
ANALYTIC NUMBER THEORY (fall 2011)

3. SET OF EXERCISES (Fr 4.11, C321 9-12)

Remark. The exercises should be returned written to the instructor Tomas Soto, e.g. to
his mail box, before the time of the exercise class. Exercises marked by * are additional and
voluntary, often somewhat harder problems.

1. Prove Lemma 5.1: Let G be a finite abelian group (in additive notation!). Then for any
m ∈ Z and q ∈ G one has

(i) mq = 0 if and only if ord (q)|m,

(ii) ord (mq) = ord (q)
(ord (q),m)

.

(iii) If p ∈ P and pm = ord (pkq), with m ≥ 1, then ord (q) = pm+k.

2. Prove Lemma 5.7: Let G be a finite abelian group (in multiplicative notation!). Recall
that a character is any map χ : G → C that is not identically zero and is multiplicative,
i.e. χ(g1g2) = χ(g1)χ(g2) for any g1, g2 ∈ G. Then for any character χ one has

(i) |χ(g)| = 1 for all g ∈ G.
(ii) if ord (g) = k, then χ(g) is a k.th root of unity.

3. Let G be a finite abelian group (in multiplicative notation!)

(i) Show that the set of characters Ĝ is an abelian group when equipped with the product
structure

(χ1χ2)(g) = χ1(g)χ2(g) for g ∈ G.

(ii) Show that Ĝ ≈ G (i.e. the groups G and Ĝ are isomorphic).

[Suggestion for part (ii): to see the group structure of Ĝ use the proof of the thoerem of
the lectures that proves the equality |Ĝ| = |G|.]

4. Find all Dirichlet characters mod m, when m = 6, 7, 8.

5. Prove in detail case y < 1 in Lemma 3.15.

[Hint: just copy the proof of case y > 1, but this time use analogous integration paths to
the right from the line {σ = c}.]

6. Assume the result of exercise 7∗ below, and use it to prove that it is enough to assume
c > max(0, σc(f)) in Perrons formula as stated in Thm 3.18.

[Suggestion: let c ≥ max(0, σc(f)) + ε. Choose c′ > σa and show by using exercise 7∗

and Cauchy’s theorem that the error that is made by replacing the integral in Perron’s
formula over the segment [c− iT, c+ iT ] by the integral over the segment [c′− iT, c′+ iT ]
is negligible as T →∞.]

1



7∗. Let σc(f) <∞ for f(s) =
∑∞

n=1 ann−s. Let σc(f) < c1 < c2. Show that there are constants
C > 0 and δ > 0 such that

|f(σ + it)| ≤ C(1 + |t|)1−δ for t ∈ R and σ ∈ [c1, c2].

[Hint: again, apply summation by parts.]
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