) +Xk `k(�)�: (2.18)by means of a Markov chain Monte Carlo (MCMC) algorithm. The detailsof the algorithm are given in Section 3.3 Simulation of the posteriorOur MCMC algorithm follows the ideas of Green (1995, sections 4 and 5);motivation behind some of the choices made below is also discussed theremore thoroughly. The move types considered here are1. change of level in a subinterval,



72. birth of a new generating point, and3. death of an existing generating point,with proposal probabilities hK , bK , and dK , respectively, depending on thecurrent number of generating points. We takebK = (c if K � ��j�totj � 1,c��j�totjK+1 if K > ��j�totj � 1, (3.1)dK = 8><>:0 if K = 1,c K��j�totj if 1 < K � ��j�totj,c if K > ��j�totj, (3.2)and hK = 1� bK � dK: (3.3)The constant c 2 (0; 12 ) controls the rate at which changes are proposed tothe number of generating points: We have bK + dK 2 [c; 2c] for all K.In a type 1 move an index k is sampled from the uniform distribution onf1; : : : ;Kg, and a proposal �0k for a new log-level is drawn from the uniformdistribution on [�k� �; �k+ �), where �k is the current value, and � is a givensampler parameter. Since the proposal kernel is symmetric, the acceptanceprobability is simply minf1; p(�;�0jT)=p(�;�jT)g, and the posterior ratioturns out to bep(�;�0jT)p(�;�jT) = exp���0k � �k�2 ��kk��0k + �k2 � ��+ Xj:jj�kj=1�kj(�j � �)�+ `k(�0)� `k(�)�: (3.4)Moves of type 2 and 3 are designed to form pairs of reversible jumps.Considering �rst a birth move, suppose that there are currently K gener-ating points forming a sequence �. A proposal �0 for the location of a newgenerating point is drawn from the uniform distribution on �tot. Let �0 bethe sequence of order statistics of � [ �0, and suppose that �0k = �0 (i.e.,�0 2 (�k�1; �k)).To simplify notation in comparing � and �0, let us re-index the elementsof the current sequence � as �1; : : : ; �k�1; �k+1; : : : ; �K0 , where K0 = K + 1;then �0j = �j for j 6= k; similar re-indexing will naturally be applied tothe partition �, the log-level sequence � and the matrix �. Also, we willnot make explicit the modi�cations near the ends of �tot every time theyare needed. The general rule is: Whenever an index falls outside the range1; : : : ;K (or 1; : : : ;K0, as appropriate) in the formulae (3.5) through (3.17)below, then simply ignore the corresponding term.



8Let then s� and s+ be the lengths of the intervals which �0k `conquers'from its two neighbours, that is,s� = j�k�1j � j�0k�1j and s+ = j�k+1j � j�0k+1j; (3.5)yielding j�0kj = s� + s+ for the new interval. The log-level proposed for thenew interval is then �0k = e�k + ", where e�k is the weighted averagee�k = s�j�0kj�k�1 + s+j�0kj�k+1; (3.6)and perturbation " is drawn from the densityf(") = CeC"=(1 + eC")2; (3.7)where C is yet another parameter of the sampler (in addition to c and �); thesecan be tuned to improve mixing. Reasons for the form of density (3.7) aresymmetry and easy sampling by the inversion method: The inverse functionof the cumulative probability is simplyF�1(u) = C�1 log� u1� u� :The proposal also includes modi�cations�0k�1 = j�k�1jj�0k�1j�k�1� s�j�0k�1j�0k and �0k+1 = j�k+1jj�0k+1j�k+1 � s+j�0k+1j�0k (3.8)to the neighbouring log-intensity values, whereby the integral of � remainsunchanged in this type of move, that is,X j�0jj�0j =X j�jj�j: (3.9)The death proposal reverses the above procedure: A random generatingpoint �k is omitted, the current partition � = (�1; : : : ;�K) is updated to�0 = (�1; : : : ;�k�2;�0k�1;�0k+1;�k+2; : : : ;�K)with s� = j�0k�1j � j�k�1j and s+ = j�0k+1j � j�k+1j; (3.10)and new log-intensity levels�0k�1 = j�k�1jj�0k�1j�k�1 + s�j�0k�1j�k and �0k+1 = j�k+1jj�0k+1j�k+1 + s+j�0k+1j�k (3.11)are proposed.



9Applying the terminology of Green (1995), the acceptance probabilitiesare of the formminf1; (posterior ratio) � (proposal ratio) � (Jacobian)g: (3.12)Suppose that a birth move is proposed from (�;�) to (�0;�0), the new gen-erating point being �0k, and � and � being re-indexed as explained above; �and �0 are the corresponding dependence matrices as introduced in Section 2.Then the posterior ratio isRpostf(�;�); (�0;�0)g == p(�0;�0jT)p(�;�jT) = ��(2��2)� 12 � j�0jj�j �12 exp �� 12�2D� +DT� ; (3.13)where D� = (�0 � �)T�0(�0 � �) � (� � �)T�(� � �) (3.14)and DT = `k(�0) + `k�1(�0) + `k+1(�0) � `k�1(�)� `k+1(�): (3.15)Most terms in the two quadratic forms apperaring in equation (3.14) areequal, and therefore actually cancel across in the di�erencing.The proposal ratio corresponding to the proposal mechanism introducedabove isRpropf(�;�); (�0;�0)g = dK+1=(K + 1)bKf(�0k � e�k)=j�totj = [f(�0k � e�k)��]�1; (3.16)with the JacobianJf(�;�); (�0;�0)g = ���� @�0@(�; ")���� = j�k�1jj�0k�1j j�k+1jj�0k+1j : (3.17)For the death proposal (�0;�0) generated from (�;�) by removing �k the termsin the expression (3.12) of acceptance probability areposterior ratio = [Rpostf(�0;�0); (�;�)g]�1;proposal ratio = [Rpropf(�0;�0); (�;�)g]�1; andJacobian = [Jf(�0;�0); (�;�)g]�1:3.1 AlgorithmLet us now summarize the contents of this Section in the form of a simulationalgorithm. Further suggestions for practical implementation of step 1 aregiven afterwards.



101. Choose an initial con�guration �(0), �(0), the sampler parameters c, �,C, and the number of iterations I.2. Iterate steps 3 and 4 for i = 1; : : : ; I.3. Let � = �(i�1), � = �(i�1), and let K be the number of points in �.Draw a uniform random number u 2 [0; 1], and proceed accordingly:� If u � hK then(a) Choose a random index k 2 f1; : : : ;Kg.(b) Let �0 = �. Draw a proposal �0k from the uniform distributionon [�k � �; �k + �), and let �0j = �j for j 6= k.(c) Let R = p(�0;�0jT)=p(�;�jT) as given by equation (3.4).� Else if u � (hK + bK) then(a) Draw a new generating point �0 from the uniform distributionon �tot.(b) Create �0, and re-index � and � as explained on page 7 (fol-lowing equation (3.4) (�0 becomes �0k).(c) Create �0 as explained between equations (3.5) and (3.9)(�0j = �j for j =2 fk� 1; k; k+ 1g).(d) LetR = Rpostf(�;�); (�0;�0)gRpropf(�;�); (�0;�0)gJf(�;�); (�0;�0)g;the terms being given by equations (3.13), (3.16), and (3.17),respectively.� Else(a) Choose a random index k 2 f1; : : : ;Kg.(b) Let �0 = (�j)j 6=k.(c) Create �0 as explained between equations (3.9) and (3.11)(�0j = �j, for j =2 fk � 1; k + 1g).(d) LetR = [Rpostf(�0;�0); (�;�)gRpropf(�0;�0); (�;�)gJf(�0;�0); (�;�)g]�1;the terms being given by equations (3.13), (3.16), and (3.17),respectively.4. � If R � 1, then let �(i) = �0 and �(i) = �0.� Else draw a uniform random number u 2 [0; 1]. If R � u, let�(i) = �0 and �(i) = �0, otherwise let �(i) = � and �(i) = �.



11The choice of the initial con�guration is not crucial, although it may savesome computation time to choose one that should be a `likely' realization ofthe posterior. In our simulations we have simply taken K(0) = 1 and drawn�(0)1 from the uniform distribution on �tot. If ���tot were large, it wouldperhaps be more e�cient to simulate �(0) from the homogeneous Poisson(��)process on �tot. For the �(0)k logical choices are log(N (�(0)k )=j�(0)k j).Selection of a su�cient number of iterations for an MCMC sampler isalways a di�cult issue, and it is usually done by monitoring the evolution ofimportant summary statistics in a few pilot runs. Some convergence diag-nostics can be found in relevant chapters of Gilks et al. (1996) (see also ourFigure 3 in Section 4, and its explanation).Careful choice of the sampler parameters c, � and C is essential for fastconvergence. If � is small and C large, only small changes are proposed to theintensity levels, and it takes a long time to explore the parameter space thor-oughly enough. On the other hand, if � is too large (C too small), then theadvantage of using MCMC is lost: Proposals become almost arbitrary, andconsequently the acceptance probabilities small. The proportions of acceptedmoves among proposed ones are simple and useful diagnostics for adjustingthe sampler parameters. It is often suggested that proportions around 0.5 (ormaybe even a bit smaller) should indicate a reasonably well mixing sampler.4 ExamplesFigure 1 gives condensed summaries from two test runs, Simulation 1 andSimulation 2, on two data sets, Data 1 and Data 2. The data were simulatedfrom Poisson processes with intensity functions 500f for Data 1 and 100f forData 2 (the dotted lines in Figure 1), where f is a density function on [0; 1]constructed as follows. First, a mixture f 0 = w1f1 + w2f2 was taken fromtwo log-normal densities, f1 and f2, with origins at 1/4 and 2/3, modes atm1 = 1=3 and m2 = 5=6, variances 22 and (1=12)2, and mixture weights w1and w2 such that w1f1(m1) = w2f2(m2). Then f was set to have a constantvalue f0 = f 0(m0)=3, where m0 is the mode of f 0, on the interval [0; t0), wheret0 is the �rst time f 0 reaches the level f0. On the interval [t0; 1], f was setequal to f 0, and �nally, f was scaled to a density.The simulated data, 505 and 96 points, are shown as jittered dot plots.The dashed lines in Figure 1 are adaptive kernel density estimates multipliedby the observed number of points. The method of Abramson (1982) wasused, in which the bandwidth hn of the kernel around the data point Tn ischosen as h=qf̂ (Tn), where f̂ is a `pilot estimate' of the density. We usedthe ordinary kernel estimation to obtain f̂ , and the parameters h and h0, thebandwidth for the pilot, were chosen by trial and error as h0 = :03, h = :1for Data 1 and h0 = :08, h = :15 for Data 2. Reective boundaries wereapplied to correct for the �nite support: The density was estimated from the
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0Figure 3: Intensity values of the realizations of Simulation 2 at points t =:1; :79; 5=6 (left hand column), and their cumulative means (solid lines) alongwith error bands (dashed lines) of width twice the estimated Monte Carlostandard deviation (right hand column); the horizontal lines show the trueintensity valuesof corresponding cumulative meansd�(t)m = 1m mXj=1�(j)(t) (4.2)(solid lines) along with Monte Carlo error bandsd�(t)m � 2q�2MC=m; (4.3)where �2MC is an initial monotone sequence estimate (Geyer 1992) of theasymptotic Monte Carlo variance of pmd�(t)m (the right hand column ofFigure 3). Our diagnostics do not indicate any problems with the conver-gence. Apparently, we could have used much less iterations; the time seriesof Figure 3, for example, have almost no autocorrelation. It should perhapsbe emphasized here that the Monte Carlo error bands reect the variabilitycaused by sampling based calculation. They do not tell us about the spreadof the posterior distribution, which is illustrated in Figures 4{6.
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Figure 4: Distributions of K, the number of steps, in the samples of Simula-tion 1 (left) and Simulation 2 (right)
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Figure 5: 5% and 95% quantiles of the pointwise distributions of intensitylevels in the samples of Simulation 1 (left) and Simulation 2 (right); the trueintensity functions are shown as dotted linesVarious features of the posterior distributions can be studied from theMCMC-samples. The distributions of K, the number of steps, are shown inFigure 4 . Note that these are shifted upwards from the prior distribution,Poisson(5), due to the complexity of the intensity function. Figure 5 showssimple interval estimates for the intensity function, pointwise 5% and 95%quantiles of the intensity levels in the samples. In Simulation 1 the trueintensity lies entirely within the envelope, while in Simulation 2 the thinpeak is somewhat smoothed down. In other regions, we can see how theenvelope is relatively wider in Simulation 2, as there is less data. This isalso illustrated in Figure 6 , where the approximations of the full marginalposterior distributions of �(t) from the two simulations are compared at thesame reference points t as in Figure 3.
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Figure 6: Distributions of the intensity values at points t = :1; :79; 5=6 in thesamples of Simulation 1 (top) and Simulation 2 (bottom); the interior tickmarks at the horizontal axes are located at the true intesity values5 DiscussionPrediction beyond the observation time �obs can also be directly imple-mented to our method. Suppose, for example, that we are asked to pre-dict the number of events occurring during time A, which is not included in�obs. Then we simply choose �tot so that it contains both �obs and A, andapproximate the probabilityPr(N (A) = N jT) = Z Pr(N (A) = N j�) Pr(d�jT)= Z exp(��)�N=N ! Pr(d�jT); (5.1)where � = RA �(t) dt, by the average of exp(��(m))(�(m))N=N ! over theMonte Carlo sample from the posterior. Here the correlation between in-tensity levels on consecutive intervals, implied by a positive value of �, isespecially important.There is an obvious connection between the estimation of an intensityfrom Poisson data and the estimation of a density function on the real line
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