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Introduction
• Asteroids

– are a key to Solar System evolution
– cause an impact hazard for the humankind
– offer valuable space resources 

• Lightcurve inversion using Lommel-Seeliger
ellipsoids and convex shapes
– rotation period, pole orientation, shape 
– phase curve parameters, light scattering
– Gaia DR2 (Gaia Collaboration 2018)

• Phase curves vs. taxonomy
– Oszkiewicz et al., JQSRT 2011
– Muinonen et al., ESLAB53 Proc. 2019



• Markov-chain Monte Carlo methods (MCMC)
– large numbers of parameters 

• Example asteroids 
– (2867) Steins, (21) Lutetia, (26) Proserpina
– ground-based data from DAMIT (Durech et al. 2010)

• Plane of scattering, solar phase angle
• References to lightcurve inversion

– Russell, ApJ 1906, Kaasalainen et al. A&A 1992ab, Icarus 
2001, Kaasalainen & Torppa, Icarus 2001, Torppa et al. 
2003, Lamberg, Ph.D. thesis 1993, Durech et al., 2015

– Cellino et al. A&A 2009, PSS 2015, Wang et al. 2015 & 
2019, Muinonen & Lumme 2015, Muinonen et al. PSS 
2015, Torppa et al. 2018

• Radio occultations
– Lehtinen et al. 2018, Harju et al. 2018





NASA OSIRIS-REx at (101955) Bennu



(21) Lutetia, early model
and example dense
Ground-based lightcurves,
Torppa et al., Icarus 2003,
obs. ref. therein



Asteroid (171) Ophelia

Wang et al. 2015, A&A



Asteroid (171) Ophelia



Asteroid (171) Ophelia



JAXA Hayabusa2 at (162173) Ryugu



Photometric and polarimetric phase curves for asteroids,
Muinonen et al., CUP 2019, obs. ref. therein
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Asteroid forward modeling
Lommel-Seeliger reflection coefficient

Geometric albedo and scattering phase function, 
including the proper phase curve FHG1G2 ,

Final reflection coefficient (Muinonen et al., PSS 2015)



Disk-integrated brightness for a Lommel-Seeliger ellipsoid

Muinonen & Lumme, A&A 2015

Parameters (unknowns):



Disk-integrated brightness for a convex model

e.g., Muinonen et al., in prep. & Torppa et al., ASR 2018

Parameters (unknowns):

Gaussian surface density:

Disk-integrated brightness:



Statistical inversion
• Observation equation:

• A posteriori probability density:

• Each lightcurve in its own block:



• Negligible systematic errors:

• Predominating systematic errors:



• Add random error:

• Probability density for virtual least squares parameters:

• Proposal probability density for MCMC:

• Practical implementation with repeated least squares:

Virtual-observation MCMC



• Generate virtual observations by adding random 
errors to each observation

• Compute a virtual least-squares solution 
• Repeat to obtain another solution
• In the parameter phase space, compute the 

difference vector
• Propose new parameters by adding the difference to 

the current parameters 
• References for lightcurve inversion: 

– Muinonen et al., PSS 2015, Torppa et al. ASR 2018
– Muinonen et al., in preparation



Inversion with ellipsoids

Gaussian-random-sphere asteroid (Muinonen et al. 2015, 
Wilkman et al. 2015)
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Validation: (2867) Steins

PDS



• Number of Gaia DR2 observations: 7
• Resolution in shape model (PDS): 5 deg
• Lommel-Seeliger scattering model
• H, G1, G2 phase function

– Muinonen et al., Icarus 2010, Penttilä et al., PSS 2016
– Shevchenko et al., PSS 2016

• E-class asteroids (spherical limit):
– G1 = 0.1505, G2 = 0.6005

• Rotation period 
– P = 6.04681 h



• Pole orientation #1
– l = 94 deg, b = -85 deg

• Rotational phase at JD 51445.5: 
– f = 244.2 deg

• Disk-integrated brightness, rms value:
– s = 0.026 mag

• Pole orientation #2
– l = 142 deg, b = -83 deg

• Rotational phase at JD 51445.5: 
– f = 282.8 deg

• Disk-integrated brightness, rms value:
– s = 0.020 mag



Gaia DR2 data (7 observations)

Red circles and blue crosses refer to the Gaia DR2 observations and the
two pole models, respectively (Muinonen et al. 2019)

Pole 1 Pole 2



Convex inversion

Wang et al.

Wang et al.



(21) Lutetia

PDS
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(21) Lutetia
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Convex inversion: (26) Proserpina



Gaia data only (43 obs., rms 0.016 mag, lmax = 4)
convex MCMC inversion works!
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Convex inversion: (585) Bilkis



4
-2

2

-1.5

2

-1

-0.5

0

0

0

0.5

-2

1

1.5

2

-2 -4

(585) Bilkis
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H,G1,G2 phase function
• Reduced magnitude expressed using three 

cubic-spline basis functions:

• Linear least-squares 
fitting for a1, a2, and a3

• Muinonen et al., 
Icarus 209, 542, 2010











Phase curves: (21) Lutetia

PDS
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Phase curves: (2867) Steins

PDS

Muinonen et al. 2019



(2867) Steins



Photometric classification

Preliminary results, Penttilä, Grön, Muinonen, et al., in prep.

1898 asteroids,
without priors

Steep: low albedo Moderate: intermediate albedo

Shallow: high albedo

11634 asteroids,
from Gaia DR2



1898 asteroids,
with priors



173 asteroids
with DAMIT 
rotations

173 asteroids
with DAMIT 
rotations

626 asteroids
with NASA PDS
classifications



Laboratory experiments
Maconi
et al.,
JQSRT 
2018





Conclusions
• Asteroid photometry from Gaia Data Release 2 validated
• Virtual-observation MCMC with ellipsoids and convex 

shapes validated
– successful sampling in high-dimensional phase spaces (Ndim > 80)

• Proper phase curves have potential for photometric 
classification 
– reasonable with ellipsoids
– promising with convex shapes
– combine with spectroscopic classification

• Prospects for deriving proper geometric albedos and 
proper spherical albedos


