
Galaksit ja kosmologia – harjoitus 3. syksy 2017
The exercises are to be returned for grading by Friday (13.10.) at 12.00 into the assigned
metal box in the Physicum 2nd floor. The exercises will be reviewed on Monday (16.10.)

after the lecture at 12:00.

1. The critical density and the mass-to-light ratio of the universe.

(a) Calculate the critical density ρcrit of the universe, i.e. the density of a universe
where Ω = 1. Use the Hubble parameter value h = 0.678. What is the value
of the critical density in units of Earth masses per cubic parsec? How many
hydrogen atoms would be in a cubic meter of space with critical density?

(b) The luminosity density of the universe has been calculated to be L =1.4 ×
108hL�Mpc−3. If the mass density of the universe was equal to the critical
density, what would be the mass-to-light ratio M/L of the universe?

2. Density parameters as a function of redshift. The density parameters of the universe
measured by the Planck satellite are Ωr,0 = 2.2 × 10−5 for radiation, Ωm,0 = 0.308
for matter (baryonic matter + dark matter) and ΩΛ,0 = 0.692 for dark energy. The
geometry of the universe is flat (Ω0 = 1). The Hubble constant according to Planck
is H0 = 67.8 kms−1Mpc−1. According to the Planck measurements today at z = 0,
what were the values of Ωr(z), Ωm(z), ΩΛ(z) andH(z) at redshifts z = 1 and z = 10?

3. The cosmic microwave background (CMB).

CMB today (at z = 0) equals to black body radiation at temperature T = 2.73 K.

(a) Find from literature (or derive) the equation for the total radiation energy
density of a black body as a function of temperature. Using the equation, show
that the total radiation energy density of the CMB is today ρr,0c2 =
4.2× 10−13 erg cm−3. What was the value of the total radiation energy density
when the CMB decoupled, i.e. when the temperature of the CMB was 3000 K?
(1 erg = 10−7 J)

(b) Utilizing relation

ρm,0 = Ωm,0ρcrit,0 ≈ 1.88× 10−29Ωm,0h
2 g cm−3,

show that the epoch at which the matter energy density ρm(z)c2 and the ra-
diation energy density were equal corresponds to redshift zeq ≈ 40000Ωm,0h

2.

4. The deceleration parameter of the universe. The cosmic deceleration parameter q is
defined as q = −aä/ȧ2. Using the time-dependent Friedmann equation
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derive the relation between q and redshift z (the contribution from radiation, Ωr,0,
has been neglected here). Show that the value of q is today

q0 =
Ωm,0

2
− ΩΛ,0.

Calculate also at which redshift the accelerated expansion of the universe began, i.e.
at which redshift was q(z) = 0, using Ωm,0 = 0.308 and ΩΛ,0 = 0.692.

TURN THE PAGE



5. The age of the universe. The second Friedmann equation can be written as
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(z) = H0[Ωm,0(1 + z)3 + Ωr,0(1 + z)4 + (1− Ω0)(1 + z)2 + ΩΛ,0]1/2

(a) Solve this equation to obtain the age of the universe as a function of redshift,
t(z).

(b) Calculate the age of the universe at redshifts z = 0, z = 1 and z = 6 in
an Einstein-de-Sitter (EdS) universe where Ωm,0 = 1, ΩΛ,0 = 0, Ω0 = 1 and
h = 0.678.

(c) In a ΛCDM universe the cosmological parameters are Ωm,0 = 0.308, ΩΛ,0 =
0.692, Ω0 = 1, h = 0.678. Calculate the age of the universe in a ΛCDM
universe at z = 0, and explain why the age of the universe differs from the
EdS universe. Hint: a change of variable of the form sinhn(x) may help with
the integral (where n doesn’t have to be an integer).


