
NUCLEOTIDE SUBSTITUTION
MODELLING
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Sequence differences that we observe now (among existing species or other items
which are compared) are products of past mutation events, substitutions.

Substitution process needs modelling. Historically, modelling started by the concept
molecular clock.

Parametrization: one parameter, Jukes-Cantor model more realistic models

Short introduction to Markov modelling (topic in another course, Markovian
modelling and Bayesian learning, II period, Fall 2011)

The story continues during the next lecture (The neutral theory of molecular
evolution, Thursday 22. Sept)
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CURRENT  DIFFERENCES ARE PRODUCTS OF PAST SUBSTITUTION EVENTS

Two homologous DNA sequences (1
and 2)  that have descended from an
ancestral sequence and accumulated
point mutations since their divergence
from each other.

Note that although 12 mutations
have taken place, there are only 3
detectable differences between 1
and 2.
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ROLE OF MODELS IN PHYLOGENY RECONSTRUCTIONS
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ROLE OF MODELS IN PHYLOGENY RECONSTRUCTIONS
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HISTORICAL  LOOK AT NUCLEOTIDE CHANGE MODELLINGHISTORICAL  LOOK AT NUCLEOTIDE CHANGE MODELLING

In 1965 Emile Zuckerkandl and Linus Pauling proposed the theory of molecular
clock: the rate of molecular evolution is approximately constant over time for all
the proteins in all lineages. This was the starting point for modelling approach to
provide understanding for the first results concerning amino acid sequence
differences between different animal species, at certain proteins.

It has been known for a long time that the constancy is not true and that time of
divergence between sequences cannot be dated simply by measuring the
number of changes between sequences. Mutation rates vary among and within
genomes, being affected by many factors such as chromosomal position, G+C
(vs. A+T) content etc. Molecular clocks tick at different rates in different
biological contexts.

Anyway, the proposition by Thomas Jukes and Charles Cantor (in 1969, a
response to Zuckerkandl-Pauling theory), was important as regards subsequent
achievement in modelling the DNA substitution process. Jukes and Cantor
formulated a stochastic model in which nucleotide substitutions occur at an
equal rate.

Subsequently the model has been made more realistic by taking into account
increased empirical knowledge about nucleotide substitutions.
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HISTORY: JUKES TELLS HOW THE IDEA AROSE

http://www.garfield.library.upenn.edu/classics1990/A1990CZ67100002.pdf
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HISTORICAL  LOOK AT NUCLEOTIDE CHANGE MODELLING

Since 1980´s it has been known that misincorporation errors (mutations) during
DNA replication or repair are facilitated if a base is replaced by similar one and thus
transitions (purine replaced by a purine, or pyrimidine replaced by pyrimidine) occur
more frequently than transversions (purine replaced by a pyrimidine or vv).
Differences in mutation rate tend to decrease TA and CG dimers and to produce an
excess of CT and TG dimers, and many other kinds of biased processes (cf. the
constancy in the Jukes-Cantor model).

The development of models of sequence evolution is an active field and there is a
plethora of models.

Two main approaches to building models of sequence evolution: An empirical one,
using properties calculated through comparisons of large numbers of observed
sequences (for example, counting apparent replacements between many closely
related sequences). Empirical models result in fixed parameter values which are
estimated only once and then assumed to be applicable to other datasets (=> easy to
use computationally). The alternative approach is to build models parametrically on
the basis of chemical or biological properties of DNA and amino acids. For example,
incorporating a parameter to describe the relative frequency of transition to and
transversion substitutions in the sequences studied. Both methods result in Markov
process models.



To study the dynamics of nucleotide substitution, assumptions on the probabilities of
substitutions of one nucleotide by another are needed.

Assumption: all nucleotide substitutions occur with equal probabilites, 

The rate of substitution for each nucleotide is 3  per unit time

A   T   C   G

A            

T            

C      

G      

At time 0:  Assumption that  at a certain nucleotide site there is A, PA(0) = 1
Question: probability that this site is occupied by A at time t , PA(t) ?
At time 1, probability of still having A at this site is

PA(1) = 1 - 3                                                           (1)

 is the probability of A changing to T, C, or G
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JUKESJUKES--CANTOR MODEL, ONE PARAMETERCANTOR MODEL, ONE PARAMETER



The probability of the site having A at time 2 is

PA(2) = (1 - 3  )P(A1) +  [1 – PA(1)] (2)

This includes two possible courses of events:

t = 0                                    t = 1                                     t = 2
A                                         A A

no substitution                    no substitution

A                                     T or C or G                                 A
substitution                            substitution

The following recurrence equation holds for any t

PA(t+1) = (1 - 3  )PA(t) + [1 – PA(t) ]                                    (3)

Note that this holds also for t = 0, because PA(0) = 1 and thus

PA(0+1) =  (1 – 3 ) PA(0) +  [1 – PA(0) ] = 1 - 3
which is identical with equation (1).
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JUKESJUKES--CANTOR MODEL, ONE PARAMETERCANTOR MODEL, ONE PARAMETER



The amount of change in PA(t) per unit time, rewriting equation (3):

PA(t) =  PA(t+1) – PA(t) = - 3 PA(t) + [1 – PA(t) ]  =  - 4 PA(t) +            (4)

Approximating the previous discrete-time model by a continuous-time model, by
regarding PA(t) as the rate of change at time t. With this approximation equation (4) is
rewritten as

dPA(t) / dt =  - 4 PA(t) +                                     (5)

The solution of this first-order linear differential equation is

PA(t) = ¼  +  (PA(0) – ¼ )e -4 t (6)

The starting condition was A at the given site, P A(0) = 1, consequently

PA(t) = ¼  + ¾ e -4 t (7)

Equation (6) holds regardless of the initial conditions, for example if the initial
nucleotide is not A, then PA(0) = 0, and the probability of having A at time t

PA(t) = ¼  + ¼ e -4 t (8)
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JUKESJUKES--CANTOR MODEL, ONE PARAMETERCANTOR MODEL, ONE PARAMETER



Equations (7) and (8) describe the substitution process. If the initial
nucleotide is A, then PA(t) decreases exponentially from 1 to ¼ . If the initial
nucleotide is not A, then PA(t) will  increase monotonically from 0 to ¼ .

Under this simple model, after reaching  equilibrium, PA(t)=PT(t)=PC(t)=PG(t)
for all subsequent times.

Equation (7) can be rewritten in a more explicit form to take into account
that the initial nucleotide is A and the nucleotide at time t is also A

PAA(t) = ¼  + ¾ e -4 t (9)

If the initial nucleotide is G instead of A, from equation (8)

PGA(t) = ¼  + ¼ e -4 t (10)

Since all the nucleotides are equivalent under the Jukes-Cantor model, the
general probability, Pij(t) , that a nucleotide will become j at time t, given that it
was i at time 0, equations (9) and (10) give the general probabilities Pii(t) and
Pij(t), where  j.
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JUKESJUKES--CANTOR MODEL, ONE PARAMETERCANTOR MODEL, ONE PARAMETER



The Jukes-Cantor –model was introduced in 1969 when virtually nothing was known
about nucleotide substitution

In 1980 Motoo Kimura proposed different parameters for transitions and
transversions.

Transition is a nucleotide change between purines,  A  and G, and pyrimidines,

T and C.  Transversion is a purine – pyrimidine change.

The rate of transition change is  and transversion change is  per unit time

A   T    C   G

A            

T                

C                

G          
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TwoTwo parametersparameters,, KimuraKimura´́ss modelmodel

(In Assignment 2  one of the exercises is to derive this model in a similar way that was used
for one-parameter model. You have to consider four courses of events: no substitution,
transition, two different transversions. You can also derive the model in some other way, if
you like.)



.
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MARKOV MODELLING OF NUCLEOTIDE SUBSTITUTIONSMARKOV MODELLING OF NUCLEOTIDE SUBSTITUTIONS

Consider a stochastic model for DNA or amino acid sequence evolution.

Assume independence of evolution at different sequence sites => sites can be
considered one by one.

At any single site, the model works with probabilities Pij(T) that base i will have
changed to base j after a timeT.

The subscripts i and j take the values 1,...,4 to represent the
nucleotides A, T, C, G for DNA sequences and 1,...,20 for amino
acid sequences.

Given a stochastic variable X(t) describing the evolution through time t of a site
in one sequence, the Markov assumption asserts that

Pij(T Pr[X(s T j|X(s i] is independent of s 0

This means that subsequent to any time s it does not matter how the process
reached state i by time s and the future course of evolution depends only on i.
The process is memoryless.



Nucleotide substitution modelling / Course: Genetic analysis and molecular evolution / Fall 2011 / SVarvio 14

MARKOV MODELLING OF NUCLEOTIDE SUBSTITUTIONS

The probabilities of transition from one base to another,Pij(T), can be written as a
matrix P(T),

P(T + dT) = P(T)(I + QdT)

dT represents a small time
I is the identity matrix.
The matrix Q is the instantaneous rate matrix and has

off-diagonal entries Qij equal to the rates of replacement
of i by j. The diagonal entries,Qii, are defined by a
requirement that the row sums are all zero.

Solving the equation gives
P(T) = eTQ = I + TQ + (TQ)2/2! + (TQ)3/3! + . . .

Diagonalization (spectral decomposition) of Q: calculating the matrix P(T)
P(T) = U diag {e 1T, . . . , e nT U-1

U contains the eigenvectors of Q, the i are the
eigenvalues of Q and diag{ } denotes the diagonal matrix of the elements.

The components Pij (T) can be written as Pij (T) = k cijke kT where the sum is over k
= 1, .., 4 for DNA sequences, cijk is a function of U and U-1

T and Q are confounded TQ = (T ) ( Q) for any 0 (half the time at twice the rate
has the same result).

Time is not absolute, but scaled to units of expected substitutions per site.

NOTE: transition (probability)
here has nothing to do with the
terminology
transitions vs. transversions
which are for purine-purine and
pyrimidine-pyrimidine vs,
purine-pyrimidine substitutions
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PROPERTIES OF MARKOV MODELS

A Markov process can have three important properties:

Homogeneity. The rate matrix is independent of time which means that
patterns of  nucleotide substitution (or amino acid replacement) remain the
same in different parts of the phylogenetic tree. A homogeneous process
has an equilibrium distribution that is also the limiting distribution when time
approaches infinity.

Stationarity means that the process is at that equilibrium, that is,
nucleotide frequencies have remained more or less the same during the
course of evolution.

Reversibility means that i Pij(T j Pji(T) for all i, j, and T where i are
the frequencies of occurrence for each base. A consequence of reversibility
is that the process of sequence evolution is theoretically indistinguishable
from the same process watched in reverse.



Models in widespread use typically assume homogeneity, yet this is rarely
likely to be fully appropriate, for example, because of the dependence of
mutation on local sequence context.

Stationarity is not a consequence of a Markov model but of its application;
this, too, is generally assumed in phylogenetics, although when base
frequencies are quite different in different species this assumption is clearly
violated. Genomes show large differences in base compositions. For
example, the genome of one bacterium is 74% G+C content, whereas the
genome of another is only 25% G C content.

Reversibility, too, is generally assumed, with little justification other than
that numerical calculations are simplified considerably. Assumptions such as
those of homogeneity, stationarity, and reversibility are typical of the
approximations that have to be made to render the wide knowledge of
molecular biology into a mathematically tractable form.
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PROPERTIES OF MARKOV MODELS IN NUCLEOTIDE SUBSTITUTION MODELLING



The Jukes-Cantor model (see above) is defined by Qij  for all i,j 1,...,4; i j,
meaning that each base is substituted by any other at equal rate . A consequence of
this model is that the base frequencies ( i) are all assumed equal to 0.25.

Kimura´s two-parameter model considers the difference in transition and
transversion rates. The instantaneous rate matrix is given in page 9. In this the order
of the bases for columns and rows are A, T, C, G, and the (i,j) entry represents Qij,
the rate (i j) at which a base i is replaced by a base j.

After Kimura, several authors have proposed models with increasing numbers of
parameters. For example,

asymmetry for some reciprocal changes: i j has a different substitution
rate from j I,

with or without reversibility assumption, different kind of biases allowed,
etc.

The most general model has 12 independent parameters.
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MARKOV MODELLING OF SUBSTITUTIONS
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FLOW-DIAGRAM OF THE MOST WIDELY USED SUBSTITUTION MODELS

Starting with the simple Jukes-Cantor model, more general models are obtained by
allowing unequal nucleotide frequencies and/or more than one substitution parameter.
The most general model of this type is the GTR model that allows unequal base
frequencies and prescribes a different substitution parameter for each of the six pairs
of different nucleotides.



An important aspect in substitution process modelling is the consideration of
heterogeneity of evolutionary rates among sites. The biological basis of
heterogeneous mutation rate among sites may reflect the influence of the nearest
neighbors on mutation rate. Stacking energies along the molecule, helix
configuration (A, B, Z-DNA, triple helix), supercoiling, and DNA intrinsic curvature
(that is sequence dependent) change the solvent accessibility and thus base
reactivity. The fixation of any mutation depends on DNA and protein
structure/function selection pressures (and on stochastic processes, of course).
Protein coding and noncoding DNA regions show remarkably different mutation
rates; moreover, each codon position is subject to different selection pressures.

The incorporation of heterogeneity of evolutionary rates among sites has led to
a new set of models that generally provides a better fit to observed data. Some
authors have considered models in which a fraction of sites change at one rate,
whereas the other sites are invariable. More popular and successful have been
models based on a continuous distribution of rates. Modelling site rates using a
Gamma distribution is a widely used approach. A continuous distribution in which
every site may have a different rate seems to be the most biologically plausible
model. It has been shown, however, that the discrete Gamma model, with as
few as four categories of evolutionary rates chosen to approximate a Gamma
distribution, performs very well. It is also very practical computationally.
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RATE HETEROGENEITY IN SUBSTITUTION PROCESS



When using Gamma distribution, it is assumed  that the rate of substitution for
each site is drawn from this distribution with shape parameter .

If  is <1, the distribution implies that there is a relatively
large amount of rate variation, with many sites evolving very
slowly but some sites evolving at a high rate.

For values of >1, the shape of the distribution changes
qualitatively, with less variation and most sites having roughly
similar rates.

It is known that the range of distributional shapes available
under the permitted values of 0  is well able to
describe the variation found in DNA sequences.

Next page gives an example of comparisons of  substitution models, including
the gamma assumption. Maximum likelihood phylogeny inference (see below) is
inferred, using different model assumptions for a given sequence dataset.
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RATE HETEROGENEITY IN THE SUBSTITUTION PROCESS
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.RELATIONSHIPS  AMONG SUBSTITUTION MODELS IN A PRACTICAL EXAMPLE

The sequence studied is  a part of mitochondrial genome.
Mitochondrial sequences are known to have highly biased
transitions vs. transversions.

The models JC , FEL,  K2P,  REV, REV +   (the inferred shape
parameter  value is =0.28 ) are presented in a flowchart showing
relationships between them. For each model,  the matrix of rates of
substitutions between nucleotides  is represented by a bubble plot
where the area of each bubble indicates the corresponding rate. The
models become more advanced moving down the figure, as illustrated
in the bubble plots by their increasing flexibility in estimating relative
replacement rates and as reflected by increasing log-likelihoods.

For the REV+  model  the reverse-J shape of the graph indicates that
the majority of sites have low rates of evolution, with some sites having
high rates of evolution.

Note how the inferred maximum likelihood phylogeny changes
significantly as the models become more advanced.  (compare JC with
K2P); inferred branch lengths also tend to increase (compare REV to
REV+ ). Arrows show where models are nested within each other; that
is, where the first model is a simpler form of the next. For example, the
JC model is nested within the K2P model (it is a special case arising
when  is fixed equal to 1), but the K2P model is not nested with the
FEL model.



All the models described or mentioned above consider individual nucleotides as
individual and independent entities. In an attempt to introduce greater biological
reality, through knowledge of the genetic code and the consequent effect of
nucleotide substitutions in protein-coding sequences on the encoded amino acid
sequences, also codon mutation models have been developed.

The 61 sense codons i consist of nucleotides i 1 i 2 i 3.
The rate matrix Q consist of elements Qij describing the rate of change

of codon i i 1 i 2 i 3 to j j 1 j 2 j 3 ( j) depending on the number and
type of differences between i 1 and j 1,i 2 and j 2, and i 3 and j 3 :
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MODELLING THE CODON LEVEL

if 2 or 3 of the pairs ik , jk are different

if one pair differs by a transversion

if one pair differs by a transition

where d aai ,aaj is the distance between the amino acid coded by the codon i
(aai) and the amino acid coded by the codon j (aaj) as calculated on the basis
of the physicochemical properties of the amino acids. This model takes
account of codon frequencies (through the j), transition/transversion bias
(through ), differences in amino acid properties between different
codons (d aai ,aaj), and levels of sequence variability (V).


