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Scattering by a small object close to an interface.
I. Exact-image theory formulation
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Exact-image theory is applied to the problem of electromagnetic wave scattering from a small dielectric object above
an interface separating two isotropic and homogeneous media. The object is assumed to be electrically small and
far enough from the interface so that its internal field can be assumed to be uniform. The approach is applicable to
any scatter that can be represented by an electric dipole.

INTRODUCTION

The solution for electromagnetic scattering by dielectric ob-
jects isolated in space and illuminated by a plane wave is well
established. For example, the Mie solution has provided
the basis for understanding the light-scattering properties of
isolated spherical dielectric objects.'-3 More recently, nu-
merical techniques have been developed for obtaining scat-
tering results for nonspherical objects, such as spheroids 4

and more general shapes.5 6

Almost all the available scattering solutions require that
the scattering object be isolated in space; i.e., no other ob-
jects or surfaces should be in close proximity. It is becoming
increasingly important that one be able to calculate the
scattering by objects on or near a dielectric surface.

Two similar solutions for the scattering by a dielectric
sphere on or near a dielectric surface have recently been
published. 7'8 However, a general solution suitable for prob-
lems involving nonspherical objects is not yet available.

The image method is an attractive approach to solving
scattering problems involving objects over an interface sepa-
rating two half-spaces, because it permits half-space solu-
tions based on existing solutions for isolated objects. How-
ever, the simple procedure of replacing the material half-
space by a suitable image of the object, while possible for
objects over a perfectly conducting half-space, is not possi-
ble for the dielectric half-space problem. A more general
approach, the Sommerfeld solution,9 can be applied to the
dielectric half-space problem. However, this solution de-
pends on the evaluation of the Sommerfeld integrals,10 a
task that is possible only for a limited class of problems.

The exact-image theory (EIT) was introduced in 1984"1-'3
as a conceptually and computationally simple means of ac-
counting for an interface of two media in electromagnetic
problems, otherwise treated with Sommerfeld integrals.'4

EIT has since been applied, for example, to computing im-
pedances of antennas above the ground'5 and extended to
more complicated problems such as multilayered media.' 6

For the most recent account of the theory, see Ref. 17.
EIT can potentially be applied to a broad class of prob-

lems involving scattering objects above a dielectric half-
space. In the present paper EIT is used for deriving a

generalized Green function that takes into account the pres-
ence of a nearby interface.

In a companion paper18 the present theory will be applied
to the analysis of scattering from spherical objects above an
interface with discussion on polarization effects.

THEORY

Consider a planar interface z = 0 separating two media: free
space, where z > 0 with the parameters so, Ao, and ground,
with the parameters eeO, M!io. The problem could easily be
generalized for any combination of parameters on either side
of the interface.

The incident field is a plane wave in air with the electric
field

E'(r) = E0 exp(-jk r), (1)

where the harmonic time dependence exp(jct) is assumed.
The effect of the ground is to produce the reflected field

E'(r) = - Eo exp(-jkcr). (2)

The subindex c denotes the mirror-image operation through
the mirror dyadic

@ =.7 - 2uzu2, (3)

which changes the sign of the z component of the vector in
question:

kc= -k=k-2u(u,-k). (4)

The reflection dyadic R can be written in terms of its TE
and TM parts for the plane wave as follows:

= . FRTE Uzu X kk + RTE kkx(uzuxkk)1
L (uz Xk) k2(uZ X k)2 'J

(5)

where the double cross product uzuz x kk = (u, X k) (u, X k).
RTE and RTm are the (scalar) Fresnel coefficients for an

incident wave with the electric field polarized either perpen-
dicular (TE) or parallel (TM) to the plane of incidence (the
plane containing k and u,) as shown in Fig. 1:
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Fig. 1. Geometry of the problem: a scatterer above an interface
separating two half-spaces of different media with the definition of
TE and TM field vectors.

(6)RTE = 1 -
A#3 + (01'

RTM = - A #1

43fl+ (3k'

where

= [k2-(u X k)2]1/ 2
,

p = [k 2 - (u, X k)2]1 /2 (8)

k2 = W
2A0eO0 (9)

with X being the angular frequency. A defines the reflected
electric field for any combination of TE or TM incident
waves.

The scatterer is a dielectric object located at position r =
uzh. It is assumed to be sufficiently small that its scattered
field can be approximated by the field arising from a dipole
with the dipole moment

p = a - Et, (10)

where a, a dyadic, is the tensor dielectric polarizability.
Explicit expressions for a are available for isotropic and
anisotropic spheres and ellipsoids.3 Et, the total field at the
location of the scattering object, is the sum of the electric
field of the original plane wave, its reflection from the inter-
face, and the net reflected field due to the polarized dielec-
tric object itself. The last component is unknown, and the
EIT can be applied to its computation.

The goal is to solve for the unknown dipole moment vector
p. The corresponding current density vector can be written
as

where both frM() and g() are functions of f and ,
electrical parameters of the half-space19 20:

frE(P) = jBf(A, p) + 1+(p
A +1

FM~t)= -jBf(, p) - - 16+(P),

g(r) =- jBf(u, p) - jBf(e, p),
-( 'E('E, 

- ) En (Y1)7(P U(p),
with

p = iBt

the

(13)

(14)

(15)

(16)

(17)

and B = k(AE- 1)1/2. Here, 6+(p) is a delta function with the
singularity point at r = 0+ such that

a+(0) = 0, (18)

and U+(p) is the corresponding unit step function. In the
(7 Bessel functions J2 n(p), the complex variable r is chosen so

(7) that the argument p = jBr is real, thereby ensuring that the
Bessel functions converge.

The mirror image of the current dipole is

J,(r) = - J(O - r) = ( - 2uu,) * jwpb(r + uzh). (19)

The total electric field at the object, needed for the deter-
mination of the dipole moment, can be written as

Et(r) = E'(r) + Er(r) + ES(r), (20)

where the field Es from the image of the dipole is

Es(r) = -jwuo | JJ (r - r' + up) . Ji(r', r)dV'dr, (21)

where V denotes the integration volume of the mirror image
and C is a line in the complex r plane to be defined later,
ranging from the origin to infinity in such a way that the
image function integrals converge. Is denotes the free-space
Green dyadic

9(r) = (a + 1 VV)G(r),

G(r) =exp[-jkD(r)]G 4r = rD(r) D(r) = r r.

(22)

(23)

Since the image source point does not coincide with the field
point at the object, the order of differentiation and integra-
tion can be interchanged and the integration over the v

variable can be carried out. Thus it is possible to define two
new Green functions

J(r) = jwpb(r - uh). (11)

The image current due to the interface can be written from
the EIT17 as

Ji(r, t) = [flM(D)Y + I g(r)uu, x VV] - J(r), (12)

KTM(r) = G(r + u,¢)FM(¢)d¢,
fc

L(r) = G(r + u5Ag(r)dD

and a corresponding Green dyadic

(24)

(25)
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W(r) = ( + k VV)M(r) + (uzuz x VV)L(r). (26)

The field from the image source can now be expressed more
concisely as

ES(r) = wtio W(r - r') J,(r')dV'. (27)

Inserting the proper mirror-image current function from Eq.
(19), we have

Es(r) = W2
A0W(r + uzh) (5 - 2uuz) p, (28)

which contains the unknown dipole moment vector p, for
which a final equation can now be formed. In fact, combin-
ing Eqs. (10), (20), and (28) for the point r = uzh, we arrive at
an algebraic equation for the moment vector:

p = a Et(uzh) = i [Et(uzh) + Er(uzh)]

+ W2
,u0 a R(2uzh) @ p. (29)

This has the solution

p = [ - 2oa (2uh) ]-1 -a- [Et(uzh) + Er(uzh)].
(30)

In numerical integrations, it is important to choose the
integration path in the complex r plane in such a way that
the Bessel functions of the image currents converge as men-
tioned above; i.e., their argument p = jBR has to be real.
This entails that r has to proceed to infinity along a path
such that

argotl = -7r/2 - arg[ e$ -11. (31)

For the integrations in the complex plane, see Ref. 20.

EVALUATION OF THE GREEN FUNCTION

In evaluating the total dipole moment of the scatterer [Eq.
(30)], the essential step is to enumerate the Green function
W(r) in Eq. (26) for r = 2uzh.

Making use of the fact that this dyadic is not dependent on
the transverse directions and will be evaluated at the z axis
and the fact that, with the origin excluded, the double gradi-
ent of a function with a Green-function-type r dependence
[see Eqs. (23)] is

VVf(r) = [-kUrUr - (-3UrUr) I kr),

we can write the dyadic in the form

Nt(Zuz) = st(KM(z) + J G(z + t) [jk(z

comes, after transformation to a real integration parameter
PI

Rt(zu) = ±(-e: + 1 G(z) [1 + (ikz)2 1

+ 2_1 | -(z-jp/B)1 + 1)

[1 + jk(z-jp/B)] En (-)n J2 (P) dP
U (z -jpB)] 2 + p

- 2uzu 1 G 1 +jkz + SE fG(z - jpB)
E + I Gz (jkz)2 E2 - Jo,

X 1 + jk(z-jp/B) E n (e-lIn J2 (P) dp
[jk(z - jpB)]2 ZJ \ + p dJ (34)

The components of this Green dyadic are Kt(z) and Kz(z),
and, for the enumeration of the total dipole moment, the
dyadic must be evaluated for the argument z = 2h:

N(zu,) = IKtt(z) + uzuzK,(z). (35)

In Figs. 2-5 the Green function components are calculated
for the relative permittivity values e = 1.7 and E = 2.4 of the
ground as functions of kh.

ASYMPTOTIC TESTS

Consider three special cases for the scattering problem
above a nonmagnetic ground ( = 1). First, let h - .
Here, the W dyadic in Eq. (33) can be approximated by its

0.8

0.6

0.4

0.2

(32) 0
0

+ jk(z + D)}1T(a) + g(t)]d )

-2uzuz (J| G(z + ){Uk(Z + .)]2 j k(z + };)fl )
(33)

where St = 5 - uzuz denotes the two-dimensional unit dyad-
ic.

For the nonmagnetic-ground case ( = 1), Eq. (33) be-

0
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-0.4

-0.6

-0.8

-1I

= 1.7

Re(K,)/k

Re(K,)/k

0 1 2 3 4 5 6 7 8 9 10

kh
Fig. 2. Real parts of the Green dyadic N(zu,) components of Eq.
(34) as functions of the normalized scatterer height kh for ground
parameters A = 1 and e = 1.7. Note that for large kh values K,
decays faster than Kt. Also, the asymptotic dependence of the
Green dyadic is according to Eq. (36).
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= 1.7

Im(K,)/k

the image function fTM; see, for example, Ref. 13. The whole
W dyadic is therefore

W(2huz) G(2h)RTM(k)Yt, (37)

which is what one would anticipate. Note that for this case
of interaction through normally incident wave components,
the reflection coeficient is

RTM(k) = RTE(k) = 1 - (38)

)/k ,< -,

m(K)/k

l I I I I I I I I I
1 2 3 4 5 6 7 8 9 10

For example, the total TE dipole moment can be written
from Eq. (30). Because G(2h) is small and because the
mirror-image operator @ does not affect a transverse dyadic,
the dipole moment in the case of a scalar scatterer polariz-
ability (a = a) is

p = a[1- W2iuaKTM(2hu,)I-l(Ei + Er)

C a[l + 21 CaRTMG(2h)](Ei + Er)

= a(E' + Er) + W2 MORTMG(2h)a(Ei + Er), (39)

kh
Fig. 3. Same as Fig. 2 for the imaginary part.

= 2.4

which can be interpreted as the sum of the dipole moment in
free space and that due to the first-order interaction [the
image dipole being a(Ei + Er)RTMI.

The case = 1, in which the interface becomes transpar-
ent, simplifies the image functions of Eqs. (14) and (15):

/TMG) = lim[-jBf(e, jB¢) - e + 6+(t)

Re(K)/k
-EB2

=lim =0
C-1 (e + 1)2

ge-) = lim e jBf(e JBA)] li = +1D

(40)

(41)

Interpreted in words, the integration over shrinks to a
point because B = 0, which multiplies r in the argument of
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Fig. 4. Same as Fig. 2 for e =2.4.

first term because the other terms from the integration
yield terms of the order of h- 2 and h-

3 :

KT M(2hu) _ exp(-jk2h) exp(-jk)fT M ()dr

= G(2h)RTM(k),

0
C

0.2

0

= 2.4

lm(K,)/k

-0.2 -

-0.4 -
Im(Kt)/k

-0.6

-0.8(36)

and both integrations over the image functions in the trans-
versal and normal components of the dyadic are of the order
of h-2. Therefore, to the leading order, only the transversal
component [the term in expression (36)] remains.

The last step in expression (36) is due to the definition of

-1
0 1 2 3 4 5 6 7 8 9 10

kh
Fig. 5. Same as Fig. 3 for e = 2.4.
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the Bessel function, and, at that very point, the image func-
tions are 0, giving rise to no scattered field over the whole
integration path.

The case e = c also forces B to infinity, and the integral in
KTM(t) gives

K' m (qhuz) = exp(-jk2h) J [exP((ih)] /TM()dr. (42)

In performing this integral, the transformation p =-ipiB

has to be made. The bracketed term in the integrand tends
to 1:

JexP(-jkh) FM(.)d = JfM()d- = RTM(0) = -1.

(43)

Hence this limit case is correct because only the mirror
image is left from the Green function corresponding to the
case of ideally conducting plane.

One could also wonder what happens as the height h de-
creases to 0. A superficial look at Eq. (30) and Figs. 2-5
might give the impression that there is no scattered field as
the scatterer is located at the ground, because for h = 0 the
Green dyadic R goes to infinity, forcing the total dipole
moment to 0. However, a spherical scatterer cannot be
pushed closer to the boundary than its radius, and, if one
wishes to decrease h even from that value, the radius has to
be decreased, and then also the polarizability (being propor-
tional to the volume of the scatterer) decreases toward 0,
keeping the product a - It finite.

CONCLUSIONS

The result of the theory presented in this paper culminates
in the Green dyadic [Eq. (34)], which, with Eq. (30) permits
one to determine the fields scattered by a polarizable parti-
cle in the presence of an interface. The Green dyadic is not a
multiple of the unit dyadic, meaning that through Eq. (30)
scalar polarizability of a scatterer is transformed to dyadic
polarizability that takes the boundary into account. From
this follows, for example, that a sphere close to an interface is
equivalent to a uniaxial ellipsoid in free space.

The result is an approximation with the assumption that
the scatterer with the nearby ground can be replaced by an
electric dipole. This approximation is valid for small scat-
terers for which the internal field is close to constant. It is
clear that as the scatterer is not too close to the interface, the
approximation holds. With decreasing kh, the assumption
starts to fail, and at some point it cannot be used at all. This
occurs when the higher multipoles are strong compared with
the electric dipole. To take these multipoles into account,
we can make the first improvement by taking two parallel
vector equations, one for the electric and the other for the
magnetic dipole, and solving them. A more general ap-
proach would be to derive an integral equation for the polar-
ization current and solve that. However, the range of valid-
ity (in terms of kh) of the electric-dipole approximation
presented in this paper cannot be determined until a more
accurate method of solving the problem is discovered. The
corresponding example of thin horizontal cylindrical dipoles
above ground 15 did not fail until reaching heights of the
order of the diameter of the dipole.

In a companion paper18 this theory is applied to the study
of the scattering properties of spherical objects in the pres-

ence of the ground, with special emphasis on the effect of
backscattering enhancement.
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