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Critical phenomena 
on flat lattices <===>

Critical phenomena on 
dynamical  lattices !i

Figure 3: An example of triangulation of a
sphere g = 0. Ising spins are attached to the
triangles.

The relevant extremum is achieved at
t = s and x = s/(1 + s2). The extremal
value
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It can be verified directly that in both cases
the chosen extremum corresponds to a sad-
dle point in the parameters (R, r), in the
case s ! 1 the unstable direction being
mostly along the “perimeter” direction r,
while in the bubble case s > 1 it is generally
along the “inflation” direction R. Finally,
we find for the decay rate
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At the extreme limit k # $ we are back
to the classic droplet result (5). On the
contrary, the weak metastability limit µ #
0 is characterized by a power-like suppression P " (kµ/"2)k/6.

Gravitational Ising vacuum energy. We recall in this section very briefly the dy-
namical lattice Ising model (DLIM), as it has been proposed in [14], and present without
derivation the form of its exact solution in the scaling limit near the ferromagnetic phase
transition. The formulation is standard for the two dimensional random lattice models and
starts with an ensemble

%

G(g)
N

&

of planar graphs (in general of genus g) and of size N . It is

considered well established that the scaling singularity, which is supposed to correspond to a
continuous limit, doesn’t depend on the details of this ensemble (neither on most microscopic
details of the spin model located on the graph). Here for definiteness we will imply a very

particular realization of
%

G(g)
N

&

as the graphs made exclusively of triangles, the triangula-

tions, like an example in fig.3. In this case the size N can be given precise meaning, the
number of triangles in G(g)

N .
In DLIM we associate a spin variable "i = ±1 with each triangle i = 1, 2, . . . , N . As in the

usual Ising, only “nearest neighbor” triangles %ij& (i.e., having a common edge) contribute
to spin-spin interaction

H [{"}] =
'

"ij#
K"i"j +

'

i
H"i (21)

where K is the “thermal” parameter (called traditionally the exchange integral) and H is the
external magnetic field. In this study we consider the large N limit characteristics, namely
the specific free energy (per triangle) of DLIM. This energy is an intensive characteristic and
as such doesn’t depend of global properties, like g. For our purposes it is most convenient to
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- A. Zamolodchikov and Al. Zamolodchikov  showed (2006) how gravity 
influences the decay of the metastable vacuum on the example of the 
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We study the critical thermodynamics of th  O(n) model in magnetic field 
and verify the ZZ conjecture 

Saturday, June 16, 12



way along the links <r, r0>. In the presence of a constant magnetic field ~H , the energy of a spin
configuration is defined by the “geometric” hamiltonian

H[{~S}] = �
X

<r,r0>

log

⇣
T +

~S(r) · ~S(r0)
⌘
�
X

r

log

⇣
1 +

~S(r) · ~H
⌘
. (2.1)

The logarithmic form of the nearest neighbor interaction leads to a simple graphical expansion
which generalizes that of the Ising model and can be mapped to a solvable vertex model. The partition
function is defined as the trace (the integral over all spin configurations)

Z
O(n)

(T, ~H) = Tr e�H[{~S}] (2.2)

where by the O(n) symmetry Tr(SaSb) = �a,b and Tr(Sa) = Tr(SaSbSc) = 0. Expanding the inte-
grand as a sum of monomials and using the rules above one can write the high temperature expansion
of the partition function as the grand canonical ensemble of non-intersecting polymers of variable
length. There are two kinds of polymers: loops with activity n and open lines with activity H2, where
H = | ~H|. Apart of the activity, the Boltzmann weight of each polymer is equal to T�L, where L is
the length, defined as the number of links covered by the polymer. The high temperature expansion
of the partition function is a triple series in n, 1/T and H2,

Z
O(n)

(T, ~H) =

X

polymers

(1/T )Ltot n#loops H2# open lines. (2.3)

The temperature coupling T controls the total length L
tot

of the polymers (the number of links covered
by loops or open lines). An example of a polymer configuration is given in Fig. 5. The geometri-
cal expansion (2.3) of the O(n) model allows to consider the number of flavors n as a continuous
parameter.

When ~H = 0, the O(n) loop model is known to have a continuous transition in the window �2 
n  2, where n can be parametrized by eq. (1.9). The phase diagram of the loop gas on the honeycomb
lattice was first established by Nienhuis [25]. At the critical temperature Tcrit = 2 cos

⇡(p�1)

4p the loop
gas model is solvable and described by a CFT with central charge (1.8). This point is usually referred
as the ‘dilute’ phase. For T > Tcrit, the theory has a mass gap. The low-temperature, or ‘dense’, phase
T < Tcrit represents a massless flow toward an attractive fixed point at Tlow = 2 sin

⇡(p�1)

4p . At this
point the theory is again solvable and described by a CFT with smaller central charge clow defined by
(1.10).

The spectrum of the degenerate primary fields in the critical and in the low-temperature CFTs is
given respectively by

�r,s =
(r(p+ 1)� sp)2 � 1

4p(p+ 1)

, �

low
r,s =

(rp� s(p� 1))

2 � 1

4p(p� 1)

, (2.4)

where r and s are integers. The thermal operator ", which counts the total length of the polymers in
the expansion (2.3), can be identified with the degenerate field �

1,3. Added to the action, it generates
a mass of the loops. The spin operator s coupled to the magnetic field corresponds to a degenerate
primary field only if p is an odd integer,

p = 2m� 1. (2.5)

However, it is convenient to extend the Kac parametrization (2.4) also for non-integer r and s. Then
the magnetic field can be identified with the field of conformal dimensions �

s

=

¯

�

s

= �m,m, with
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and the asymptotics at infinity

�(x, x̄) ' �Q log(xx̄), Q = g + 1. (3.2)

The Liouville coupling constant g is determined by the critical fluctuations of the matter field and the
‘cosmological constant’ µ controls the global area of the sphere

A =

Z
e2� d2x. (3.3)

When the topology is that of a disk, the integral (3.1) is restricted to the upper half plane, with an extra
boundary term µB

R
e�dx. The boundary coupling constant µB controls the length of the boundary of

the disk,

L =

Z
e� dx. (3.4)

The Liouville action (3.1) leads to a CFT with central charge

c Liouv = 1 + 6(g + 1)

2/g. (3.5)

Besides the Liouville field there are also Fadeev-Popov ghosts with total central charge cghosts = �26

(see the standard reviews [38] and [39]). Due to the general covariance, the total conformal anomaly
in the theory of Liouville gravity must vanish, c Liouv + cmatter + cghosts = 0. When the matter field is
the O(n) CFT with the central charge (1.8), this constraint determines the Liouville coupling constant
g in (3.1) as

g = (p+ 1)/p. (3.6)

The observables in Liouville gravity are the integrated local densities

O
�

⇠
Z

�

�

e2↵�d2x , (3.7)

where �

�

represents a scalar (� =

¯

�) matter field, and the vertex operator e2↵� is the Liouville
dressing factor, which takes into account the fluctuations of the metric. The Liouville dressing factor
completes the conformal dimensions of the matter field to (1, 1). Only such, marginal, operators are
allowed in the theory coupled to gravity. The balance of the conformal dimensions gives a quadratic
relation between the Liouville dressing charge ↵ and the conformal weight of the matter field, known
as the KPZ relation [14–16]

↵(g + 1� ↵)/4g = 1�� . (3.8)

The ‘physical’ solution of the quadratic equation (3.8) is the smaller one.
In the Kac parametrization (2.4) of theconformal weight � = �r,s of the matter field, the physical

solution of the quadratic equation (3.8) is given by

↵rs(g) =
2p+ 1� |r(p+ 1)� s p|

2 p
. (3.9)

In particular, the operators

O" =

Z
�" e

2↵✏� , O
s

=

Z
�h e

2↵
s

� (3.10)
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and the asymptotics at infinity
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Liouvulle theory: describes the fluctuations of the metric in conformal gauge  gab = δab eφ
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+ asymptotics at infinity 

In the vicinity of ⇠ = 1, the function Glow(⇣) can be obtained from Ghigh(⇠) by analytical continua-
tion ⇠ ! ⇣ = e±i⇡!

0⇠.
The domains of analyticity of Ghigh and Glow are mapped to different (and non-overlapping for

p � 2) domains on the principal sheet of the scaling function �(⌘). The map ⇠ ! ⌘ sends the positive
real axis of the ⇠-plane to the positive real axis of the ⌘-plane. The right ⇠-half-plane, where Ghigh(⇠)
is analytic, is mapped to the high temperature wedge (HTW) of the ⌘-plane, defined as

HTW: � ⇡

2!
0

< arg ⌘ <
⇡

2!
0

. (2.36)

In particular, the LY branch points are mapped to

⌘YL
± = e±i⇡/2!

0 ⌘c, ⌘c = ⇠1/!0

c . (2.37)

One can choose the branch cuts starting at the YL edges to go to infinity along the rays arg ⌘ =

±⇡/2!
0

. (Note that the cuts in the ⌘-plane are not the images of the cuts of the ⇠-plane.)
On the other hand, the map ⇣ ! ⌘ sends the positive real axis in the ⇣-plane to the negative real

axis of the ⌘-plane. The principal sheet of Glow in ⇣-plane is mapped to the low temperature wedge
(LTW),

LTW: � ⇡

!
0

< arg(�⌘) <
⇡

!
0

. (2.38)

In the ⌘-plane the Langer branch cut is resolved and the Langer singularity is sent to infinity. The two
edges of the cut are mapped to the two rays arg(�⌘) = ±⇡/!

0

. The principal sheet of the function
�(⌘) is shown in Fig. 7.

As in the Ising model, the function �(⌘) is expected to be analytic in the sectors HTW and LTW
of the ⌘-plane. The two sectors separating HTW and LTW were called in [8] ‘shadow domain’. If the
extended analyticity, claimed in [8], holds for all p � 2, which means that �(⌘) is analytic also in the
shadow domain, then the scaling function can be reconstructed unambiguously from its discontinuities
along the two Yang-Lee cuts on the principal sheet of the ⌘-plane.

3 The vacuum energy of the gravitational O(n) model

In this section we obtain the expected analytical properties of the free energy of the O(n) model
coupled to 2d gravity. We adjust the arguments of the previous section to the situation when gravity
is switched on, making substantial use of the Z-Z conjecture about the effect of the critical droplet.

3.1 Continuous transitions and effective field theory on a dynamical lattice

The O(n) model on a dynamical lattice has the same continuous transitions as the theory on a flat
lattice. In the continuum limit the sum over the planar graphs with a given topology is replaced by a
functional integral with respect to the Riemann metric gab(x, x̄) on a variety with the same topology.
Here, we will restrict ourselves to the case of the sphere and the disc, where the metric can be put
in the form gab(x, x̄) = �ab e2�(x,x̄) by a coordinate transformation. On the sphere, the integration
measure with respect to the scale factor �, known as the Liouville field, is defined by the action [13]

ALiouv =

g

4⇡

Z
(@�)2d2x+ µ

Z
e2�d2x , (3.1)
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and the asymptotics at infinity
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solution of the quadratic equation (3.8) is given by

↵rs(g) =
2p+ 1� |r(p+ 1)� s p|

2 p
. (3.9)

In particular, the operators

O" =

Z
�" e

2↵✏� , O
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=

Z
�h e

2↵
s

� (3.10)
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- the area of the surface

Figure 5: A polymer configuration on a
honeycomb lattice

Figure 6: A polymer configuration on a pla-
nar graph with the topology of a disk

whole spectrum �1 < c < 1 of the central charge of the matter field. Since the paper is somewhat
technical, below we give a short summary of our results.

⇧ ⇧ ⇧
The O(n) loop model [24, 25] has a geometrical formulation in terms of nonintersecting loops

with fugacity n. In presence of magnetic field H , the geometrical expansion involves also open lines
with fugacity H2, as in the example shown in Fig. 5. The temperature T controls the total length
of the linear polymers. In the conformal window �2 < n < 2, the theory has a conformal invariant
critical point at T = Tc and H = 0, described by a CFT with central charge [26],

c
crit

= 1� 6

p(p+ 1)

, (1.8)

where p is related to the dimensionality n by

n = 2 cos

⇡

p
, p � 1. (1.9)

The critical O(n) model covers the whole one-parameter family of universality classes having mass-
less modes in the low-temperature phase, with a central charge �1 < c  1.

The phase diagram of the O(n) loop model is similar to that of the Ising model, which corresponds
to the particular case n = 1, or p = 3. For T > Tc the typical linear polymer is short and the theory
has a mass gap. Nienhuis [25] showed, using the mapping to other solvable lattice models and the
Coulomb gas techniques, that for T < Tc and H = 0 the model is characterized by a massless low-
temperature (LT) phase, also known as a phase of dense loops. The LT phase of the O(n) vector
model is described by another CFT with central charge2

clow = 1� 6

p(p� 1)

. (1.10)

The vicinity of the critical point (T = Tc, H = 0) is described by the ‘O(n) field theory’, or
shortly OnFT, which is a perturbation of the CFT with central charge (1.8). The O(n) field theory is

2To avoid confusion, let us mention that this low-temperature phase is not a Goldstone phase. The O(n) loop model
flows to a Goldstone phase having central charge n � 1 appears when the loops are allowed to intersect with non-zero
probability [27, 28], and in the microscopic formulation given in [24, 25] such intersections are strictly forbidden.
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2D QG for massless matter with central charge 

and the asymptotics at infinity

�(x, x̄) ' �Q log(xx̄), Q = g + 1. (3.2)

The Liouville coupling constant g is determined by the critical fluctuations of the matter field and the
‘cosmological constant’ µ controls the global area of the sphere

A =

Z
e2� d2x. (3.3)
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boundary term µB

R
e�dx. The boundary coupling constant µB controls the length of the boundary of

the disk,

L =

Z
e� dx. (3.4)

The Liouville action (3.1) leads to a CFT with central charge
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2/g. (3.5)
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g in (3.1) as

g = (p+ 1)/p. (3.6)

The observables in Liouville gravity are the integrated local densities

O
�

⇠
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�

e2↵�d2x , (3.7)
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�
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¯
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dressing factor, which takes into account the fluctuations of the metric. The Liouville dressing factor
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relation between the Liouville dressing charge ↵ and the conformal weight of the matter field, known
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-- Balance of the central charge 

-- Balance of the dimensions  ==> 

Local fields in 2DQG:

effective action:

(KPS relation)

===>

= matter field x Liouville dressing operator

===>

1 Potentially useful parametrization of the spectral parameter

F
droplet

=

Z 1

0
dA e�F A��L

A = ⇡L2

F
droplet

⇠ �F e��

2

/2⇡�F

A
c

=
�2

4⇡�F2

�F
F

meta

= F + �F + iC�F e��

2

/4⇡�F

A = A
matter

+ A
Liouville

+ A
ghosts

Introduce the new variable z, related to the spectral parameter by

z = cosh(2⇡u). (1.1)

The T-system in this parameter is

T
a,s

(ei⇡z)T
a,s

(e�i⇡z) = T
a+1,s

(u)T
a�1,s

(u) + T
a,s+1(u)T

a,s�1(u) . (1.2)

Assume that all T-functions are analytic in the interval �⇡/2 < =u < ⇡/2. In terms of the z-
parameter this means analyticity in the complex plane with a cut on the negative real axis.1 The cut
starts at �z0 = � cosh(4⇡g) and ends at z = �1.

2 GKLV paper: Preliminaries

2.1 T and Y systems

In some relativistic models T-functions can be identified with eigenvalues of the transfer matrices of
an underlying spin chain-type discretization. Such an interpretation is not yet known for AdS/CFT.
The T-system:

T
a,s

(u + i

2)T
a,s

(u � i

2) = T
a+1,s

(u)T
a�1,s

(u) + T
a,s+1(u)T

a,s�1(u) . (2.1)

In the strong coupling limit the T-functions were identified with the psu(2, 2|4) characters of the
monodromy matrix [1]. The Y-system:

Y
a,s

(u + i/2)Y
a,s

(u � i/2) =
(1 + Y

a,s+1(u))(1 + Y
a,s�1(u))

(1 + 1/Y
a+1,s

(u))(1 + 1/Y
a�1,s

(u))
. (2.2)

The Y’s are expressed in terms of T’s

Y
a,s

=
T

a,s+1Ta,s�1

T
a+1,s

T
a�1,s

. (2.3)

1Note that this parametrization is compatible with the Zhukowski map in the strong coupling limit ũ = u

g

⇡ log z

2⇡g

=

x+ 1

x

.
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where by the O(n) symmetry Tr(SaSb) = �a,b and Tr(Sa) = Tr(SaSbSc) = 0. Expanding the inte-
grand as a sum of monomials and using the rules above one can write the high temperature expansion
of the partition function as the grand canonical ensemble of non-intersecting polymers of variable
length. There are two kinds of polymers: loops with activity n and open lines with activity H2, where
H = | ~H|. Apart of the activity, the Boltzmann weight of each polymer is equal to T�L, where L is
the length, defined as the number of links covered by the polymer. The high temperature expansion
of the partition function is a triple series in n, 1/T and H2,

Z
O(n)

(T, ~H) =

X

polymers

(1/T )Ltot n#loops H2# open lines. (2.4)

The temperature coupling T controls the total length L
tot

of the polymers (the number of links covered
by loops or open lines). An example of a polymer configuration is given in Fig.2. The loop gas
formulation (2.4) of the O(n) model allows to consider the number of flavors n as a continuous
parameter. This also turns the model into an important theoretical tool for studying a variety of
geometrical critical phenomena.

Figure 2: A polymer configuration on a honeycomb lattice

When ~H = 0, the O(n) loop model is known to have a continuous transition in the window
�2  n  2, where n can be parametrized by eq. (1.9). The phase diagram of the loop gas on
the honeycomb lattice was first established by Nienhuis [25, 28]. At the critical temperature Tcrit =

2 cos

⇡(p�1)

4p the loop gas model is solvable and described by a CFT with central charge (1.8). This
point is usually referred as the ‘dilute’ phase. For T > Tcrit, the theory has a mass gap. The low-
temperature, or ‘dense’, phase T < Tcrit represents a massless flow toward an attractive fixed point at
Tlow = 2 sin

⇡(p�1)

4p . At this point the theory is again solvable and described by a CFT with smaller
central charge clow defined by (1.10).

The spectrum of the degenerate primary fields in the critical and in the low-temperature CFTs is
given respectively by

�r,s =
(r(p+ 1)� sp)2 � 1

4p(p+ 1)

, �

low
r,s =

(rp� s(p� 1))

2 � 1

4p(p� 1)

, (2.5)

where r and s are integers. The thermal operator �t, which counts the total length of the polymers in
the expansion (2.4), can be identified with the degenerate field �

1,3. Added to the action, it generates
a mass of the loops.
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For p = 3 the equation for the O(n) free energy coincides, up to a shift by a term ⇠ t3, with Boulatov-
Kazakov solution of IQG, eq. (1.6).

From the solution (1.21) we find the scaling functions Ghigh and Glow. They represent two differ-
ent branches of the same meromorphic function G, which is defined as the analytic continuation of
Ghigh(⇠) under the YL cuts. The function G(⇠) has the symmetries

G(⇠) = G(�⇠) = G(¯⇠), (1.22)

which are inherited by those of the function Ghigh and which preserve by construction the HT sheet.
Starting from the HT sheet and taking different paths, one can achieve (for general p) four different
copies of the LT sheet, related by the symmetries (1.22). The HT and the LT sheets are connected by a
finite number of auxiliary sheets. The extended analyticity assumption, which is fulfilled here, means
that there is no additional singularities on the connecting sheets.

We computed the series expansions of Glow and Ghigh at ⇣ = 0 and at ⇣ = 1. The expansion of
Glow at the origin is indeed of the form (1.20), which confirms the Z-Z conjecture in its stronger form
used in Sect. 3 as well as the existence of Langer singularity at the origin associated with the presence
of a metastable state. If the gravitational field is ‘switched off’, the power-like singularity at ⇣ = 0

should turn into an essential singularity associated with this metastable state. Let us stress that we
expect Langer-type singularity only in the O(n) loop model which has a representation in terms of a
gas of non-intersecting polymers. The conventional O(n) model should not have such a singularity.

To summarize, in this work we argue that Langer’s singularity in presence of small magnetic field,
originally observed in the Ising model, is in fact a general feature of the O(n) loop models. We are
quite confident in our conclusions when 0 < n < 2, while in the interval �2 < n < 0, where the
loop gas does not have statistical interpretation, the situation is less clear. Our exact expression for
the free energy of the gravitational O(n) model presents a strong evidence about the existence of a
metastable state in the low-temperature phase and confirms the Z-Z conjecture about the decay rate
of the metastable vacuum in presence of gravity [22] in the case when the stable phase has non-zero
central charge. We found that the scaling function G(⇠) for the free energy of the O(n) loop model on
a dynamical lattice has a pair of Yang-Lee singularities on the high-temperature sheet, a Langer-type
singularity of the expected form on the low-temperature sheet, and no additional singularities on the
connecting sheets. In this sense the scaling function obeys the ‘extended analyticity’ assumption of
Fonseca and Zamolodchikov [8]. However, it is not clear if this property will remain true for the
theory on a flat lattice. This is a very important question which deserves further study.

2 The vacuum energy of the O(n) field theory

The analytic properties of the free energy of of OnFT , except Langer singularity, follow immedi-
ately from the known scaling behavior near the critical points, where the theory becomes conformal
invariant, and the assumption that on the first sheet there are no other singularities than the critical
points. These predictions are in accordance with the numerical results for the cases n = 1 [8, 11]
and n = 0 [30]. In contrast, as we already discussed, we do not have direct arguments in favor of
the presence of Langer singularity. This is a conjecture which is justified by the exact solution of the
model coupled to gravity.

2.1 Continuous transitions and effective field theory on a regular lattice

The local fluctuating variable in the O(n) loop model [24, 25, 31] is an n-component vector ~S(r)
with unit norm, associated with the vertices r of the honeycomb lattice, and interacting in an isotropic
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way along the links <r, r0>. In the presence of a constant magnetic field ~H , the energy of a spin
configuration is defined by the “geometric” hamiltonian

H[{~S}] = �
X

<r,r0>

log

⇣
T +

~S(r) · ~S(r0)
⌘
�
X

r

log

⇣
1 +

~S(r) · ~H
⌘
. (2.1)

The logarithmic form of the nearest neighbor interaction leads to a simple graphical expansion
which generalizes that of the Ising model and can be mapped to a solvable vertex model. The partition
function is defined as the trace (the integral over all spin configurations)

Z
O(n)

(T ;�) = Tr e�H[{~S}], (2.2)

where by the O(n) symmetry Tr(SaSb) = �a,b and Tr(Sa) = Tr(SaSbSc) = 0. Expanding the inte-
grand as a sum of monomials and using the rules above one can write the high temperature expansion
of the partition function as the grand canonical ensemble of non-intersecting polymers of variable
length. There are two kinds of polymers: loops with activity n and open lines with activity H2, where
H = | ~H|. Apart of the activity, the Boltzmann weight of each polymer is equal to T�L, where L is
the length, defined as the number of links covered by the polymer. The high temperature expansion
of the partition function is a triple series in n, 1/T and H2,

Z
O(n)

(T, ~H) =

X

polymers

(1/T )Ltot n#loops H2# open lines. (2.3)

The temperature coupling T controls the total length L
tot

of the polymers (the number of links covered
by loops or open lines). An example of a polymer configuration is given in Fig. 5. The geometri-
cal expansion (2.3) of the O(n) model allows to consider the number of flavors n as a continuous
parameter.

When ~H = 0, the O(n) loop model is known to have a continuous transition in the window �2 
n  2, where n can be parametrized by eq. (1.9). The phase diagram of the loop gas on the honeycomb
lattice was first established by Nienhuis [25]. At the critical temperature Tcrit = 2 cos

⇡(p�1)

4p the loop
gas model is solvable and described by a CFT with central charge (1.8). This point is usually referred
as the ‘dilute’ phase. For T > Tcrit, the theory has a mass gap. The low-temperature, or ‘dense’, phase
T < Tcrit represents a massless flow toward an attractive fixed point at Tlow = 2 sin

⇡(p�1)

4p . At this
point the theory is again solvable and described by a CFT with smaller central charge clow defined by
(1.10).

The spectrum of the degenerate primary fields in the critical and in the low-temperature CFTs is
given respectively by

�r,s =
(r(p+ 1)� sp)2 � 1

4p(p+ 1)

, �

low
r,s =

(rp� s(p� 1))

2 � 1

4p(p� 1)

, (2.4)

where r and s are integers. The thermal operator ", which counts the total length of the polymers in
the expansion (2.3), can be identified with the degenerate field �

1,3. Added to the action, it generates
a mass of the loops. The spin operator s coupled to the magnetic field corresponds to a degenerate
primary field only if p is an odd integer,

p = 2m� 1. (2.5)

However, it is convenient to extend the Kac parametrization (2.4) also for non-integer r and s. Then
the magnetic field can be identified with the field of conformal dimensions �

s

=

¯

�

s

= �m,m, with
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Partition function:

Geometrical expansion:  non-intersecting loops + linear polymers. 
Defined for any real n

The O(n) loop model (in constant magnetic field) on a flat honeycomb lattice

 Hamiltonian: 

honeycomb lattice, to a weighted sum of mutually and self-avoiding loops, each loop counted with a
factor of nT�L, where L is the number of links along the loop [21]. In the resulting partition sum, the
dimension n of the spins can vary continuously. The loop gas formulation of the O(n) model allows to
consider the number of flavors n as a continuous parameter. It also turns the model into an important
theoretical tool for studying a a variety of geometrical critical phenomena, from polymers to SLE.
The model is solvable at the critical point and at a special point in the low-temperature phase [18].
Geometrically, due to the magnetic field, the graph expansion of the partition function will contain
not only loops, but also open lines. Above the critical temperature the open lines remain short and
behave, in the case of imaginary magnetic field, as dimers with negative activity.

The O(n) model can be defined on any trivalent planar graph �. The local fluctuating variable
in the O(n) loop model is an n-component vector ⇤S(r) with unit norm, associated with the vertices
r ⇥ �. In presence of a constant magnetic field ⇤H , the energy of a spin configuration is defined by the
function [35]

H[{⇤S}] = �
⇤

<r,r�>

log
�
T + ⇤S(r) · ⇤S(r⇥)

⇥
+

⇤

r

log
�
1 + ⇤S(r) · ⇤H

⇥
. (2.1)

where the sum goes over the pairs < r, r⇥ > of nearest neighbor vertices of the graph �. The logarith-
mic form of the nearest neighbor interaction 4 leads to a simple graphical expansion which generalizes
that of the Ising model an be mapped to a solvable vertex model. The partition function is defined as
the trace (the integral over all spin configurations)

Z
O(n)

(T ;�) = Tr e�H[{�S}], (2.2)

where by definition Tr(SaSb) = �a,b and Tr(Sa) = Tr(SaSbSc) = 0. Expanding the integrand as
a sum of monomials and using the above rules one can write the high temperature expansion of the
partition function as the grand canonical ensemble of non-intersecting polymers of variable length on
the graph �. There are two kinds of polymers: loops with activity n and open lines with activity H2,
where H = | ⇤H|. Apart of the activity, the Boltzmann weight of each polymer is T�L, where L is
the number of links of � covered by the polymer. The high temperature expansion of the partition
function is a triple series in n, 1/T and H2,

Z
O(n)

(T, ⇤H;�) =
⇤

polymers on �

(1/T )Ltot n#loops H2# open lines. (2.3)

The temperature coupling T controls the total length of the polymers Ltot (the number of links covered
by loops). An example of a loop configuration on the disk is given in Fig. 1.

The O(n) model in magnetic field is not solvable on a regular lattice, but it becomes solvable
when it is defined on a dynamical lattice. In the latter case the graph � itself is treated as a statistical
object. Each trivalent planar graph � is dual to a triangulation �̃ (all triangles are assumed equilateral).
The regular honeycomb lattice is dual to the flat triangular lattice, while in general triangulations have
curvature defects associates with some of the vertices. The curvature associated with a vertex where
q triangles meet is equal to 2⇥(6 � q)/3. The sum over planar graphs can be thus considered as a
discretization of the integral over Riemann metrics. The O(n) model on a dynamical lattice can be
viewed as a solvable model of discrete quantum gravity, where the role of the matter field is played
by the O(n) spins.

4This is one of the ways to write the Ising model interaction.
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 [Nienhuis, 1987]

This model is NOT integrable, except for H=0 and two special values of T

Local fluctuation variable: n-component unit vector
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not exponentially. A. and Al. Zamolodchikov [17] explained this change of the behavior by adjusting
Langer’s theory to the case of fluctuating metric. In the latter case the perimeter of the boundary of
the droplets grows slower than the square of the area and the Boltzmann weight of the critical droplet
behaves as hg̃, where g̃ depends on the conformal anomaly clow in the low-temperature phase. In the
classical limit c ⌅ �⇧, where the fluctuations of the Liouville field can be neglected, the saddle
point analysis gives g̃ = �1

6clow, while the exact solution for the Ising model gives g̃ = 3/2.
The geometrical explanation of the gravitational Langer singularity by “critical swelling” given

in [17] is of very general nature and does not seem restricted to the Ising model. The authors of [17]
advanced a conjecture (we will refer to it as ZZ conjecture) that for a conformal anomaly of the matter
field in low-temperature phase given by

clow = 1� 6

p(p� 1)
, (1.7)

the exact nucleation exponent is

g̃ =
p

p� 1
. (1.8)

In this paper we examine the analytic properties of the free energy per site of the O(n) vector
model on a dynamical lattice in constant magnetic field and in the window �2 < n < 2 [18] where
the theory has a conformal invariant critical point. In this window the critical O(n) model covers
the whole one-parameter family of universality classes having massless modes in the low-temperature
phase, with spectrum of the central charge �⇧ < c ⇥ 1. The “O(n) field theory” can be thought of
as a thermal perturbation of a CFT with

ccrit = 1� 6

p(p+ 1)
, (1.9)

where p is related to the dimensionality n by

n = 2 cos
�

p
, p ⇤ 1. (1.10)

The O(n) field theory is formally defined by the action

AO(n)FT = Acrit � h

�
�h d

2x� t

�
�t d

2x , (1.11)

where �h and �t are the conformal fields generating the perturbations respectively in h and in t.
When p is odd integer, p = 2m � 1, this action describes the minimal conformal theory M2m�1

perturbed by two primary fields

�t = �1,3 , �h = �m,m (m =
p+ 1

2
) . (1.12)

The Ising field theory corresponds to m = 2. The thermal flow generated by �t ends, depending on
the sign of the temperature coupling, at a massive theory (the high-temperature phase), or at a CFT
with a lower central charge (1.7) in the low-temperature phase [19]. For general p > 1 the O(n) field
theory does not exist as a local field theory, but nonetheless it has an unambiguous definition in terms
of grand canonical ensemble of linear polymers on the lattice.

3

low-temp. (LT) phase
(dense loops)

high-temp. (HT) phase
(non-critical loops)

critical point 
(dilute loops)
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The vicinity of the critical point (T = Tc, H = 0) is described by the ‘O(n) field theory’, or
shortly OnFT, which is a perturbation of the CFT with central charge (1.8). The O(n) field theory is
formally defined by the action
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where s and " are the conformal fields generating the perturbations respectively in the magnetic field
h ⇠ H and in the temperature t ⇠ T�Tc. When p is an odd integer, p = 2m�1, this action describes
the unitary minimal conformal theory M

2m�1,2m perturbed by the two primary fields
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The Ising field theory corresponds to m = 2, or n = 1. Depending on the sign of the temperature
coupling, the thermal flow generated by the operator " ends at a massive theory in the HT regime, or
at a CFT with the lower central charge (1.10) in the LT regime [29]. For a general p > 1, the O(n)
field theory does not exist as a local field theory, but it has nonetheless an unambiguous definition in
terms of grand canonical ensemble of linear polymers on the lattice.

In Sect. 2 we speculate about the analytic properties of the specific free energy of OnFT, assuming
that there exists a weakly metastable state and Langer singularity at least in some finite vicinity of
the point p = 3. Since the free energy depends analytically on the parameter p, this is a natural
assumption, although for p 6= 3 we do not see any geometrically transparent picture of the nucleation
mechanism.3 We give a heuristic argument about the form of the Langer singularity for p 6= 3. The
non-perturbative corrections should be of the form

Fnonpert ⇠ f exp(�const/f), f ⇠ |h|1/(1��
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s

), (1.13)

where �
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is the conformal dimension of the O(n) spin field s in the low-temperature phase.
As in the case of IFT, the specific free energy is determined by two different scaling functions in
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F (t, h) =

8
><

>:

t
p+1

2 Ghigh(⇠), ⇠ = t�!
0h if t > 0,

(�t)
p+1

2 Glow(⇣), ⇣ = (�t)�!
0h if t < 0,

(1.14)

where the power p+1

2

and the exponent

!
0

⌘ 1��

s

1��"
=

(3p+ 1)(5p+ 3)

32p
(1.15)

are determined by the conformal weights �" =
¯

�" and �

s

=

¯

�

s

respectively of " and s at the critical
point. The function Ghigh has a couple of Yang-Lee branch points on the imaginary axis and is analytic
at the origin, while the function Glow is expected to have an essential singularity at ⇣ = 0. We argue
that the domain of analyticity of Glow(⇣) is the wedge | arg(⇣)| < ⇡(1��

low
s

). The scaling functions
3 Even in the Ising case, p = 3, it is not clear how to characterize the unstable phase in terms of the gas of dense

self-avoiding loops and lines.
4 We find more convenient to introduce two different, although related by a phase factor, dimensionless variables, ⇠ for

the HT regime and ⇣ for the LT regime.
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3 The specific free energy in the continuum limit: flat lattice

3.1 Continuous transitions and effective field theory on regular lattice

When the graph � is the regular (honeycomb lattice), the O(n) model with zero magnetic field has
a continuous transition at �2 ⇥ n ⇥ 2, where n can be parametrized by eq. (1.10). There are two
different critical regimes, the dense and the dilute phases of the loop gas, described by two different
CFT’s. The phase diagram of the loop gas on the honeycomb lattice was first established by Nienhuis
[32] [19]. At the critical temperature Tcrit = 2 cos �

4 � the loop gas model is solvable and described by
a CFT with central charge (1.9). For T > Tcrit the theory has a mass gap. The low-temperature, or
“dense”, phase T < Tcrit is a flow to an attractive fixed point at Tlow = 2 sin �

4 �, where the theory is
again solvable and described by a CFT with a smaller central charge (1.7).

The spectrum of the degenerate primary fields in the critical and the low-temperature CFTs is
given respectively by

⇥r,s =
(r(p+ 1)� sp)2 � 1

4p(p+ 1)
, ⇥low

r,s =
(rp� s(p� 1))2 � 1

4p(p� 1)
, (3.1)

where r and s are integers. The thermal operator ⇤t, which counts the total length of the polymers in
the expansion 2.3, can be identified with the degenerate field ⇤1,3. Added to the action, it generates a
mass of the loops.

The spin operator coupled to the magnetic field corresponds to a degenerate primary field only if
p is an odd integer,

p = 2m� 1. (3.2)

However, it is convenient to extend the Kac parametrization (3.1) also for non-integer r and s. Then
the magnetic field can be identified with the field with conformal dimensions ⇥h = ⇥̄h = ⇥m,m, with
m = 1

2(p+1). The magnetic operator is the first of an infinite series of L-leg operators ⇤Lm,Lm (L =
1, 2, . . . ) [33]. Explicitly, the conformal weights of the thermal and the operators are given by

⇥t = ⇥1,3 =
p� 1

p+ 1
, ⇥h = ⇥m,m =

1

16

(p+ 3)(p� 1)

p(p+ 1)
. (3.3)

Both operators are relevant.
The O(n) field theory, which describes the continuum limit the Hamiltonian (2.1), is formally

defined by the action (1.11), where

t ⇤ T � Tc, h ⇤ | ⇥H|. (3.4)

parametrize the vicinity of the critical point of the lattice model. When n = 1, or p = 3, this action
coincides with the action (1.11) for the Ising field theory. The perturbation by the thermal operator ⇤t
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Lt ⇤ t�1/(2�2�t) = t�
p+1
4 . (3.5)
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Expected scaling behavior in the vicinity of the critical point:

 O(n) field theory:
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p

p� 1
. (1.8)

In this paper we examine the analytic properties of the free energy per site of the O(n) vector
model on a dynamical lattice in constant magnetic field and in the window �2 < n < 2 [18] where
the theory has a conformal invariant critical point. In this window the critical O(n) model covers
the whole one-parameter family of universality classes having massless modes in the low-temperature
phase, with spectrum of the central charge �⇧ < c ⇥ 1. The “O(n) field theory” can be thought of
as a thermal perturbation of a CFT with

ccrit = 1� 6

p(p+ 1)
, (1.9)

where p is related to the dimensionality n by

n = 2 cos
�

p
, p ⇤ 1. (1.10)

The O(n) field theory is formally defined by the action

AO(n)FT = Acrit � h

�
�h d

2x� t

�
�t d

2x , (1.11)

where �h and �t are the conformal fields generating the perturbations respectively in h and in t.
When p is odd integer, p = 2m � 1, this action describes the minimal conformal theory M2m�1

perturbed by two primary fields

�t = �1,3 , �h = �m,m (m =
p+ 1

2
) . (1.12)

The Ising field theory corresponds to m = 2. The thermal flow generated by �t ends, depending on
the sign of the temperature coupling, at a massive theory (the high-temperature phase), or at a CFT
with a lower central charge (1.7) in the low-temperature phase [19]. For general p > 1 the O(n) field
theory does not exist as a local field theory, but nonetheless it has an unambiguous definition in terms
of grand canonical ensemble of linear polymers on the lattice.

3

Scaling functions for the specific free energy:
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We would like to determine the analytical properties of the free energy as a 
function of t and h considered in the complex plane 

-- Are the scaling functions for the high-  and low-temperature  phases 
analytically connected?

-- The nature and the physical meaning of the singularities? 

                                                             ***
We have a reasonably good (for a physicist!) understanding of the case of the 
Ising model (n=1 or p=3) achieved during the last 60 years

Yang-Lee (1952)
Langer (1967)
 Fisher (1978)
Cardy (1985)
Fonseca and Zamolodchikov (2001)
Batchelor, Bazhanov, Dudaev, Mangazeev (2009)
                                                             ***

For general  p  - Nothing is known 
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1 Introduction and summary

In the theory of phase transitions, the relevance of the analytic continuation of the free energy to
complex values of its parameters is known since the work of Lee and Yang [1]. They have shown that
the thermodynamical equation of state is completely determined by the distribution of zeros of the
partition function in the fugacity complex plane, or in the magnetic field complex plane in the case of
spin systems. The distribution of zeros determine the analytical properties of the free energy – they
typically accumulate in arrays and produce branch cuts. From the analytical properties of the free
energy one can reconstruct the qualitative picture of the critical phases and the phase boundaries.

The most studied example is the ferromagnetic Ising model in a complex magnetic field. In
the high-temperature phase (T > Tcrit), the free energy as a function of the magnetic field has two
branch cuts, starting at the points H±

YL
= ±iHc(T ) on the imaginary axis [2]. The gap between the

two branch points vanishes at the critical temperature Tcrit. Fisher [3] named the branch points Lee-
Yang singularities, and suggested that they are described by a non-unitary field theory with a cubic
potential. Cardy [4] identified the Lee-Yang singularity as the simplest non-unitary CFT, the minimal
model M

2,5 with a central charge cYL = �22/5. On the other hand, in the low-temperature phase
(T < Tcrit), the free energy has a weak singularity at the origin, predicted by Langer’s theory [5, 6].
The analytical continuation from the positive part of the real axis has a branch cut on the negative axis,
known as Langer branch cut. The discontinuity across this cut is exponentially small when T ! Tcrit.
It can be explained with condensation of droplets of the stable phase near a metastable point.

A thorough analysis of the analytic properties of the free energy near the critical point (H =

0, T = Tcrit), based on the truncated CFT approach [7], was performed by Fonseca and Zamolod-
chikov [8]. In the continuum limit, the Ising model is described by an euclidean quantum field theory,
the Ising field theory (IFT), which is a double perturbation of massless Majorana fermion. The Ising
field theory is formally defined by the action

A
IFT

= Ac=1/2 � t

Z
"(x) d2x� h

Z
s(x) d2x, (1.1)

where the first term is the action of a free massless Majorana fermion, s(x) is the spin field with
conformal weights �

s

=

¯

�

s

= 1/16 and " is the energy density with conformal weight �" =

¯

�" = 1/2. The coupling constants t and h are the renormalized temperature and magnetic field, they
parametrize the vicinity of the critical point T = Tcrit, H = 0. In the QFT language, the specific free
energy is interpreted as the vacuum energy density, and its discontinuity along the Langer branch cut
as the decay rate of a “false vacuum” [9, 10]. By dimensional arguments, the vacuum energy density
of the Ising field theory must have the form

F (t, h) ⇠ t2 log t2 + t2G(⇠), (1.2)

where the first term is the free energy of a (massive) Majorana fermion and G(⇠) is a scaling function
of the dimensionless strength of the magnetic field,

⇠ = h/|t|15/8. (1.3)

The high temperature (t > 0) and the low-temperature (t < 0) regimes are described by two different
scaling functions, Ghigh(⇠) and Glow(⇠).

The function Ghigh(⇠) is analytic at small ⇠ and has two symmetric Yang-Lee branch points at
⇠ = ±i⇠c on the imaginary axis (Fig. 1), while the function Glow(⇠) is characterized by Langer
branch cut starting at the origin (Fig. 2). The two scaling functions are analytically related in the
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Figure 1: Analytic structure of Ghigh(⇠)
in the complex ⇠-plane. The function has
two singularities (YL edges) at ⇠ = ±i⇠c
and a third one at ⇠ = 1 (the critical point).
There are two cuts along the imaginary axis
connecting the two YL edges and the critical
point.

ξ

Figure 2: Analytic structure of Glow(⇠).
The function has two singularities, the criti-
cal point at ⇠ = 1 and the low-temperature
fixed point at ⇠ ! 0. The two singulari-
ties are connected by a branch cut extending
from �1 to 0.

and smears the phase transition at t = 0. Therefore Ghigh and Glow must correspond to two different
branches of the same multivalued function of the variable ⇠. These analytic properties represent the
standard analyticity assumptions; they do not exclude the presence of more singularities in the other
sheets of G(⇠).

The numerical results obtained in [8] led the authors to a stronger assumption, which they referred
to as ‘extended analyticity’, and which states that the Yang-Lee edge is the nearest singularity un-
der the Langer branch cut. The extended analyticity suggests an interpretation of the YL edge as a
quantum counterpart of the spinodal point in the classical theory of phase transitions. The classical
low-temperature free energy is regular at H = 0, but shows a branch-cut singularity at some negative
H = �H

SP

, where the metastable phase becomes classically unstable. It was argued in [8] that the
spinodal singularity does not disappear completely due to the quantum effects, but moves under the
Langer cut and reappears as YL edge in the high-temperature phase. More recently, the numerical
results of [8] were confirmed by a calculation based on the lattice formulation of the problem [11].

It is tempting to think that the qualitative picture of the analytic properties of the free energy,
proposed in [8], applies to all statistical systems having a line of first order transitions ending at a
second order transition point, and that the extended analyticity conjecture has a universal character.
However, it is not clear how to address this issue directly. The Langer singularity is too weak to to be
measured experimentally, and the TCFT approach used in [8] is sufficiently reliable only in the case
of Majorana fermions.1

On the other hand, it is known that some questions about the two-dimensional statistical systems
can be answered by the following detour: formulate the system on a dynamical lattice, solve the
problem exactly and then interpret the answer for the original system. This procedure is usually
called ‘coupling to 2D quantum gravity’. Due to the enhanced symmetry, which erases the coordinate
dependence of the correlation functions, the systems on dynamical lattices are much simple to resolve.
This approach is based on the fact that there is a well established correspondence between the universal

1An attempt to use the approach of of [8] to study the tricritical Ising model in magnetic field was made in [12].
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second order transition point, and that the extended analyticity conjecture has a universal character.
However, it is not clear how to address this issue directly. The Langer singularity is too weak to to be
measured experimentally, and the TCFT approach used in [8] is sufficiently reliable only in the case
of Majorana fermions.1

On the other hand, it is known that some questions about the two-dimensional statistical systems
can be answered by the following detour: formulate the system on a dynamical lattice, solve the
problem exactly and then interpret the answer for the original system. This procedure is usually
called ‘coupling to 2D quantum gravity’. Due to the enhanced symmetry, which erases the coordinate
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2

Analytic properties of the free energy

C.-N.Yang and T. Lee (1952), M. 
Fisher (1978)

-- Metastable phase obtained by analytical continuation to ξ <0. 
-- The free energy has a branch cut with with discontinuity ~  exp(-1/ |ξ |) 
-- Free energy ==>  asymptotic series in ξ

J. Langer (1967) 

At large ξ  the phases t > 0 and t < 0  are analytically connected: 
two different branches of the same meromorphic function

Quantitative results in the continuum limit obtained by Fonseca and Zamolodchikov (2001) 
confirmed by Batchelor-Bazhanov-Dudaev-Mangazeev (2009)

1 Introduction and summary

In the theory of phase transitions, the relevance of the analytic continuation of the free energy to
complex values of its parameters is known since the work of Lee and Yang [1]. They have shown that
the thermodynamical equation of state is completely determined by the distribution of zeros of the
partition function in the fugacity complex plane, or in the magnetic field complex plane in the case of
spin systems. The distribution of zeros determine the analytical properties of the free energy – they
typically accumulate in arrays and produce branch cuts. From the analytical properties of the free
energy one can reconstruct the qualitative picture of the critical phases and the phase boundaries.

The most studied example is the ferromagnetic Ising model in a complex magnetic field. In
the high-temperature phase (T > Tcrit), the free energy as a function of the magnetic field has two
branch cuts, starting at the points H±

YL
= ±iHc(T ) on the imaginary axis [2]. The gap between the

two branch points vanishes at the critical temperature Tcrit. Fisher [3] named the branch points Lee-
Yang singularities, and suggested that they are described by a non-unitary field theory with a cubic
potential. Cardy [4] identified the Lee-Yang singularity as the simplest non-unitary CFT, the minimal
model M

2,5 with a central charge cYL = �22/5. On the other hand, in the low-temperature phase
(T < Tcrit), the free energy has a weak singularity at the origin, predicted by Langer’s theory [5, 6].
The analytical continuation from the positive part of the real axis has a branch cut on the negative axis,
known as Langer branch cut. The discontinuity across this cut is exponentially small when T ! Tcrit.
It can be explained with condensation of droplets of the stable phase near a metastable point.

A thorough analysis of the analytic properties of the free energy near the critical point (H =

0, T = Tcrit), based on the truncated CFT approach [7], was performed by Fonseca and Zamolod-
chikov [8]. In the continuum limit, the Ising model is described by an euclidean quantum field theory,
the Ising field theory (IFT), which is a double perturbation of massless Majorana fermion. The Ising
field theory is formally defined by the action

A
IFT

= Ac=1/2 � t

Z
"(x) d2x� h

Z
s(x) d2x, (1.1)

where the first term is the action of a free massless Majorana fermion, s(x) is the spin field with
conformal weights �

s

=

¯

�

s

= 1/16 and " is the energy density with conformal weight
�" =

¯

�" = 1/2. The coupling constants t and h are the renormalized temperature and magnetic
field, they parametrize the vicinity of the critical point T = Tcrit, H = 0. In the QFT language,
the specific free energy is interpreted as the vacuum energy density, and its discontinuity along the
Langer branch cut as the decay rate of a “false vacuum” [9, 10]. By dimensional arguments, the
vacuum energy density of the Ising field theory must have the form

F (t, h) ⇠ t2 log t2 + t2G(⇠), (1.2)

where the first term is the free energy of a (massive) Majorana fermion and G(⇠) is a scaling function
of the dimensionless strength of the magnetic field,

⇠ = h/|t|15/8. (1.3)

The high temperature (t > 0) and the low-temperature (t < 0) regimes are described by two different
scaling functions, Ghigh(⇠) and Glow(⇠). The function Ghigh(⇠) is analytic at small ⇠ and has two
symmetric Yang-Lee branch points at ⇠ = ±i⇠c on the imaginary axis (Fig. 1), while the function
Glow(⇠) is characterized by Langer branch cut starting at the origin (Fig. 2). The two scaling functions
are analytically related in the vicinity of the point ⇠ = 1 because the magnetic field creates a mass gap

1

:  non-unitary CFT with
  J. Cardy (1985)

This is the high-temperature phase of the O(n) model. For finite t the specific free energy, or vacuum
energy of the O(n) field theory, scales as 1/L2

t :

F (t) ⇥ t1/(1��t) = t
p+1
2 , h = 0, t > 0. (3.6)

On the other hand, a finite perturbation of the CFT at t = 0 with the magnetic field also leads to a
finite length scale

Lh ⇥ h�1/(2�2�h) = h
8p(p+1)

(3p+1)(5p+3) (3.7)

and the free energy behaves as

F (h) ⇥ h1/(1��h). (3.8)

For finite h and t, the specific free energy must have the form

F (t, h) ⇥ t
p+1
2 Ghigh(⇥), (3.9)

where Ghigh is a scaling function depends on the dimensionless variable

⇥ = t��0h, �0 =
1��h

1��t
=

(3p+ 1)(5p+ 3)

32p
. (3.10)

Since for finite positive t the theory has a mass gap, the scaling function should be even and analytic
at ⇥ = 0. In some vicinity of the point ⇥ = 0 it is given by a Taylor expansion in ⇥2. The large ⇥
behavior of Ghigh shoud match with E ⇥ 1/L2

h and therefore is determined by the dimension of the
magnetic operator. The scaling function has the asymptotic behavior

Ghigh(⇥) ⇥

⇤
⌃⇧

⌃⌅

G2⇥2 +G4⇥4 +G6⇥6 + . . . for ⇥ ⇤ 0,

⇥1/(1��h) + · · · for ⇥ ⇤ ⌅.

(3.11)

The function Ghigh(⇥) can be analytically continued for complex values of ⇥. It is obvious that the
scaling function does have branch points at finite ⇥, otherwise the two asymptotics of (4.15) would
be incompatible. For the general O(n) model the partition function is free of zeroes in a finite strip
centered around the real axis and it is believed that the zeroes are situated along the imaginary axis, as
in the Ising model [34]. The free energy would then have two symmetric branch cuts on the imaginary
axis, extending from ⇥ = ±⇥YL to ±i⌅, as is shown in Fig. 2, left. The branch point represent two
Yang-Lee edges and in the vicinity of of ⇥ = ±i⇥YL the O(n) field theory is expected to be described
by a CFT with central charge cYL = �22/5 [4]. The YL CFT has only one relevant operator ⇥1,2 with
conformal dimension �YL = �1/5, so that the dimension of the corresponding coupling constant is
1��1,2 = 6/5. Therefore, one expects [8] that near the YL branch points Ghigh(⇥) behaves as

Ghigh(⇥) = gA(⇥) + gB(⇥)
�
(⇥YL)2 + ⇥2

⇥5/6
+ . . . (3.12)

⇥ = ±i ⇥YL

8

High-temperature phase t  > 0

-- Free energy analytic for |ξ | < |ξ c |

Low-temperature phase t  < 0
Langer cut

“Extended analyticity” :   the Yang-Lee achieved by analytic continuation under the Langer cut
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study are in perfect correspondence with the results obtained in [21, 24] from TBA and thus confirm

the validity of our FiNLIE. We also prove the equivalence between FiNLIE and TBA analytically.

(a) lattice for T-functions’ (a,s) indices (b) lattice for Y-functions’ (a,s) indices

Figure 1: Boundary conditions for Y-system (b) and T-system (a) of AdS5/CFT4: T-shaped “fat

hook” (T-hook). We will often distinguish in the T-hook (a) the upper band – all the nodes with

a � |s|, the right band – all the nodes with a  s and the left band – all the nodes with a  |s|, s < 0.

This paper is composed as follows: section 2 introduces the Y-system and our notations. The

readers familiar with the subject can go directly to section 3 where the analytic properties of T-

functions are described and the Z4 symmetry of the classical string is generalized to a new symmetry

of the full quantum T-functions. In section 4, the Wronskian solution of T-system in terms of a

finite set of Q-functions is introduced. We work out here a compact and general representation of

such solutions in terms of exterior forms. In section 5, the equations constraining these Q-functions

are obtained with the use of the analyticity and symmetry constraints identified in section 3. Finally,

section 6 summarizes our construction and the resulting FiNLIE, while section 7 presents the results of

our first numerical implementation of this FiNLIE. A systematic study of these analyticity properties,

as well as a recasting of the spectral problem into the FiNLIE form, are performed explicitly for the

sl(2) sector’s symmetric states, and in particular having only two magnons, containing a relatively

large class of operators including Konishi operator.

2 Y-system generalities

For the detailed description of the Y-system for AdS/CFT we refer to [7–9]. In this section we list

the main results and general facts about Y-systems and Hirota equation. The reader familiar with the

basics of Y-systems can skip this section.

2.1 AdS/CFT Y-system

The AdS/CFT Y-system belongs to a class of functional equations arising in spectral problems of

many integrable models

Y
a,s

(u + i/2)Y
a,s

(u � i/2) =
(1 + Y

a,s+1(u))(1 + Y
a,s�1(u))

(1 + 1/Y
a+1,s

(u))(1 + 1/Y
a�1,s

(u))
. (2.1)

In particular, the same equations are used to compute the spectrum of SU(N) principal chiral model

[3, 5] which is an important source of inspiration for the AdS/CFT case. Y-functions are associated

with certain nodes on a two-dimensional (a, s) lattice. The main di�erence from model to model is

– 3 –
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Figure 1: The lattice of the T’s and the Y’s for psu(2, 2|4)

1 Potentially useful parametrization of the spectral parameter

F
droplet

=

Z 1

0
dA e�F A��L

Introduce the new variable z, related to the spectral parameter by

z = cosh(2⇡u). (1.1)

The T-system in this parameter is

T
a,s

(ei⇡z)T
a,s

(e�i⇡z) = T
a+1,s

(u)T
a�1,s

(u) + T
a,s+1(u)T

a,s�1(u) . (1.2)

Assume that all T-functions are analytic in the interval �⇡/2 < =u < ⇡/2. In terms of the z-
parameter this means analyticity in the complex plane with a cut on the negative real axis.1 The cut
starts at �z0 = � cosh(4⇡g) and ends at z = �1.

2 GKLV paper: Preliminaries

2.1 T and Y systems

In some relativistic models T-functions can be identified with eigenvalues of the transfer matrices of
an underlying spin chain-type discretization. Such an interpretation is not yet known for AdS/CFT.
The T-system:

T
a,s

(u + i

2)T
a,s

(u � i

2) = T
a+1,s

(u)T
a�1,s

(u) + T
a,s+1(u)T

a,s�1(u) . (2.1)

In the strong coupling limit the T-functions were identified with the psu(2, 2|4) characters of the
monodromy matrix [1]. The Y-system:

Y
a,s

(u + i/2)Y
a,s

(u � i/2) =
(1 + Y

a,s+1(u))(1 + Y
a,s�1(u))

(1 + 1/Y
a+1,s

(u))(1 + 1/Y
a�1,s

(u))
. (2.2)

1Note that this parametrization is compatible with the Zhukowski map in the strong coupling limit ũ = u

g

⇡ log z

2⇡g

=

x+ 1

x

.
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A = ⇡L2

Introduce the new variable z, related to the spectral parameter by

z = cosh(2⇡u). (1.1)

The T-system in this parameter is

T
a,s

(ei⇡z)T
a,s

(e�i⇡z) = T
a+1,s

(u)T
a�1,s

(u) + T
a,s+1(u)T

a,s�1(u) . (1.2)

Assume that all T-functions are analytic in the interval �⇡/2 < =u < ⇡/2. In terms of the z-
parameter this means analyticity in the complex plane with a cut on the negative real axis.1 The cut
starts at �z0 = � cosh(4⇡g) and ends at z = �1.

2 GKLV paper: Preliminaries

2.1 T and Y systems

In some relativistic models T-functions can be identified with eigenvalues of the transfer matrices of
an underlying spin chain-type discretization. Such an interpretation is not yet known for AdS/CFT.
The T-system:

T
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2) = T
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(u)T
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(u) + T
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In the strong coupling limit the T-functions were identified with the psu(2, 2|4) characters of the
monodromy matrix [1]. The Y-system:
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parameter this means analyticity in the complex plane with a cut on the negative real axis.1 The cut
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2.1 T and Y systems

In some relativistic models T-functions can be identified with eigenvalues of the transfer matrices of
an underlying spin chain-type discretization. Such an interpretation is not yet known for AdS/CFT.
The T-system:
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2) = T
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(u)T
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(u) + T
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In the strong coupling limit the T-functions were identified with the psu(2, 2|4) characters of the
monodromy matrix [1]. The Y-system:
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a,s�1(u))

(1 + 1/Y
a+1,s

(u))(1 + 1/Y
a�1,s

(u))
. (2.2)

The Y’s are expressed in terms of T’s

Y
a,s

=
T

a,s+1Ta,s�1

T
a+1,s

T
a�1,s

. (2.3)

up to gauge transformations

T
a,s

! g
[+a+s]
1 g

[+a�s]
2 g

[�a�s]
3 g

[�a+s]
4 T

a,s

(2.4)

f [±a] def
= f(u ± ia/2) , f [±1] ⌘ f±. (2.5)

Using the T-system, one can also write

1 + Y
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=
T+

a,s

T�
a,s

T
a+1,s

T
a�1,s

, 1 + 1/Y
a,s

=
T+

a,s

T�
a,s

T
a,s+1Ta,s�1

. (2.6)
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Introduce the new variable z, related to the spectral parameter by
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Assume that all T-functions are analytic in the interval �⇡/2 < =u < ⇡/2. In terms of the z-
parameter this means analyticity in the complex plane with a cut on the negative real axis.1 The cut
starts at �z0 = � cosh(4⇡g) and ends at z = �1.
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 [Langer’67; Kobzarev, Okun’ 
and Voloshin’75; Coleman’77, 
Callan and Coleman’77]:

Figure 3: A droplet of the “true” vacuum in the sea of “false” vacuum..

Knowing the energy gap (2.24), one can estimate the exponential effects by evaluating the contri-
bution of the critical droplet. Assume that that a droplet of area A and perimeter L is formed. The
discontinuity of the free energy is given by the grand partition function of such drops. The Boltzmann
factor for a drop is

W (A,L) ⇠ eAF�L�, F ⇠ |⇣|1/(1��

low
h ), (2.25)

where � is the surface tension at the boundary of the drop. Assuming that the drops are approxima-
tively round, A = ⇡L2, the integral is saturated by a saddle point and the energy of the critical droplet
is expressed in terms of the energy gap F as E = �⇡�2/F . The critical droplet gives the size of
the nuclei which can trigger a condensation of the metastable state. The quasiclassical calculation
predicts a small imaginary part of the vacuum energy, which vanishes exponentially as exp(�1/F).
The decay of the metastable vacuum implies that the expansion of the free energy in fractional powers
of ⇣ is asymptotic and that there are non-perturbative exponentially small corrections of the form

Fnonpert ⇠ exp(��2/4⇡F ). (2.26)

To summarize, besides the leading power-like singularity, which is determined by the dimension of
the magnetic operator in the low-temperature phase, Langer’s theory predicts an exponentially small
non-perturbative singularity at ⇣ = 0.

2.5 The scaling function �(⌘)

The functions Ghigh(⇠) and Glow(⇣), although defined for two different phases, must be analytically
connected in the regime where the magnetic field is sufficiently large compared to the temperature. In
this regime it is useful to define the dimensionless temperature

⌘ = h�1/
0 t, (2.27)

with 
0

was defined in (1.14), and a new scaling function �(⌘) by

F (t, h) = h1/(1��h)
�(⌘). (2.28)

This new variable is suited to study the analytical property of the free energy in terms of the tempera-
ture. In particular, it allows the description of the neighborhood of the critical point where t ⇠ 0. In
the regime t > 0 and h > 0, the variable ⌘ is related to ⇠ by

⌘ = ⇠�1/
0 (2.29)
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Decay through formation of droplets of the stable phase (instantons)

The area of the critical droplet

Droplets of larger area extend 
rapidly until they cover all the space

For small       , the decay rate gives the imaginary 
part of the metastable specific free energy: 

Saddle point ==>

Circular droplet:
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The origin of the singularity at the point h = t = 0
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How much of this picture survives 
after switching on gravity?
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