
ANALYTIC NUMBER THEORY (fall 2011)

2. SET OF EXERCISES (Fr 21.10, C321 9-12)

Remark. The exercises should be returned written to the instructor Tomas Soto, e.g. to
his mail box, before the time of the exercise class. Exercises marked by * are additional and
voluntary, often somewhat harder problems.

1. Prove that the limit limN→∞
∫ N

0
e(u2)du exists (which then automatically implies the exis-

tence of the double limit limN,M→∞
∫ N

−M e(u2)du).

[Hint: it is enough to consider the real part limN→∞
∫ N

0
sin(2πu2)du, the proof for the

imaginary part is similar. Reduce to limx→∞
∫ x

0
sin(2πy)y−1/2dy, and observe that the

integrals over [n, n+ 1/2] and [n+ 1/2, n+ 1] (where n ∈ Z+) almost cancel each others.

2. Prove a couple of generalizations of the transformation formula of the Theta function:
Let α ∈ R. Define the generalized theta functions

θ0(x, α) :=
∞∑

n=−∞

e−πn
2xe(nα) and θ1(x, α) :=

∞∑
n=−∞

ne−πn
2xe(nα), x ∈ R.

For x > 0 prove the transformation formulas

θ0(x, α) := x−1/2

∞∑
n=−∞

e−π(n+α)2/x and θ1(x, α) := ix−3/2

∞∑
n=−∞

(n+ α)e−π(n+α)2/x.

[Hint: The second one is obtained from the first one by a differentiation with respect to
the parameter α. In order to prove the first one, imitate the proof of Thm 2.17 and apply
the Poisson summation formula on the function f(y) := e−πxy

2
e(αy). Observe that by (20)

(of the lectures) you can easily determine the Fouries transform of f .]

3. (i) Give an example of a Dirichlet series, that converges absolutely on the line {σ = σc}.
(ii) Give an example of a Dirichlet series, that converges, but does not converge absolu-
tely, on the line {σ = σc}.
[Suggestion to part (ii) : add to the answer of part (i) a suitable series for which σc < σa.]

4. Prove Corollary 3.10: If f(s) =
∑∞

n=1 ann
−s has σc(f) < ∞ and f 6≡ 0, then there is

σ0 > σc such that f(s) 6= 0 for σ > σ0.

5. If σc = 0 for f(s) =
∑∞

n=1 ann
−s, can σa take all the values from the interval [0, 1] ?

6. Assume that f(s) =
∑∞

n=1 ann
−s converges at some point of the line {σ = σc}. Show (by

e.g. imitating the proof of Thm. 3.4) that for any t ∈ R

lim
σ→σ+

c

(σ − σc)|f(σ + it)| = 0.
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7. (i) Use the previous exercise to prove Laudau’s thm: If the Dirichlet series f(s) extends
meromorphicly to the neigbourhood of s0, where s0 lies on the vertical line {σ = σc}, and
f has a pole at s0, then the series does not converge at any point of that vertical line.

(ii) Deduce that the series
∑

n=1 n
−s of the ζ-function does not converge at any point of

{σ = 1}.

8. Prove Thm. 3.6. (i).

[Proposal: assuming |a1+. . .+an| = O(nβ), show that for any ε > 0 the series
∑∞

n=1 ann
−(β+ε)

converges by applying summation by parts. This yields that σc ≤ β. To get the converse
statement, apply again summation by parts.]

9∗. Show that the constant C in Stirlings formula (see Lemma 2.21 and its proof) equals
√

2π.

[Sugestion: Denote an :=
∫ 1

0
(1− x2)ndx. Use integration by parts and prove a recursion

formula for the sequence an, and deduce that an =
22n(n!)2

(2n+ 1)!
. On the other hand, show

that an ∼ n−1/2
√
π/2 as n→∞, by observing that the asymptotics is determined by the

part of the integral
∫ ε

0
(1 − x2)ndx for any ε > 0, and also by approximating e−(1+δ)x2 ≤

(1− x2) ≤ e−(1−δ)x2 on the interval x ∈ (0, ε), where δ → 0 as ε→ 0.]
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