
PROJECTS

MATHEMATICAL MODELING 2009

Project 1
(pattern formation)

Consider the partial differential equation (PDE)

∂tn = µ∂2
xn− ν∂x

(
n∂xn

)
+ n(1− n)

with reflecting boundaries at x = 0 and x = 1.
(a) Interpret the above system as a population model. What processes does it describe?
(b) Determine the stability conditions for the spatially constant positive equilibrium

solution. In the case of instability, what pattern will emerge initially after a perturbation
of the equilibrium?

(c) Use a phase-plane analysis to find out whether there are other (i.e., non-constant)
positive equilibria? Under what conditions do they exist? What do they look like? Use a
computer if needed.

(d) Solve the PDE numerically starting close to the equilibrium in (b) illustrating qual-
itatively different kinds of behavior.

Project 2
(growth and development)

Consider the delay differential equation (DDE)

Ẋ = αXT e
−βXφ − δX

where XT (t) := X(t− T ) (T ≥ 0) and

Xφ(t) :=
∫ ∞

0
φ(τ)X(t− τ)dτ

for a given probability density φ : [0,∞)→ [0,∞) (see lecture notes on distributed delays).
Calculate conditions for the existence of a positive equilibrium solution and determine
its stability properties (i.e., stability/instability and overdamped/underdamped) in the
following two cases:

(a) φ(τ) = 1/T for 0 ≤ τ ≤ T and zero elsewhere.
(b) φ(τ) = γe−γτ for τ ≥ 0.

Use a computer if needed.
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Project 3
(pattern formation)

When two individuals meet they may start a fight which involves a lot of random and
undirected moving about. Single individuals avoid fighting pairs by moving out of their
way. This can be modeled by the following PDE system:

∂tA = −αA2 + 2βB + µ∂x
(
A∂xB

)
(singles)

∂tB = 1
2αA

2 − βB + ν∂2
xB (pairs)

with reflecting boundaries at x = 0 and x = 1.
(a) Assuming fast reactions, calculate the quasi steady states of A and B as functions of

the total (local) population density C := A+ 2B, and use this to formulate a single PDE
for C.

(b) Determine the stability conditions for the positive spatially homogeneous equilibrium
solution of the PDE for C found in (a). In the case of instability, what pattern will emerge
initially after a perturbation of the equilibrium?

(c) Use a phase-plane analysis to find out whether there are other (i.e., non-constant)
positive equilibria? Under what conditions do they exist? What do they look like? Use a
computer if needed.

(d) Solve the PDE for C numerically starting close to the equilibrium in (b) illustrating
qualitatively different kinds of behavior.

Project 4
(phase plane analysis)

Consider the predator-prey system

ẋ = α− βx− yf(x) (prey)

ẏ = yf(x)− δy (predator)

with functional response
f(x) =

x

1 + x+ x2
.

(A humpbacked functional response may be the consequence of distraction of the predator
when the prey density becomes too high.) Give a full phase plane analysis of the above
system, distinguishing between various qualitatively different cases depending on the pa-
rameters α, β and δ. Use a computer if you wish.


