
MATHEMATICAL MODELLING 2009
EXERCISES 9-11

9. Let X denote an individual plant, Y a seed, S a free germination site,
and suppose that the plant’s life-cycle is described by the following reaction
network:

X α−→ X + Y (seed production)

Y + S β−→ X (recruitment)

X δ−→ S (plant death)

Y µ−→ † (seed death)

(a) Give the corresponding population equations. Notice that the germina-
tion sites are recycled after plant death so that the sum of the population
densities of plants and free germination sites s0 := x + s remains constant.
Use this to reduce the system from three to two equations for plants and
seeds only. (b) Assume that seed production and seed death are fast pro-
cesses compared to plant death and recruitment. Use time-scale separation
to further reduce the system to a single differential equation for the plants.
Sketch the orbits in the (x, y)-plane. (c) Now, assume that seed produc-
tion, recruitment and plant death are fast processes compared to seed death,
and also assume that germination sites (free or occupied) are very rare. Use
time-scale separation to reduce the 2-dimensional system in (a) to a single
differential equation for the total density n := x + y of plants and seeds.
Sketch the orbits in the (x, y)-plane.

10. Let N be a prey individual, X a hunting predator and C a couple of
predators fighting with one another, and suppose that their interactions are
described by the following reaction network:

N + X β−→ X + γX (prey capture and reproduction)

X δ−→ † (natural death)

X + X
µ−→
ν←−

C (fighting dynamics)

C λ−→ X (fighting-induced death)
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(a) Give the corresponding differential equations for the population densities
n, x and c of respectively the prey, the hunting predators and the fighting
pairs of predators. (b) Reduce the above 3-dimensional system to a system
of two equations for the prey density n and total predator density p := x+2c
assuming that the fighting dynamics are fast compared to the other processes.

11. Numerically solve the orbits of the 2-dimensional system in exercise 9(a)
and plot the orbits in the (x, y)-plane, and observe how the orbits change
when you vary the relative values of the parameters in accordance to parts
(b) and (c) of the same exercise.
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