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Convolution

e present in all observations

- finite time resolution » convolution of time
» detector response, temporal sampling

- finite spectral resolution » convolution of
frequencies

« detector bandpass, channel resolution

- point spread function » convolution of spatial
coordinates

 telescope beam, seeing, detector geometry
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Convolution

* In 1D: (Fxe) (=" f(x)g(h—x)dx

- convolution of source intensity /(f) with the
detector response curve R(f)

I (f)=(1_*R )(f) = ["1 (f) R, (f—f")df’

frue

- observed intensity distribution on the sky

I (0,¢) = [de [ a0 1_(0,4) B(0,~0,$,—d)

lrue
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Convolution

» convolution can be calculated easily with
Fourier transforms:

F(I )= F(I xB)= F(I_) F(B)

obs ) true true

... but if the filter function B is known, the
original signal can be recovered directly

Irue

1, =F'[FU)IF(B)| o
(this is the least squares solution)
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De-convolution

« How would this work in practice

- Example 1: deconvolution of a 1 D signal
- Example 2: deconvolution of a 2D map

- the noise should be part of the model
F(I,(x,y)) = F(, ) F(B) + F(n(x,y))

 least squares should be fine for gaussian noise

true
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De-convolution

e conclusion:

- de-convolution is trivial — in the sense of
getting a function whose convolution is equal
to the observation

- result is extremely sensitive to the noise (and
the knowledge of the convolving function)

e solution also tries to fit all the noise

- deconvolution becomes easily an ill-posed
problem => need some reqgularization
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Convolution
« usually one works with discrete quantities
D=2 H, I+¢c,

- D is the observed image, H elements of the
point spread matrix, I the true signal, and ¢
the noise in the observed data elements
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Naive solution

* naively one might try a least squares
solution (assuming the errors were
normally distributed)

. ||[H*I—D|
in

1 2
o)

m

« as the previous examples showed, this
does not usually work
- oscillatory solutions

- might be acceptable if number of data points
> number of points in the reconstructed
iImage and the noise level is small
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Smoothed least squares

 in the basic regularization we require the
result image to be 'smooth'

- no rigorous definition of smoothness
 the solution is found by minimizing
|H*I—DI|]

_|_

2
o

Ap(I)]

min, |

- A IS @ smoothing parameter
- ¢ 1S smoothing function, for example

p(1)=2 (1~1_)

J
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Smoothed least squares

- In Tikhonov regularization one minimizes
function

(1) = DG, y)~(HxD (x, )] + AP

o first term is y?

e second term contains convolution of the result
Image with a high pass filter

» A IS regularization parameter that determines
balance between exact fit and image smoothness

- the solution (note syntax: F(x)=% )

~/

H*D
H[ +A|Pf

I=
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Smoothed least squares

 more generally one might write the
smoothing function as a quadratic form

d(fl=f Cf
« the solution of the resulting equation
|5 1D

O
becomes 1=(H'H+AC)'H'D=K(A)D

- solution is found quickly with linear algebra

min | + AI'CI|

- least squares solution recovered with A=0
- stable solution as soon as A 'sufficiently' large
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Smoothed least squares

 the main problem is the selection of the
smoothing parameter

- often an ad hoc value - what looks right
- below we follow Thompson & Graig -92

* objectively A could be chosen so that
correct y2-value is recovered ||z—¢gl’=no’

- g the observed data, g reconstructed image
- In practice this leads to too smooth solutions

 different criteria developed for finding the
optimal smoothing
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Smoothing parameters: EDF

* the reason the normal y? criterion fails is
that counts d.o.f. of the fit but ignores the
d.o.f. of the observed image

lg—sgl+{g—(&)I)=no’ (1)
- %2 criterion ignhores the second term => fit

becomes less precise => resulting image is
too smooth

« the variance can be estimated if the
probability distribution of the recovered
iImage Iis known

- see Thompson & Graig (1992)
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Smoothing parameters: EDF

e when I=K(A) D, the variance term
becomes

(g—=(&)I") = o’tr(K(A)) = o"tr(H(H H+AC) 'H')

- A Is selected so that Eq. 1 holds

|H f—glf=0’tr(I-K(a))

- result can be generalized for non-quadratic
smoothing functions (Thompson & Kay -92)

29/02/08 Inversion methods in astronomy

16



Smoothing parameters: CB

e Craig & Brown (1990) use the same
criterion 1g—gl’+{(g— (&) )=no”
but calculate the second term according

to the stabi
» the probabi

P(gk)ocexp

ity of the solution
ity of a realization g, is

2 2
1|Hf—8g, 1188,
=exXp|—
2 o 2l o

- the latter form follows when Hf is replaced
with our best estimate, i.e., the actually
observed map

29/02/08
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Smoothing parameters: CB

* the previous leads to the result
(lg—(&f) = (1&—(E1)

2

1 )d(g,)

2
_ o r(K(A)K (1))

g,—8

O

= [(§—(8)) (8 —(g))exp(—

- smoothin parameter is found based on
|\H f—glf=0"r(I-K(A)K())

- larger filter factor than EDF, asymptotical
difference smaller than a factor of two
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Smoothing parameters: BAS

 Bayesian derivation by Gull (1988)

- several formulations (one method identical
with EDF)

- onhe particular form
|H f—glf+AfTC f=no
« H was the beam, C the constraints

 this can be evaluated without calculating the
trace of matrix K => suitable for large problems
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Smoothing parameters

e conclusions of Thompson & Graig

- easy problem = low blur

 EDF reconstruction close to the best possible
* CB oversmooths slightly (some bias)
« BAS worse, consistently undersmoothed

- harder problem = large blur

 EDF sensitive to o, sometimes grossly
undersmoothed

« CB appears slightly more robust

« BAS undersmoothed (features produced by noise) but
Insensitive to the value of o

- the x? method produces grossly oversmoothed results
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Linear regularization methods

 some problems

— Gibbs oscillations near discontinuities

- hard to use any a priori information (even
positivity constraints)

- regularization usually through smoothing:
leads to loss of resolution
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Some reqgularization schemes

_ . I(x—Ly)+I(x+1,y)+I(x,y—1)+1(x,y+1)
[crl=X X 1(x.y) 4

« sometimes called (simultaneous) autoregressive
model

« equivalent to prior ocexp

— il

2

- examples of other forms

e Charbonnier et al. (1997)
e Moline et al. (1996, 2001, 2000)
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Bayesian framework

- the Bayes formula of probabilities

P(I)P(D|I)
P(D)

P(I|D)=

- in this case we interpret D as the observed
data and | as the true intensity

- solution found by maximizing posterior
probability P(/|D)

* P(l) is prior probability of given solution /

* P(D|l) is the probability of data when model | is
given (by itself would often lead to %~
minimization)

 P(D) is merely a normalization factor
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Bayesian framework

- the maximum likelihood estimate would be
ML(I)=max, p(D|I)

while the solution from Bayes formula is
ML(I)=max, p(D|I)p(I)

« MAP = maximum a posteriori solution
« denominator P(D) does not affect the solution
« ML = MAP with constant prior
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Bayes: Gaussian noise

- for gaussian (=normally distributed) noise
. -

1/ D-I x H

2 o

p(D|I)=(...)exp| -

* In unconstrained case this leads to y?
minimization

max p(D|I)=max exp(% X*)= min X’

 In constrained case reqularization can be built in
the iterative optimization algorithm

- Landweber / successive approximations / Jacobi method
- number of iterations ~ smoothness of solution
- include other constraints, e.qg., positivity
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Bayes: Gaussian noise

- In the special case that both object and noise
are normally distributed with zero mean, the
Bayes solution leads to Wiener filtering

H*D

ryl2 2 2
H[ to /o

I=

- as before, H is the beam, D the observations, and | the
recovered intensity

- 0, the noise variance and ¢ * the object variance

» Wiener filtering is very fast to calculate - and optimal
In case of stationary, Gaussian signal

e ... but causes artifacts (e.g., rings around point
sources) and needs noise estimates in the frequency

space - ¢ = 6(v) !
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Bayes: Poisson noise
- Poisson distribution is pk)=te

* k Is the discrete number of events
* 1 Is the expectation value (and variance)
and the probability becomes

(H*I)(x,y)
Y D(x,y)!

D(x.%)  _(gsD(x
5 ()5

p(DID=]]

- ML estimate is found by setting derivate of
In p(D|l) to zero

oln p(D|I) D

=0 ==

ol Hx]

xH =1
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Bayes: Poisson noise

- this leads to an iterative algorithm

 multiply both sides with /, evaluate left side using
an old estimate on the right hand side

D

I(’H—l) — I(”)

x H ™

e this is the famous algorithm
(Lucy 1974) or the
(EM) method

* the flux is conserved and the solution is always
non-negative

o still only a maximum likelihood solution
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Bayes: Poisson noise

- if we denote with M the true solution, the
probability of given model /| becomes

HMIe_M

plI) =
I/
and the MAP solution iIs
[ \
I = Mexp b _ 1|xH ™ |
Hx [

setting M=/™ one obtalns an iterative formula

[ - \

1" V=1"exp D ylsme

H*I(n)

\ - - )

~—
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lterative reqgularized methods

et | be the recovered intensity

e constraints can be presented as a
function P so that we require, e.g.,

- positivity of solution
- object belongs to spatial domain D
(

I(x,y), if(x.y)eD

P (Ilx,y))=
C( %) 0, otherwise |

\

- solution Is band limited

P.(I(x,y))=

( \

I(x,y), ifv<v,

0, OtherwiseJ

29/02/08 Inversion methods in astronomy



lterative reqgularized methods

« the constraints can be implemented
easily in iterative schemes

- smaller number of iterations acts also like
regularization

* below are examples of reqularized
versions of the following algorithms

- Jansson-Van Cittert
- Landweber

- Tikhonov

- Richardson-Lucy
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lterative reqgularized methods

« the van Cittert iteration is very simply

1"V=1""+o(D—Hx*1")

- convergence parameter can be set a~1

- may converge in a few iterations, diverges in
the presence of noise

» Jansson (-70) considered constraint A</<B

x—C

- more general

29/02/08

1-2

Y

1" —(A+B)/2]
B—A

1"V=p ["4a(D—H*I")

C
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lterative reqgularized methods

* reqularized Landweber iteration
1"V=p I"+yH" «(D—H*I")

- ~steepest descent minimization (Jacobi
method)

- H'(x,y) = H(-Xx,-y)
* regularized Richardson-Lucy

( _ =)

I(n+1>:P <I(”)

C

\
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lterative reqgularized methods

* Tikhonov solution is obtained using
gradient function

VJ=|H *H+uP *xP|xI—H %D

* P is a high pass filter
- hormal iteration is

I(n—i—l _ _yvj
and the regularlzed version, not surprisingly,
7 p yVJ}
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Edge effects

 FFT based methods are computationally
efficient in de-convolution

- Richardson-Lucy requires 4 FFT
transformations and total cost is O(N4logN)

* in the case of extended emission edges
cause ripple in the solution
- artifacts can be decreased by x10 by using

reflective or anti-reflective boundary
conditions

« changes the result — what did the real beam see
outside the image?
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Edge effects

* the boundary pixels depend on the
unknown intensity outside the FOV

« Bertero & Boccacci (2005):

- RL is used to deconvolve a larger image,
which improves the reconstruction inside FOV

- brightness values outside measured map as
free parameters

- fast implementation using FFT:s
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Edge effects

original image and the beam

convolved image with Poisson noise and
RL reconstruction of full image

reconstruction of smaller area with RL
and with the method of Bertero &
Boccacci
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Interlude: Interferometry

VLA/NRAO
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Interferometry

e correlation of signals observed by two or

more antennas

4

Visibiliteetti

Kuva 6.1: Korreloiva interferometri.

29/02/08 Inversion methods in astronomy

same wavefront is observed in
antennas with a phase shift

1 -
T = —B-s

8 c

the correlator calculates time
average of the product of
measured voltages V

V2 is proportional to the power
of the radiation

for a point source the cross
correlation is

R occ\yw. w_e
Xy 12

I2TTVT
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Interferometry

* the phase shift is set to zero at a phase
center close to the object

« the corrected cross correlation is called
the visibility
- this depends on the source intensity and the

angles between the source direction and the
baseline B connecting the antennas

e usually coordinates u and v are used

« U = east-west length of B as seen from the phase
centre

« v = corresponding length of the north-south
projection

29/02/08 Inversion methods in astronomy
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Interferometry

* In aperture synthesis the observed
visibilities are used to derive a continous
map of the sky around the phase centre

« for an intensity distribution the visibility is
Viu,v) = fIv(x,y)Ae(x,y)eﬂ"(”HW)dxdy

- I(x,y) Is the true surface brightness

- A(X,Y) Is the effective collecting area of the
telescopes, including their beam pattern

- ... one observes a Fourier transform of the
surface brightness !
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Interferometry

« when we look at a small area surrounding
the phase centre, the beam of individual
telescopes is almost constant

V(u,v)[A = f Iv(x,y)ei2"<”x+yv)dx dy

e If visibilities were observed for all u and v,
the intensity would be obtained by a
direct Fourier transform

I (x,y) = ffV(u,v)/Ae e 2Ty dy
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Interferometry

 In practice only a small part of the (u,v)
plane is covered
- each antenna pair gives instantaneously only
one position (u,Vv)
e ... and the corresponding point (-u,-v)
* because visibilities are real, V(-u,-v)=V*(u,v)

- as the Earth rotates, each antenna pair draws
a curve in the (u,v)-plane
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Interferometry

Iced 110.4800 4.6480 GHz

(u,v)-coverage in two cases

XX crairsvb_6cm.4928 4.8800 GHz

29/02/08 Inversion methods in astronomy




Interferometry

« the measured visibility can be seen as a
convolution between true visibility and a
mask g

- g=1 where we have measurements, g=0
elsewhere

- by definition the product g(u,v)V(u,v) is
known everywhere and the Fourier
transforms can be performed

29/02/08 Inversion methods in astronomy
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Interferometry

e according to convolution theorem
F(g(u,v)V(u,v)) = Con(P_(I,m), M(l,m))

Syn

- P, Is the Fourier transform of g = dirty beam
- this defines the final resolution of the recovered
map

- M is essentially the product of the true intensity
and the beam pattern of an individual antenna

* g Is also called the grading function of the
synthesized aperture
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Interferometry

e the recovered 'dirty image' contains
artifacts caused by the incomplete
sampling of the (u,v) plane

- each point source produces an image of the
dirty beam

- one must somehow fill in the missing
visibilities (reqgularization) or clean the final
image
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Interferometry

« dirty image:

29/02/08
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CLEAN

« the CLEAN algorithm (Hogbom 1974)
models image as a sum of point sources

1. find an intensity peak in the (dirty) image

2. subtract the peak = (dirty) beam multiplied with a
damping factor

3. repeat there are no more peaks above specified
level

4. convolve point source model with idealized 'CLEAN
beam' (e.q., central lobe of (dirty) beam)

- above 'dirty image' and 'dirty beam' refer to
interferometric observations
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CLEAN

- the residual image may be added to CLEAN
Image (as a check)

- Instead of the real space image one can work
In Fourier space using FFTs (Cark 1980) or, Iin
the case of interferometry, directly with
visibilities

- solution Is unique

e ... If there is no noise and if the number of
visibility measurements is larger than the number
of image elements

 In principle superresolution should be possible
* In practice (because of the noise and other
factors) CLEAN performs badly in this respect
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CLEAN

dirty image cleaned and restored image
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CLEAN

- some negative aspects

29/02/08

* slow for large images
no handle on the image statistics
spurious peaks caused by the noise

depression in surface brightness around strong
sources

 fluctuations in extended emission
 final convolution with 'CLEAN beam' is basically an
ad hoc procedure to produce nice images

- this affects also the relative scaling between CLEAN
Image and residuals!
* if there is a good source model for extended
emission, that should be subtracted before
CLEANIng the image

Inversion methods in astronomy
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Maximum entropy

« entropy Is a measure of disorder

* In image reconstruction one would like to
obtain an image that contains all
iInformation available from the
observations — but no additional structure

« maximation of image entropy should
guarantee this

- 'maximally noncommittal’
- 'as featureless as the data allow'
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Maximum entropy

« the problem is still the inversion of eq.
D=2 H I+N,

i,j 1

- D is the observed quantity, in images usually
the intensity

- H is the point spread function
- N (additive) noise
« the entropy of the recovered image is
S= fff (x,y)|dxdy Szzi,jf[l

- fIs some function (not quite a unigque
definition!)
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Maximum entropy

* entropy Is related to the probability of a
state

- entropy measures the number of ways a
given state can be realize

- entropy is additive while probabilities are
combined multiplicatively => entropy should
be proportional to the logarithm of probability

o if there are W ways to realize a state, each with
probability p =1/W, entropy isS =InW = -Inp_

- when alternatives have probabilities p. the
average becomes

S=—(Inp)==> plnp
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Maximum entropy

e if original variable X is transformed to Y
S=—=] p(X)In[p(X)ldx==] q(Y)In[q(Y)/J(¥)]dY
- J Is the Jacobian of the transformation, /J=dX/dY

 this suggests that entropy should be
written in form

s=—| p(x) X)/p,(X)|dX

- p,(X) is 'prior’, which is analogous with the
state degeneracy g in the discrete case

S=-2, pIn(p/g)
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Maximum entropy

e the prior makes entropy independent of
the scaling

 when prior is constant (flat image),
entropy is maximum when p. is constant

- more generally, maximum corresponds to
state where p is proportional to its prior

 in practice different forms of entropy are

used
f(I)==InlI

f(I)=—IInl

29/02/08 Inversion methods in astronomy
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Bayesian derivation

« the Bayes equation of probabilities says

P(I)P(D|I)
P(D)

P(I|D)=

- P(l) is the prior probability p(I)cexp[S(I)]

- P(D|I) Is the probability of observations when
|mage | Is given; In case of gaussian w'nte

noise )|

H I—-D

P(D|I)c] ] exp ——Z

* note that the denominator P(D) does not depend on
the solution and is merely a normalization factor
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Bayesian derivation

« when we take a logarithm we obtain
probability )

1 Zi Hrili_Dr
1nP(I|D)=S(Ii)—EZr
02

r

- this Is a sum of entropy and the y? value

- our solution would correspond to the
maximum of this probability

- conversely, we could minimize %*-S

- nhote: assumes uncorrelated errors and
normal error distribution!
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Entropy functions

* in the framework of power spectrum
estimation Burg (1967) came up with the
formula corresponding to s = In/

- there | corresponded to terms of power
spectrum that can be seen as independent
Gaussian random variables

- probability is product of normal probabilities
and the entropy is proportional to logarithm
of variance

- same form can be derived for images in the
limit of high photon numbers
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Entropy functions

. consider an image with pixel intensities /

. with total flux of the image D,=sum(l),
we can define fractional intensity f=1./D,

- the image can be constructed in W=exp(S)
different ways, which leads to

S ~—N Zi filnfi:—(N/DO)zi In! (+constant)

- the same formula can also be derived from
thermodynamic entropy in the limit of low
photon numbers

- valid for high frequencies while S, might be more
appropriate at radio frequencies?

29/02/08 Inversion methods in astronomy
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Entropy functions

« the two formulations are not necessarily
contradictory

- correspond to different probability
distributions one can attribute to the same
image ?

- both go to infinity when intensity goes to
zero: forces results to be positive

* there are generalizations for cases with negative
Intensities

- both have negative second derivative which
suppresses rapid variations

29/02/08 Inversion methods in astronomy
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Entropy functions

- still another formula (Gull & Skilling 1991)

( )

S = X X 1(x,y)=M(x,y)~I(x,y)n—

\ )

« M prior image, | our solution

e entropy reaches maximum (value zero) when
Image is equal to the prior
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ME-approach to interferometry

 intensity /(x,y) is to be reconstructed
based on measured function F(D)(u,v)

- D is in real space and F(D) is its Fourier
transform in the (u,v)-space so that F(l)
(u,v)=F(D)(u,v) for all measured u and v

- Ignoring the noise we can maximize
fff( dxdy-|-Z A (f:Iexp[—iZTr(ux-l—vy)]dxdy—i)(u,v))

u,v u,v

* Lagrange multipliers A enforce the constraints
- derivation wrt I(x,y) gives

f'lI(x,y)] ZMVA u,vexp|—i2m(ux+vy)|=J(x,y)
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ME-approach

« the ME image is found by formally solving
this equation

I(x,y)=f""[J(x,y)]=glJ(x,y)]

- depending on the selected form of entropy
we have either

S=Inl = S'=1/1 = g(J)=1/J
or
S=—Ilnl = S'=—Inl+1 = g(J)=exp(—1-J)
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ME-approach

* the result has the following properties

* in J(X,y) are only Fourier components
corresponding to measured (u,V)

- In the restored image missing values must be created by
the non-linearity of the 7'

- the degree of the non-linearity depends on absolute
value of /

e if we add an offset in the intensities, the
recovered map will be different

« the slope of f'is small at large values of | =>
peaks will be narrow ('superresolution’)

» the slope is large at small /| => small scale
variations are suppressed
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ME-approach

- around extreme points Taylor expansion
gives for f=-In |

1
a(x—x0)2—|-2b(x—x0)(y—y0)+c(y—y0)2+d

I(x,y)=

andfor f=-1Inl

I(x,y)=expl—a(x—x))"=2b(x—x)(y—y)—c(y=y,) —(d+1)]

- In other words, in details the first definition of
entropy leads to Loretzian peaks, the latter
to Gaussian peaks
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ME-approach

- the resolution depends on the intensity level:
It Is largest for the highest peaks

« peak height is less reliable than the values of
Integrated flux

- suppression of small scale variation is best at
low intensities

» the sidelobes of a point source are not well
suppressed if the source is located on an elevated
plateau

- there can be spurious peaks around
absorption features
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ME-approach, noisy data

* iIn ME analysis one can resort to the old
scheme: smooth until one gets expected

value of ¥2 = Q = number of independent

data points

- the constraint

Xzzzu,v

12

=0

IS again forced with the help of Lagrange
multipliers when maximizing

[ [ r(Ddxdy — a(x*~Q)

* 'least squares MEM'

29/02/08
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ME-approach, noisy data

« the function J is still band limited

- fourier coefficients of F(J) are zero except for
the measured (u,v) coordinates

 the model predictions differ from the
data

~/

Fluv) — A 7(u,\~/)—D(u,v)

2 :O
o (u,v)

- in the fourier space the residuals F(1)-F(D) are
not random

* highly correlated, negative at peaks and in
regions of low intensity mostly positive,
smoothing out variations of /
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ME-approach, noisy data

- flux is transferred from peaks to background

* the relative effect is largest for small peaks

- at large S/N the residuals are larger than for the original
data by a factor of sqrt(2) !

 the solution is always biased towards the prior
(usually flat distribution)
- additional constraints can be added for flux
conservation of the whole image

- resolution depends on the S/N ratio

« MEM is capable of superresolution
- but how to tell, whether all the structures are real?

 final MEM image can be convolved with a
gaussian to get a more uniform resolution
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ME-approach, noisy data

- comparison with CLEAN

« MEM is biased, CLEAN is not; bias results from the
fact that data (including he noise) is not modelled
exactly

* pbias is acceptable as a trade-off with smaller
variance and can be decreased by convolving the
original data

« MEM minimizes pixel variance so that the images
are smoother than CLEAN images

 CLEAN is poor for extended emission, MEM has
problems with point sources on extended emission

* in MEM a priori information can be introduced easily
through prior image
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ME-approach, single aperture

* here a single aperture means that we
have full coverage of all spatial
frequencies, but the S/N ratio drops at
scales below the size of the psf H

« the maximized function is identical to the
previous case except for the inclusion of
the point spread function

S = fff([)dxdy

A Zuv |H(u,v)7~(b(t,v))—D<u,V)|> _0

\
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ME-algorithms

« the MEM Iimage is result of optimization

. optimize max{S—AC}
- unknowns are image values /,; based on which
entropy Is defined, e.qg.,

Sz—zi,jpi,jlogpi,j, p,-,j:I,-,j/Z- I

1,] L,]

« one can include condition for flux preservation
max{S—?\C—uZ Il,’j}

- U can be selected to fit given value of total flux
- more simply, use corresponding value A directly as the

prior
Sz—zi,j I,
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ME-algorithms

- constrained optimization: maximize S subject
to constraints on goodness-of-fit C

« and possible other constraints on flux etc.
- solution is always iterative

- could be found with general optimization
algorithms

- there are a number of specialized algorithms
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ME-algorithms
- Gull & Daniel (1978) maximize Q=S-AC

. oC (1"
1" = Aexp[—A ( )]
/ 81],
* Image remains positive on all iterations
e unstable, even if successive iterates are smoothed

- hormal steepest ascent

it m, 00"
port_ gmy  OQUT)
/ / ol
J
« develops negative values, unless x is extremely

small

* negative values must be reset and even then there
will be convergence problems
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ME-algorithms

- conjugate gradient algorithms

* instead of direction VQ one uses only part that is
conjugate to some previous directions (~attempts to
estimate the Hessian based on previous steps)

« considerably better than steepest ascent although
problem of negative values persists

- search of unconstrained optimization (A=const)

 Mmain expense is in the image data transformations
needed for estimates of VQ

 iInstead of a single line, it may be more efficient to
search full subspace

« some (<10) vectors are used to span the subspace
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ME-algorithms

e search directions of constrained problem

- INn previous case a separate iteration is
needed on A so that C becomes correct

- the search directions e can be selected to
enforce the constraints directly

» e.9. see Skilling & Bryan (1984)
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ME-algorithms

e Cornwell & Evans (1985:; AIPS task 'VM')
- maximize J=S—aX —BI

* Lagrange multipliers o and 3 selected so that 2
and total flux F both get their expected values

- condition V)=0 leads to the implicit formula

I.=m exp —a(@leali)—B

* m is the prior image

- iterative substitution leads to unstable
algorithm and slow convergence (see above)
=> petter to optimize directly the J
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ME-algorithms

- quadratic approximation of entropy is valid
but only very close to solution => need to use
second order methods

- direct Newton-Raphson gives

Al = (=VVJ)'VJ
Vi = VSs—-aVXx—BI
VVJ = VVS-2xH

- Hessian of J is diagonal — apart from the
contribution from beam profile H

- approximation: neglect non-diagonal part of
the Hessian = sidelobes of the beam
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ME-algorithms

- beam H is replaced with a scaled identity
matrix

VVI=VVS§-2xql

e g Is a scaling factor that depends on the beam
solid angle (conversion from flux in the beam to
flux within a pixel) — exact value is not important

- previous equations give the search direction
Ab along which a line search is performed

« two convolutions are required for the calculation
of residuals but also these can be interpolated
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ME-algorithms

- convergence criterion [V J-VJ|<ell1-1]
- update of lagrange multipliers

Ax = —AXIVX>VX

AB = —AFI/|VF-VEF|

« these updates interfere with update of J so that
step size must be limited

- one must correct for negative values

« small values are cut, lower limit decreased during
the iterations

- for large images VM is generally faster than
CLEAN
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Problems in deconvolution

— Starck & Pantin (2002)

29/02/08

 fourier based methods give band-limited solutions
(Wiener filtering, Tikhonov method, ...)

« CLEAN cannot restore extended emission (and is
slow for large images)

« MEM cannot recover both compact and entended
sources

- results depend on the background level
- poor results for features below the background level
- spatial correlations ignored

e iterative methods cause noise amplification
- van Cittert, Richardson-Lucy, Landweber, ...
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Problems in deconvolution

- two images with identical entropy

Starck et al. 2001
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Wavelet transform

- Fourier-based methods perform poorly when
signal contains point sources or edges

* pbase functions extend over the whole space

- wavelet transform promises to be a good
alternative

* base functions are wavelets that are localized in
both real and frequency space

« data Is presented as a sum of wavelets that are
scaled and translated

« presentation is hierarchical, each level describing
the structures at one particular scale
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Wavelet transform

- original signal s iIs decomposed in to a coarse
image ¢, and wavelet bands w, , j=1,...,J

* | is the number of scales used

- the coarse image corresponds to frequencies
<(1/2) and each wavelet band to frequencies

[ (1/2)*%, (1/2) ]

- the decomposition is calculated using low-
and high pass filters h and g

Cioy = Zk h(k=2l)c
W, = Zk g(k—2l)c
e filters are derived from the wavelet function
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Wavelet transform

- for 2D images there are three wavelets, one
horizontal, one vertical, and one diagonal

« three wavelet images on each resolution level
 total number of pixels same as in the original data

Horiz. Det.

L o =1 ) \
=2 | j=2 ' Horizontal Details

Vert. Det. | Diag. Det. ]=0

j=1 j=1

Vertical Details Diagonal Details
j=0 i=0
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Wavelet transform
« NGC 2997

258 3 260

Starck, Pantin, Murtagh (2002)
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Wavelet transform

« deconvolution can be done by first applying
inverse filter H-

H '(u,v) = 1/H (u,v)
F = H 'sD+H 'sN = [+Z
- In F the noise Z is still normally distributed, and
may be amplified

- the wavelet transformation of F is
and inverse transformation provides the result

» thresholding sets small wavelet coefficients (=noise)
to zero

- method (Donoho -95)
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Wavelet transform

 Neelamani (1999, 2001) hybrid scheme

- regularization still done in Fourier domain
through a window function W P

W: r7l2 21C
H|"+A0o°/S

* S Is the noise power spectrum !
- the windowed function F Is

F=WxH 'sD+WxH '« N
* parameter A should be small

* remaining noise eliminated with wavelet
transform (eliminates Gibbs oscillations)

 positivity constraint not used
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Wavelet transform

- some problems of the previous approach

» determination of the regularization parameter A is
not trivial

 positivity constraint is not used at all
» the power spectrum of noise is usually unknown
e restricted to the case of Gaussian noise
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Wavelet regularization

- In iterative deconvolution the residual at a
particular iteration is

R"(x,y)=D(x,y)~(H*I")(x,y)

- using a wavelet algorithm the residuals can
be written as sum of last smooth array and
wavelets at J scales

(n) — '
R (X,Y)_Cj(x’y)_l_zj:l Wj,x’y

... but a large part of w,

. ., May be just noise
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Wavelet regularization

- need to separate significant structures from
noise

- define multiresolution support M as

| 1, if w(x,y) significant
M(jxp)=
0, if wj(x,y) insignificant

\ J

- coefficient is significant if P( |w>w, |<k
- for Gaussian noise, e.g., w>3¢

e one can include a source mask in M
- one can write 'noiseless' residual

(n) ! '
R (x,y):CJ(X,)’>+ZJ-:1M<]’x’y)wj,x,
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Wavelet regularization

- with the previous definition one can
transform a simple iteration (van Cittert)

I(n—l-l)(x, y>:I(n>(.x, y>+O(R<n><X,y)
INto a more stable scheme
1" (x, y)=1""(x, y)+aR "(x,y)

» only statistically significant structures are carried
over to the reconstructed image

 final result is the restored image and residuals
that are pure noise (R=N)
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Wavelet regularization

- the same can be applied similarly to the
Richardson-Lucy algorithm

D

I(”l"‘l) — I(”l)

x H

- setting D™ as noiseless data
D(x,y)=D"(x,y)+R"(x.y) D"(x,y)=(H*I")(x,y)
the reqularized version becomes

DR

pin

I(VH‘I) — I(”) * H*
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Wavelet regularization

« the basic idea of the method Is
somewhat similar to the 'regularization
using significant structures'

. based on wavelets: see Dixon et al. 1996

- data modelled as a sum of pseudo-images
that are smoothed with spatially varying
scale

- final image consists of a dictionary of
features

+weak regularization for strong features

- If feature cannot be detected directly from data, it
Is strongly reqularized as part of the background
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Wavelet regularization

« simulation of galaxy cluster observed
with Hubble Wide Field Camera

original: no noise, no aberration 'observed': aberrated and noisy

Starck, Pantin, Murtagh (2002)
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Wavelet regularization

Richardson-Lucy Pixon method
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Wavelet regularization

original: no noise, no aberration 'observed': aberrated and noisy

29/02/08 Inversion methods in astronomy 101



Wavelet regularization

wavelette-vaguelette wavelet-Lucy
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Wavelet regularization

- conclusions from the previous test

* Richardson-Lucy amplifies the noise; some of the
fainter objects disappear

* in Pixon method the pixon features are identified
from noisy (partially deconvolved data): strong
sources are weakly reqgularized (=good), weak
sources suppressed (=bad)

« wavelet-vaguelette is very fast; results better than
with the previous methods

« wavelet-Lucy produced best results (fewer
spurious sources)
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Wavelet CLEAN

« CLEANINg

- consisted of repeated subtraction of
strongest point sources

- results were not good for diffuse emission
« MRC CLEAN (Walker & Schwartz 1988)

- build a smoothed image and the difference
between original and the smoothed image

- apply CLEAN separately to both images
- result is the sum of processed maps
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Wavelet CLEAN

* in wavelet CLEAN the procedure is
generalized to many scales (Starck 1998)

- calculate wavelet transformations of the
image, the PSF and the CLEAN beam

- on each level, apply CLEAN using scale j of
iImage and PSF transformations

- construct result image using the wavelet
transformation of the CLEAN beam
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Multiscale entropy

* image I(x,y) Is decomposed into a smooth
image ¢, (x,y) and a set of wavelet

coefficients w.(x, y)

- Index J refers to the scale, j=1,

- original image is I(x,y)=c, (x,y) +Z
- w, are calculated as the difference between

the last smoothed plane and an image
obtained with a low pass filter

c.(k) =2 h(l)c_ (k+2"7'1)

w (k) =3 1(k)—cj(k)

J J—

29/02/08 Inversion methods in astronomy 107



Multiscale entropy

- entropy Is related to the sum of information
on each scale

- In wavelet transformation information is
related to the probability that individual
wavelet coefficients are caused by noise

J N
S:_ijl Zkzl lnp(wj,k)
- minimize
D —(H*I),
2 N _ o

T

| —
EZ
I+

xS
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Multiscale entropy

- for Gaussian noise

J N .
S:ijl Zk;l S(Wj,k)

= — + constant

¢ S, IS again the noise in the wavelet coefficients at the
level j

 the constant term does not affect the maximization

« entropy ~ information => with the above definition
smooth solution requires minimization of entropy
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Multiscale entropy

e In Starck & Pantin (1996) multiscale
entropy is defined
lw (x,y)]

J

1
Sm:;Zscalesj Zpixels O-j Wj<x’y>_mj_|wj(x’y)|ln m
I

J

 In the absence of signal the wavelet coefficients
at level j approach m, - this should be small

compared with any real signal, i.e., a small
fraction of the noise

- the noise ¢, acts as a weighting factor of the
different scales

* entropy maximized
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Multiscale entropy

 multiresolution support

 Images at all wavelets scales, with pixel value
TRUE if some information is present at given scale
and location (hard threshold, 'hard weighting')

1. calculate wavelet transform of image I(x,y)

2. estimate o of the scale and set a threshold
value for the significance (e.g. 30)

3. multiresolution support M(j,x,y) Is

I, if wix,v)=zko
Miox.y)= f ow,(x y)zko |
0, if wj(x,y)<ka.

/)

\
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Multiscale entropy

e the aim

- to reconstruct significant structures (where
we have enough signhal) without strong
regularization

- to eliminate noise (strong reqularization)
 new definition for multiscale entropy

S Z s D 1M 0, wj<x,y>—mj—|wj<x,y>|1n'Wf(x’”'

m .
J

- entropy Is calculated only for scales and
regions with low signal-to-noise ratio
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Multiscale entropy

- previous M can be replaced with a continuous
function going from O to 1

« M~1 => weak regularization
« M~0 => strong regularization
- the values ¢, can be obtained from
simulations

» create noise image with =1 and do wavelet
transform

e calculate standard deviations of wavelet
coefficients at each scale, Gje

— e
° GJ. O, Gj
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Multiscale entropy

e IMmage noise o,

- estimated from the difference of the image
and average filtered image

- e.g. In the case of CCD images one should
disregard the high noise borders

* look at the intensity histogram

- estimate can be improved iteratively, using
the wavelet transformation

« calculate multiresolution support and re-estimate
noise from pixels M ~ 0
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Multiscale entropy

e for minimization of
2

7,

—oS (1)

pixels 2

Starck & Pantin (1996) used the gradient
(0)
Vi=—H" % D_iI*I+ = [1—M(j)]ajsgn(w<j°)) In v,

g, 9,

x« "

m.
J

and steepest descent I""'=I"-yVJ(I")

- above Y, is the wavelet at scale j
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Multiscale entropy

- the parameter a is fixed by the noise
behaviour of the wavelet transform

« determination far from straightforward
« depends on the requirement of smoothness
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Multiscale entropy
« Starck et al. (2001)

- the coefficient w is partly due to signal (S,), partly
due to noise (S,)

- small coefficients are noise and contribute to S,
- large coefficients contribute mostly to S,

 one might want to minize

i 12

N Dk—<P*1)k
ngzkzl -|-(XSN(I)
_ 02

- in the solution minimize the information that is due to
the noise
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Multiscale entropy

- the minimized function can be generalized as
J=S (D—PxI)+«sS, (1)

 minimize signal contribution to the information in
the residuals

e minimize the noise contribution to the information
INn the solution

- both hard and soft weighting were studied,
with and without the reqgularizing term
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Multiscale entropy

a) original

b) blurred and with
Gaussian noise

c) de-convolved

Image
d) residuals

Starck et al. (2001)
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Multiscale entropy

- multiscale entropy can be used to test
presence of undetected sources

. With h(wj’k) = -In[p(wjlk)], calculate mean entropy
of each scale

e for assumed noise model, calculate normalized
mean entropy

- E(moise) can be calculated ... at least with simulations
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Multiscale entropy

« plot normalized entropy as the function of scale

« weak sources increse entropy at small scales,
even when individual objects cannot be detected

- simulation (Starck 2001):

« 0, 50, 100, 200, or 400 sources with maximum
equal to noise ¢ and source standard deviation 2
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Multiscale entropy

J.-L. Starck et al.: Entropy and astronomical data analysis 743
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Fig. 9. Mean entropy versus the scale of 5 simulated images
containing undetectable sources and noise. Each curve corre-
sponds to the multiscale transform of one image. From top to
bottom, the image contains respectively 400, 2000, 100, 50 and ()

FULTEES Fig.10. Region of a simulated image containing an unde-

tectable source at the center
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Superresolution

« superresolution means resolution better
than the beam size (diffraction limit)

« two conditions
- space-bandwidth product (SBP) is no more
than ~1

 SBP is approximately the ratio between source
diameter and the diffraction limit

« => source must be small
- good signal to noise ratio (SNR)
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Superresolution

« method requires some information about
the source model

- flux of the reconstructed object is
concentrated within a smaller area

- restoration is stable, If the total flux of the
object is constrained

- even non-negativity of the MEM can produce
superresolution (of 'nearly black objects')

- Richardson-Lucy implements both non-
negativity and flux conservation
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Superresolution

« data Is kept at original resolution

« model and the PSF are sampled at higher

resolution

« for example, in the case of MAP Poisson

algorithm

29/02/08

f

1" V=1"exp

k

. oversampling = 'T', down-sampling = 'l

D

(H*I1"),

—1

T

«H ©
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Superresolution

« PSF undersampled but observations are
made with small shifts => deconvolved
image can be reconstructed on finer grid

- co-adding of frames on fine grid: operator L,

- estimation of k" observation from L ,D:
operator L¥,

- Landweber iteration becomes
1"V=1""+oH " |L,(D-L'(H*1"))

« PSF function H is needed at the fine resolution
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Superresolution

« example: Anconelli (2005)

1. apply Richardson-Lucy

2. If stars are resolved, go to step 3. Otherwise

1. define domain D where source intensity above
threshold

2. apply RL to that domain

3. if stars are separated, positions are obtained as
the feature centroids

3. fit a least squares model (sum of psf's)
e ... In case feature still contains several stars
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29/02/08

Superresolution

Fig. 1. Upper-left panel: the object; upper-right: the reconstruction af-
ter 1000 OS-EM iterations (first step): lower-left: the mask obtained
with a thresholding of the previous reconstruction (50% of the maxi-
mum value); lower-right: the restoration after 1000 O5-EM iterations,
initialized with the previous mask (second step). The diameter of the
circle shown in each picture is A/B.
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Superresolution

g Pictoris dust disc filtered : mem—multiresalution

Fictoris dust disc @ ariginal

original wARe filtered image

CLOe2TER

mox =n 33 19

8 Pictoris dust disc : ground—baosed 10 pm imoge deconvolver

D 353601

deconvolved
Multiresolution MEM

Starck et al. 2002
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Program packages

 |IRAF/STSDAS
- Lucy (PLucy?); | ucy
- maximum entropy: nem

 Starlink, package Kappa

- Wiener filtering
- Richardson-Lucy
- maximum entropy
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Program packages

 MIDAS

- core commands

« DECONVOLVE/IMAGE frame psf result [no_iter]
[cont flag]

- package surfphot

« REBIN/DECONVOLVE frame psf result, zoom_Xx,
zoom_y, n_iter

29/02/08 Inversion methods in astronomy 131



Program packages

« Midas ctd.

- package wavelet
* FILTER/WAVE

- thresholding, multiresolution Wiener filtering
« GRAD/WAVE
- deconvolution by regularized one step algorithm
» LUCY/WAVE
- wavelet Lucy
 DIRECT/WAVE
- multiresolution Tikhonov, regularization term )/].HW].H2

 CITTERT/WAVE

- van Cittert + multiresolution support
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Program packages
« MR/1-2 by Starck & Murtagh

- commercial program (www.multiresolution.com)

- free version restricted to max 256x256
iImages

- standard deconvolution methods (MEM, Lucy,
Landweber, MAP, ...)

- wavelet based methods
 including multiresolution MEM

29/02/08 Inversion methods in astronomy 133



References

 Anconelli et al., 2005, Restoration of
Interferometric images: lll. Efficient Richardson-
Lucy methods..., A&A 430, 731

« Anconelli et al. 2005, Restoration of
Interferometric images: IV. An algorithm for super-
resolution of stellar systems, A&A 431, 747

 Charbonnier et al., 1997, IEEE Trans. Image
Process. 44, 2988

« Cornwell, Evans: A simple maximum entropy
deconvolution algorithm, 1985, A&A 143, 77

e Dixon et al. 1996, A&AS 120, 683

29/02/08 Inversion methods in astronomy 134



References

 Donoho: Nonlinear solution of inverse problems by
wavelet-vaguelette decomposition, 1995, Applied
and Computational Harmonic Analysis 2, 101

* Lucy: An iterative technique for the rectification of
observed distributions, 1974, A) 79, 745

 Moline et al. 1992, A) 104, 1662

* Lucy: Optimum strategies for inverse problems in
statistical astronomy, 1994, A&A 289, 983

« Midas Users Guide, ww. eso. or g/ esoni das

« Molina et al. 2001, IEEE Signal Process. Mag. 18,
11

 Narayan, Nityananda: Maximum entropy image
restoration, 1986, ARA&A 24,176

29/02/08 Inversion methods in astronomy 135



References

 Neelamani: Wavelet based deconvolution for ill-
conditioned systems, MS thesis, 1999, Rice
University

 Nunez, Llacer: A general bayesian image
reconstruction algorithm with entropy prior, 1993,
PASP 105, 1192

* Pina, Puetter: Incorporation of spatial information
In Bayesian image reconstruction: the maximum
residual likelihood criterion, 1992, PASP 104, 1096

* Pina, Puetter: Bayesian image reconstruction: the
pixon and optimal image modelling, 1993, PASP
105, 630

« Roumeliotis: A novel maximum likelihood method
for image reconstruction with increased sampling,
1995, Ap|] 452, 944

29/02/08 Inversion methods in astronomy 136



References

 Skilling, Bryan: Maximum entropy image
reconstruction: general algorithm, 1984, MNRAS
211, 111

« Starck, Murtagh, Bijaoui, 1998; Image Processing
and Data Analysis: The Multiscale Approach, CUP

« Starck et al.: Entropy and astronomical data
analysis: Perspectives from multiresolution
analysis, 2001, A&A 368, 730

« Starck, Pantin, Murtagh: Deconvolution in
astronomy: A Review, 2002, PASP 114, 1051

« Starck, Pantin: Multiscale maximum entropy
Images restoration, in Vistas in astronomy, Vol. 40
no 4, p. 563

29/02/08 Inversion methods in astronomy 137



References

« Starck: Multiresolution and its Applications: An

Overview, htt p://thanes. cs.rhul.ac. uk/~multires/
doc/ doc_deno. pdf

« Deconvolution and blind deconvolution in
astronomy, http://jstarck.free.fr/Blind07. pdf

« Starck, Murtagh, Bijaoui: Image Processing and
Data Analysis: The Multiscale Approach, CUP
1998, http://ww. nul tiresol ution. conm cupbook. ht m

* Terebizh: Superresolution in pattern recognition
and image restoration problems, 1993, A&A 270,
543

« Thompson, Craig: Automatic strategies for
astrophysical inverse problems, 1992, A&A 262,
359

29/02/08 Inversion methods in astronomy 138



References

* Tikhonov 1987, Soviet Physics — Doklady 32, 456

 Wu: MEM package for image restoration in IRAF, in
ADASS-II, ASP conference series Vol. 52 (1993) p.
520

29/02/08 Inversion methods in astronomy 139



