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Fic.5.31 Reflected intensity averaged over ¢ as a function of t
curves are results computed from the Monte Carlo method (McKee and Cox, 1976), and the smooth
solid curves are from the diffusion approximation presented in the text.

Welch (1986) have analyzed Landsat Multispectral Scanner digit‘al de_xta for .the
mapping of cumulus cloud properties. Figure 5.32 shows the cloud size dlstnbutllon
for the western Atlantic cumulus scene presented in Fig. 5.28. The cloud size
distribution is shown as the number of clouds per 1 km? surface area per ll.cm
cloud diameter range. Cloud size distribution is similar to the cloud droplet size
distribution in which the normalization of droplets per unit volume is replac.ed
by the normalization of clouds per unit surface area. The cloud amount varies
according to the threshold method employed in the analysis. The cumulus cloud
size appears to follow closely a power-law relationship with respect to the cloud
diameter, except for very small sizes. #

Using the Monte Carlo method, Aida (1977) has investigated the effects of
cloud dimensions and orientations on the scattering pattern, assuming rectangu-
larly shaped finite clouds. In particular, Aida showed that the clouds surrounding
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F16.5.32  Cloud size distribution for the western Atlantic cloud field. Values are given as the number
of clouds per 1 km? surface area per 1 km cloud size class interval. Three curves denote results derived
from different threshold methods (after Wielicki and Welch, 1986).

acloud that is illuminated by the sun have significant interactions, if the cloud dis-
tances are within about five times their sizes. Weinman and Harshvardhan (1982)
have also illustrated the importance of an array of horizontally finite clouds on
solar reflection. The effects of an array of cuboidal clouds on the sensitivity of
clouds on climate have been investigated by Harshvardhan (1982). While these
illustrations are interesting, a realistic and quantitative assessment of the cloud
horizontal nonhomogeneity with respect to the question of cloud albedo has yet to
be developed.

5.5 Radiative transfer in an anisotropic medium

Cirrus clouds are composed of hexagonal ice crystals, whose single-scattering
properties differ significantly from those computed for spherical particles. Fig-
ure 5.33(a) displays a number of optical phenomena in the presence of cirrus
clouds at the South Pole (Greenler, 1980). Shown are 22° and 46° halos, sundogs,
the parhelic circle, the circumzenithal arc of the 46° halo, and the upper tangent
arc of the 22° halo. These optical features are produced by hexagonal ice plates
and columns having a preferred orientation, that is, with their major axes oriented
horizontally. Ice crystal habits in cirrus clouds have been presented in Fig. 4.11.
With the exception of the 22° and 46° halos, which can be generated by randomly
oriented ice crystals in three dimensional space, the majority of ice crystal optics
are associated with the horizontal orientation of hexagonal columns and plates.
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Fic. 5.33(a) Halos and arcs produced by horizontally oriented ice crystals (after Greenler, 1980).
Shown are 22° and 46° halos, sundogs, the parhelic circle, the circumzenithal arc of the 46° halo and
the upper tangent arc of the 22° halo.

5.5.1 Theory

In the case of horizontally oriented ice crystals, the single-scattering parameters
depend on the direction of the incident light beam. Thus, the conventional for-
mulation for the multiple-scattering problem is no longer applicable. Liou (1980)
has formulated the basic equation for the transfer of solar radiation in an optically
anisotropic medium, in which the single-scattering properties vary with the inci-
dent angle of the light beam. Stephens (1980) and Asano (1983) have discussed the
transfer of radiation through optically anisotropic ice clouds. The latter author used
a hypothetical cloud model in which the scattering phase function was expressed
in terms of the incident angle. Takano and Liou (1989b) have included realistic
scattering parameters for horizontally oriented ice crystals in their discussion and
analysis. The Stokes vector was also properly accounted for in the formulation.

Let the directions of incoming and outgoing light beams be denoted b-
fespectively, where p is the cosine of the zenith angle and ¢ is the
corresponding azimuthal angle. The scattering phase matrix P is a function of
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(1, &, 1, @') and cannot be defined by the scattering angle © alone, as in conven-
tional radiative transfer. Moreover, the extinction (o.) and scattering (o) cross
sections vary with the direction of the incoming light beam (1, ¢’).

Consider an anisotropic medium consisting of ice crystals randomly oriented
in a horizontal plane. Because of the symmetry with respect to the azimuthal angle
for the incoming light beam, the phage matrix and the extinction and scattering
cross sections may be expressed by(P(ll @150 e(u’), and
os(y), respectively, where @ is the azimuthal angle associated with the scattering
angle ©. In this case, we may define the differential normal optical depth in the
form :

(5:5:1)

where the normal extinction cross éection, s = ol = 1), N is the nimber
density of the particles, and z is the distance. Let the Stokes vector intensity
I = (I,Q,U,V). The general equation governing the transfer of diffuse solar
intensity may be written in the form

dl(7; p, 9) 4 g
b = 1(7; p, SYRGERY- I (F: 12, ), (5.5.2)

where
k(n) = GRS ($49

and the source function

h l 27 1
J(T’”»¢)=EA [1
1

+ ZE.P(“’ &3 — ko, p0)F o exp [—k(—po)7/pol. (5.5.4)

> ;,u',gﬁ') d,u’ d(}5l

The first and second terms on the right-hand side represent contributions from,
respectively, the multiple and single scattering of the direct solar intensity. The
equivalent single-scattering albedo is defined as

(5.9:9)

The general phase matrix, with respect to the local meridian plane, is given by
(Liou, 1980)

P8 = L OB L), (55

where 4; and i, denote the angles between the meridian planes for the incoming
and outgoing light beams, respectively, and the plane of scattering, as illustrated
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326 RADIATION AND CLOUD PROCESSES IN THE ATMOSPHERE

F16.5.33(b)  Scattering geometry involving horizontally oriented ice crystals. The terms IO and SO
denote the incident (0, ¢’) and scattered (6, ¢) directions, respectively. i; and 7, are angles between
the meridian planes for the incoming and scattered light beams, respectively. The scattering angle is
denoted by ©.

in Fig. 5.33(b). The transformation matrix for the Stokes vector is given by [see
also Eq. (5.1.38)]

1 0 0 0
10 cos2x sin2x O
Lo = 0 —sin2x cos2xy Of’ o
0 0 0 1
where x = —i; or ™ — i,. From spherical geometry, these angles are given by
g Gl
087 — T - (0 — A2 (5.5.8)
; —p’ + pcos ©
CcoSiy = 6:59)

+(1 — cos? ©)172(1 — p2)i/2

If P(©, ®, 1), 0c(1), and o(x) are known, then, in principle, Eq. (5.5.2) may be
solved numerically.

We shall approach the multiple-scattering problem by means of the adding-
method for radiative transfer described in Section 3.2.2. To proceed with the adding
principle for radiative transfer in an anisotropic medium, we utilize the reflection
and transmission matrices defined in Section 3.2.2 and consider an infinitesimal
layer with a very small optical dep ince the optical depth is so
small, only single scattering takes place within the layer. From Egs. (5.5.2) and
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(5.5.4), the analytic solutions for the reflected and transmitted intensities under-
going single scattering may be derived. Subject to the condition that A7 — 0, we
find

T, o; @ — o) = m@(uo)l’(u, o3 @ — do), (5.5.10)
e
R, fho:  — o) = ﬁé(#o)P(—u, 1103 6 — o), (5.5.11)

oy

T* (4, po; @ — o) = ﬁdﬁ(ﬂo)l’(—#, “ligib~ g0y (551D
i

R* (1, to;  — o) = #(;@(uo)P(u, — o3 & — o). (5.5.13)

where the phase matrix P has been defined in Eq. (5.5.6).

With modifications to account for the dependence of the optical properties on
the incoming direction, the procedure for computing the reflection and transmission
matrices for the composite layer may be described by the following equations:

Q: = R!R;, (5.5.14)

Qn = Q1Qn-1, (5.5.15)
M

S=% 04 (5.5.16)
n—1

D = T, + Sexp[—k(uo)7a/ o] + STa, (5.5.17)

U = Ry exp[—k(uo)7a/10] + RyD, (5.5.18)

R, = R, + exp[—k(u)7, /U + T}, U, (5.5.19)

Ta,p = expl—k(u)f/ 11D + Ty exp[—k(po)7a/ 1ol + ToD.  (5.5.20)

The exponential terms in the adding equations denote the direct transmission
through layer a or b without scattering, where the anisotropic factor k() is given
in Eq. (5.5.3). The total transmission for the combined layer is the sum of the
diffuse transmission T, ; and the direct transmission, exp[—k(uo)(Ta + 75)/ 1ol
in the direction of the sun.

In order to compute the reflection and transmission matrices for the initial
layer with a very small optical depth, via Egs. (5.5.10)—(5.5.13), we need the phase
matrix and single-scattering albedo, and the directions of the incoming and outgo-
ing beams. The phase matrix elements must be expanded in terms of the incoming
and outgoing directions denoted by 1, ;' and ¢ — ¢'. For spherical particles, the
phase matrix consists of four nonzero independent elements. These elements can
be decoupled analytically in terms of functions associated with i, p1' and ¢ — ¢’
(Dave, 1970; Kattawar et al., 1973). However, for nonspherical particles,the de-
composition of the phase matrix elements has yet to be worked out. For randomly
oriented nonspherical particles that have a plane of symmetry, the phase matrix
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contains six independent elements. In this case, there are seven symmetrical rela-
tionships for these elements based on the reciprocity principle (Hovenier, 1969).
From these relationships, the phase matrix elements can be expanded in terms of
either cosine or sine Fourier components (Hansen, 1971). For randomly oriented
ice plates or columns in a horizontal plane, there are 16 elements in the phase
matrix. It can be proved that these elements obey a number of symmetrical rela-
tionships, based on which they can be expanded in terms of either cosine or sine
Fourier components.

In view of the above discussion, the general phase matrix elements may be
numerically expanded in the forms

N /
S IPij (13 68" = Phitu, u)+2 ' MK { ;‘if;”ff i q(f'))’ ;
m=| d

s’
(35:21)
where
c 99 =010 12,2122, 38 34048 44

s, 1j=13,14,23,24,31,32,41,42

and Pi';l(m = 0, 1,..., N) denotes the Fourier expansion coefficients. With this
expansion, each term in the Fourier series may be treated independently in nu-
merical computations. For spherical particles or randomly oriented nonspherical
particle, Eq. (5.5.21) can be used except that @(p') = 1.

With respect to the normalization of the phase function Py;, the following
procedures may be used. The phase function is normalized such that

1 27\' l
= / Pul 0+ ¢ dudep = ilye b (5.5.220)
T Jo Sl

where dpd(¢ — ¢') denotes the differential solid angle. Using Eq. (5.5.21), we

find :
1 /
: /_ ]@(u,.fu = @), (5.5.22b)

where @ (') is defined in Eq. (5.5.5). In the case of randomly oriented nonspherical
particles (or spherical particles), the single-scattering albedo @ is independent of
1’ and is a constant. If there is no absorption, @ = 1. In this case, Eq. (5.5.22b)
can be derived from the expansion of the phase function in terms of the Legen-
dre polynomial using the addition theorem for spherical harmonics (Liou, 1980).
However, for randomly oriented ice crystals in a horizontal plane, @ is a function
of the incident angle. Normalization of the phase function must be performed for
each p/'. .

The phase function Py, for ice crystals has a common sharp diffraction peak.
In order to account for this peak in numerical integrations properly, thousands of
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Fourier components are needed in the phase function expansion. To optimize the
computational effort, the procedure proposed by Potter (1970) may be followed. In
this procedure, the forward peak is truncated by extrapolating the phase function
linearly from the scattering angles 10° to 0° in the logarithmic scale. Let the
truncated phase function be P, ; then the truncated fraction of scattered intensity

is given by
f=[ (Pu- P4)dQ/4n. (5.5.23)

4

To use the truncated phase function in multiple-scatteringcomputations while,
at the same time, achieving the “equivalent” result, as in the case when the sharp
diffraction peak was included in the computations, an adjustment must be made for
the optical depth and single-scattering albedo in a manner described in Section 3.6.

5.5.2  Effects of horizontal orientation of ice crystals on cloud radiative
properties

In order to compute the reflected and transmited intensity of sunlight from oriented
ice crystals, the phase function is required. The phase functions for horizontally
oriented plates and columns have been computed by Takano and Liou (1989a)
using the geometric ray-tracing technique. The phase function is a function of the
incoming direction (y, ¢) and the outgoing direction (1’, ¢"). The computations of
the phase function for oriented two-dimensional (2D) plates (randomly oriented
with their ¢ axis vertical), Parry columns (the c axis and a pair of prisms facing hor-
izontal), and 2D columns (the c axis horizontal with random rotational orientation
about this ¢ axis) lead to the interpretation of numerous halos and arcs observed
in the atmosphere. Figure 5.34 illustrates the reflected and transmitted intensity
patterns for 2D plates when the solar zenith angle, 6, is 75°. The optical depth
presented in this graph is a mean value averaged over the zenith angle 6. In the case
of 2D plates, scattered sunlight is confined to four latitude belts, due to specific
geometry. Based on the ray-tracing geometry for plates, the emergent zenith angle
may be computed from the incoming solar zenith angle 6y, in the forms

o — 7/2 — sin~!(m2 — sin® 6p)!/2, for By > sin~'(m2 — 1)!/2 ~ 58°
sin~!(m2 — cos?6y)'/2, for §y < cos™!(m2 — 1)!/2 ~ 32°,
(5.5.24)

For 6y = 75°, these latitude belts correspond to zenith angles of +75° and
+27°,with negative values representing mirror images. If the incident angle is
27°, the four latitude belts are +27° and £75°. Due to the symmetrical property
of 2D plates with respect to incoming light beams, all multiply scattered light is
also confined to the four latitude belts. The reflected and transmitted intensities
for optical depths 1/4, 1, 4, and 16 are displayed as a function of the azimuthal
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F1G.5.34 Intensity of sunlight reflected and transmitted by 2D plates (L /2r = 0.1) as a function of
the azimuth angle, ¢ — ¢, for (a) § = —6y = —75°,(b) 6 = 6y = 75°,(c) (8, Bp) = (—27°,75°)
and (d) (6, 6p) = (27°, 75°). The optical depth 7 in 2D cases is a value averaged over all directions
(0 < p < 1) (after Takano and Liou, 1989b).

angle, ¢ — ¢. The reflected intensity increases with increasing optical depth. For
the 75° emergent zenith angle, the subsun, subsundog, 120° subparhelion, and
antisolar peak optical features are shown distinctly for an optical depth of 1/4, at
which single scattering dominates. For an optical depth of 16, only the subsun
and subparhelion are observed. For the transmitted intensity, the sundog is visible
even for large cloud optical depths. In addition to these optical phenomena, the
anthelion (AN) located at the 180° azimuthal angle is seen for the small optical
depth of 1/4, due to double scattering, viz., the coupling of the subsun and antisolar
peak. For an optical depth of 16, the 44° parhelion produced by double scattering
(denoted as 44°P) is also observed. At the 27° zenith angle, the Kern’s arc (KA)
appears for 7 > 1 due to the effects of multiple scattering.

Figures 5.35 and 5.36 display the reflected and transmitted intensity patterns
as a function of the zenith angle on the plane ¢— ¢y = 0° for Parry and 2D columns,
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F16.5.35 Intensity of sunlight reflected and transmitted by Parry columns (L /2r = 2.5) in the solar
principal plane (¢ — ¢ = 0°)at A = 0.5 pm. The solar zenith angle is 75° (after Takano and Liou,
1989b).

respectively. The solar zenith angle used for the computation is 75°. These patterns
for an optical depth of 1/4 are basically similar to those from single-scattering
computations, except for the subpeak at § = 82° in the transmitted intensity
in Fig. 5.35. This peak is caused by the lower sunvex Parry arc of the subsun.
For Parry columns, several optical features are observed for optical depths less
than 4. These include the subsun (SS) and lower sunvex Parry arc (LSVP) in
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F16.5.36  As in Fig. 5.35, except for 2D columns (L /2r = 2.5) (after Takano and Liou, 1989b).
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the reflected intensity (these are also visible for an optical depth of 16), and the
circumzenith arc (CZA) and upper suncave (USCP) and sunvex (USVP) Parry
arcs in the transmitted intensity. For 2D columns, the lower tangent arc (LTA) is
noticeable in the reflected intensity for all optical depths. When the optical depth
is large, the transmitted intensities have the lowest values in the zenith and nadir
directions, as shown in Figs. 5.35 and 5.36. Except for these features, the reflected
and transmitted intensities of 2D columns are similar to those of randomly oriented
columns. Also, itis noted that the reflected and transmitted intensity distributions of
_ Parry columns are similar to those of 2D columns for large optical depths (7 = 16)
because sufficient multiple scattering is present. Optical phenomena produced by
2D plates, Parry columns, and 2D columns and their causes are listed in Table 5.5.
The causes of the frequently observed halos and arcs produced by horizontally
oriented columns and plates are illustrated in Fig. 5.37, in which the rays that are
required to generate these optics are displayed.

22° Halo, Upper & Lower Tangent Arcs, 46° Halo, Circumzenithal Arc
Parry Arcs

%L-\«'a
%
Al

22° Halo, Sundog 46° Halo, Circumhorizontal Arc v
¢
G
Wi Vi,
\
Sub-sundog 46° Halo, Supralateral Arc
/' ' "":
~~ -] NeE=m =)
Parhelic Circle 46° Halo, Infralateral Arc
\
>S— 8 g
14 ma
Sub-parhelic Circle Heliac Arc
120° Parhelion Subhelic Arc
(a2
-
Subsun Wegener's & Hastings' Anthelic Arcs

= e

FiG. 5.37 The causes of frequently observed halos and arcs produced by horizontally oriented
columns and plates (a summary of the displays illustrated in Greenler, 1980).
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Table 5.5 Optical phenomena caused by 2D plates, Parry columns, and 2D columns®

Abbreviation Definition
2D Plates
ASP antisolar peak {
CHA circumhorizontal arc !
CZA circumzenithal arc |
ER external reflection |
KA Kern’s arc
120° P 120° parhelion
120° Sub-P 120° subparhelion |
PE parhelic circle !
SD sundog (22° parhelion) ;
SS subsun i
Sub-CHA subcircumhorizontal arc |
Sub-CZA subcircumzenithal arc i
Sub-SD sub-sundog (22° subparhelion) i
Parry Columns i
ASA antisolar arc
ASP antisolar peak {
CZA circumzenithal arc 1
HA heliac arc |
HAA Hastings’ anthelic arc
LSCP lower suncave Parry arc
LSVP lower sunvex Parry arc
PE parhelic circle
SHA subhelic arc
SID solar incident direction
SS subsun 5
Sub-CZA subcircumzenithal arc |
Sub-PC subparhelic circle
USCP upper suncave Parry arc
SUVP upper sunvex Parry arc
2D Columns |
ASA antisolar arc i
ASP antisolar peak !
DA diffuse arc ‘
ILA infralateral arc |
LTA lower tangent arc i
PC parhelic circle
SHA subhelic arc l
SID solar incident direction
SLA supralateral arc
TAA Tricker’s anthelic arc
UTA upper tangent arc
WAA Wegener's anthelic arc

# After Takano and Liou (1989a). i
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