
Galaksit ja kosmologia – exercise 2. Autumn 2017
The exercises are to be returned for grading by Friday (29.9.) at 12.00 into the assigned
metal box in the Physicum 2nd floor. The exercises will be reviewed on Monday (2.10.)

after the lecture at 12:00.

1. Motion of stars in galaxies. Assume a spherical galaxy with a constant density.

(a) Show that stars on circular orbits move at constant angular velocity Ω(r) =
V (r)/r = constant

(b) Show that radially moving stars (i.e. stars that pass through the galactic center)
oscillate like harmonic oscillators with a period

P =

√
3π

Gρ

2. Plummer potential. The equation of the Plummer potential is

ΦP (r) = − GM√
r2 + a2P

,

where aP is a constant.

(a) Show that the Plummer potential approaches the potential of a point mass at
large r, i.e. when r >> aP .

(b) Calculate the density ρ(r) of a Plummer sphere using the Poisson equation in
spherical coordinates.

3. Singular Isothermal Sphere (SIS). The density of dark matter halos is often described
using the isothermal sphere

ρSIS(r) =
ρ(r0)

(r/r0)2
,

where r0 is a constant.

(a) Integrate the Poisson equation in spherical coordinates and show that the po-
tential of a SIS sphere is

ΦSIS(r) = 4πGr20ρ(r0) ln(r/r0)

(b) Show that in this model, the total mass of a halo does not converge as the
radius increases, i.e. as r →∞ the mass diverges. Show that in this model the
rotational velocity on a circular orbit is a constant V 2

SIS = 4πGr20ρ(r0).

4. Calculate the relaxation time of the stellar cluster ω Cen assuming that the clus-
ter consists of stars with mean mass 0.5 M�, the velocity dispersion of the stars is
σr = 13.2 kms−1 and the core size is rc ≈ 4 pc. You can use the value Λ = rc/1AU.
Compare the resulting relaxation time with the age of the Universe: has ω Cen expe-
rienced significant relaxation? Hint: Use the virial theorem and start by calculating
the number density of stars in the cluster.

TURN THE PAGE



5. (a) Using the divergence theorem, show that the potential at height z above a
uniform sheet of matter is

Φ(x) = 2πGΣ|z|,

where Σ is the surface density in M�/pc2. Show that the vertical force does
not depend on z and check that ∇2Φ = 0 as z 6= 0.

(b) Assume that the entire mass of a galaxy is located in a thin uniform disc. Using

d

dz
[n(z)σ2

z ] = −∂Φ

∂z
n(z)

derive an expression for the number density of stars n(z) (unit 1/pc3), assuming
a constant velocity dispersion along the z-axis.


