
EVOLUTION AND THE THEORY OF
GAMES

Jaakko Toivonen

Model solutions for Exercises 1

1. Take the example of Big Joe and Little Joe under the banana tree (page
4 of lecture notes 01-11-2011), and solve, if possible, for dominant strategy
solutions if (a) Little Joe makes the first move and if (b) both players move
simultaneously. (c) Suppose Big Joe decides who is goint to make the first
move. How would you model this situation and how would you solve it?

Solution: (a) In the spirit of the aforementioned example:
Game tree:
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Here the payoff for LJ is listed first and the payoff for BJ second (i.e. (1, 9)
means a payoff of 1 for LJ and 9 for BJ).

From the tree it can be seen that, if LJ chooses to wait, then BJ is better
off climbing, and if LJ chooses to climb, then BJ better wait. Assuming that
BJ indeed chooses what is best for him, LJ should choose to wait in order to
maximize his payoff (and then BJ will choose to climb).

The previous conclusion can be reached also in the following manner:
Strategy sets: XLJ = {w, c} and XBJ = {cc, cw, wc, ww}. Here (for

example) cw means ”climb if LJ waits and wait if LJ climbs”.
The payoff matrix:
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cc cw wc ww
w 4,4 4,4 0,0 0,0
c 3,5 1,9 3,5 1,9

Here LJ is the row-player and BJ is the column-player.
From the payoff-matrix we can see that Big Joe’s strategies cc, wc and ww

are (at least) weakly dominated by cw. Eliminating the dominated strategies
we have the reduced game:

cw
w 4,4
c 1,9

Now Little Joe’s strategy c is dominated by w and hence we end up with the
dominant strategy solution {w, cw} with a payoff (4, 4).

(b) Strategy sets: XLJ = XBJ = {w, c}.
Payoff-matrix: (with LJ as the row-player and BJ the column-player)

w c
w 0,0 4,4
c 1,9 3,5

BJ has no strategies that are dominated since w has a higher payoff if LJ
plays c (9 vs. 5) and c has a higher payoff if LJ plays w (4 vs. 0). Similarly
LJ has no dominated strategies either.

There is no dominant strategy solution for this game.
(c) BJ can choose which game he wants to be played, the one where BJ

chooses first or the one where LJ chooses first. We have already solved both
games for a dominant strategy solution (the other one in the lecture notes
and the other one on part (a) of this exercise). Therefore, in effect, BJ has to
choose between either getting a payoff of 9 from the game where he chooses
first or a payoff of 4 from the game where LJ chooses first. If BJ wants to
maximize his payoff, he will choose to be the one who makes the first choice.
Then he will choose to wait and LJ maximizes his payoff by choosing to
climb.

The previous conclusion can be reached more formally.
We have the following strategy sets:
XBJ = {Bw,Bc, Lww,Lwc, Lcw, Lcc}, where {Bx} means ”BJ makes

the first move and chooses strategy x” and {Lx1x2} means ”BJ lets LJ make
the first move and if LJ plays w, then BJ plays x1 or if LJ plays c, then BJ
plays x2”.

XLJ = {www,wwc, wcw,wcc, cww, cwc, ccw, ccc}, where {y1, y2, y3}means
”if BJ goes first and chooses w, then LJ chooses y1 or if BJ goes first and
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chooses c, then LJ chooses y2 or if BJ lets LJ make the first move, then LJ
chooses y3”.

Now we have the following payoff matrix:

Bw Bc Lww Lwc Lcw Lcc
www 0,0 4,4 0,0 0,0 4,4 4,4
wwc 0,0 4,4 1,9 3,5 1,9 3,5
wcw 0,0 3,5 0,0 0,0 4,4 4,4
wcc 0,0 3,5 1,9 3,5 1,9 3,5
cww 1,9 4,4 0,0 0,0 4,4 4,4
cwc 1,9 4,4 1,9 3,5 1,9 3,5
ccw 1,9 3,5 0,0 0,0 4,4 4,4
ccc 1,9 3,5 1,9 3,5 1,9 3,5

Dominant strategy solution for this payoff matrix is {cww,Bw} with
payoff (1, 9). Reducing the above matrix to the dominant strategy solution
is left as an exercise.

2. Solve the following game, if possible, for dominant strategy solutions:

y1 y2 y3 y4
x1 4,5 5,3 5,6 4,4
x2 5,3 2,1 3,5 5,2
x3 2,6 6,3 4,2 5,5

Solution: The strategies y2 and y4 are dominated by y1. Eliminating
these strategies we get the reduced game:

y1 y3
x1 4,5 5,6
x2 5,3 3,5
x3 2,6 4,2

Now x3 is dominated by x1:

y1 y3
x1 4,5 5,6
x2 5,3 3,5

Now y1 is dominated by y3:

y3
x1 5,6
x2 3,5
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And finally x2 is dominated by x1:

y3
x1 5,6

And thus we have found the dominant strategy solution.

3. Find all Nash equilibria (mixed and pure) of the Hawk-Dove game for
R > C and for R < C:

H D
H (R-C)/2,(R-C)/2 R,0
D 0,R R/2,R/2

R > C: (H,H) is a Nash equilibrium. There are no other pure strategy
Nash equilibria.

The strategy D is strictly dominated by H. Then on the basis of exercise
6, there can not be a mixed Nash equilibrium, whereD belongs to the support
of the Nash. Hence there is no mixed strategy Nash equilibrium.

R < C: (D,H) and (H,D) are the only pure strategy Nash equilibria.
To find a mixed strategy Nash equilibrium, let x = (p, 1 − p) be the

strategy of player one with p as the probability of playing H and 1 − p as
the probability of playing D. Similarly, let y = (q, 1 − q) be the strategy of
player two.

Now

π1(x, y) = pq
R− C

2
+ p(1− q)R + (1− p)q · 0 + (1− p)(1− q)

R

2

= (1− q)
R

2
+

1

2
(R− qC)p.

We can see that if R−qC > 0, then the best response for player one is p = 1,
which maximizes the payoff for player one. On the other hand, if R−qC < 0,
then the best response is p = 0.

So the best response for player one is

p =

{
1, if q < R

C

0, if q > R
C

and p can be anything (between 0 and 1), if q = R
C
.

Similarly we can find that for player two the best response is

q =

{
1, if p < R

C

0, if p > R
C
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and q can be anything (between 0 and 1), when p = R
C
.

Using the swastika-method we get the following picture:
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And from the picture we see that we have a mixed Nash equilibrium p̂ = q̂ =
(R
C
, 1− R

C
).

4. Suppose that (x̂, ŷ) is a Nash equilibrium. Show that π1(x, ŷ) =
π1(x̂, ŷ) for every pure strategy x in the support of x̂.

Solution: Let pi be the probability of playing pure strategy xi (
∑

i pi = 1)
for the mixed strategy x̂.

We shall prove the statement by contradiction. Assume, that the converse
of the statement holds, i.e. assume that π1(xi, ŷ) < π1(x̂, ŷ) for some xi ∈
supp(x̂) (and π1(x, ŷ) = π1(x̂, ŷ) for all the other x ∈ supp(x̂)). Since (x̂, ŷ) is
a Nash equilibrium, by definition it is not possible that π1(xi, ŷ) > π1(x̂, ŷ).

Now

π1(x̂, ŷ) =
∑
j

pjπ1(xj, ŷ) = piπ1(xi, ŷ) +
∑
j 6=i

pjπ1(xj, ŷ)

< piπ1(x̂, ŷ) +
∑
j 6=i

pjπ1(x̂, ŷ) = π1(x̂, ŷ),

which is a contradiction. This completes the proof.

5. Show that every dominant strategy solution is a Nash equilibrium,
but that the reverse is not necessarily true.

Solution: Assume that the converse holds, i.e. there is a dominated
strategy solution (xj, yk), which is NOT a Nash equilibrium. Then there
must exist a pure strategy xi such that π(xi, yk) > π(xj, yk) (or there could
be a pure strategy yi such that π(xj, yi) > π(xj, yk), but the proof for this case
is essentially the same). But then row i can never be even weakly dominated
by row j and the iterative process of eliminating dominated strategies can
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never end with only the strategy pair (xj, yk) left, which is a contradiction
with (xj, yk) being a dominant strategy solution.

However, there can be Nash equilibria, which are not dominated strategy
solutions. To see this, one can for example consider the Hawk-Dove game
with R < C, where the strategy pairs (D,H) and (H,D) are Nash equilibria,
but not dominated strategy solutions.

6. Show that if x ∈ X is a strictly dominated pure strategy and (x̂, ŷ) ∈
X × Y is a Nash equilibrium, then x cannot be in the support of x̂. Show
that this conclusion need not be true if x is only weakly dominated. To show
the latter, use the payoff matrix

y1 y2 y3
x1 3,2 3,0 2,2
x2 1,0 3,3 0,3
x3 0,2 0,0 3,2

Solution: Assume that there are i and k such that xi ∈ supp(x̂) and xi is
a strictly dominated by xk, i.e. π(xi, ŷ) < π(xk, ŷ). Let pj be the probability
distribution associated with the mixed strategy x̂. Let qj be the probability
distribution associated with mixed strategy x such that

qj =


pj, j 6= i, j 6= k

0, j = i

pi + pk, j = k.

This is a probability distribution as 0 ≤ qj ≤ 1 for all j and∑
j

qj =
∑
j 6=i
j 6=k

pj + 0 + pi + pk =
∑
j

pj = 1.

Now

π(x̂, ŷ) =
∑
j

pjπ(xj, ŷ) = piπ(xi, ŷ) +
∑
j 6=i

pjπ(xj, ŷ)

< piπ(xk, ŷ) +
∑
j 6=i

pjπ(xj, ŷ) = (pi + pk)π(xk, ŷ) +
∑
j 6=i
j 6=k

pjπ(xj, ŷ)

= qkπ(xk, ŷ) +
∑
j 6=k

qjπ(xj, ŷ) =
∑
j

qjπ(xj, ŷ) = π(x, ŷ).
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In short, we have found that π(x̂, ŷ) < π(x, ŷ), which is a contradiction since
(x̂, ŷ) is a Nash equilibrium.

For the second part of the exercise, looking at the payoff matrix we
see that (x1, y1), (x2, y2) and (x3, y3) are all Nash equilibria. However, the
strategy y2 (for example) is weakly dominated by y3. Hence we have an
example of a weakly dominated pure strategy, which nevertheless is in the
support of a Nash equilibrium.
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