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1 Tools from complex analysis and stochastic processes

To be able to work with conformally invariant random curves, we need to briefly review some
background on conformal geometry and stochastic processes.

1.1 On conformal mappings

Below we review some facts about conformal mappings in two dimensions. Most of the statements
are proven in complex analysis textbooks such as [1], and the slightly more advanced topics are
treated for example in [2].

In differential geometry, a mapping between Riemannian manifolds is said to be conformal
if the metric becomes multiplied by a positive scalar function. The angles between tangent
vectors are independent of such multiplicative factor, and conformal mappings can alternatively
be defined as mappings which preserve angles. In two dimensions, for subsets of R2 = C, such
mappings are well understood — indeed from complex analysis we know that a mapping between
subset of C preserves the magnitude of angles when it is either holomorphic (in which case also
the orientation of angles is preserved) or anti-holomorphic (in which case the orientation of angles
is reversed). We only consider mappings that preserve the angles with orientation, so for the
rest of these notes a conformal mapping from one open set Λ1 ⊂ C to another Λ2 ⊂ C signifies a
bijective holomorphic function Λ1 → Λ2. If there exists a conformal mapping f : Λ1 → Λ2, we call
the domains Λ1 and Λ2 conformally equivalent. A conformal map f : Λ1 → Λ2 and its inverse
f−1 : Λ2 → Λ1 are in particular continuous, so conformal equivalence is a stronger notion than
homeomorphism.

Simply connected domains and the Riemann mapping theorem

All (non-empty) connected, simply connected open subsets of C are homeomorphic to each
other, and it is a remarkable fact that with the exception of the full complex plane they are all
also conformally equivalent. A few examples of such domains, with notation that we will use
throughout these notes, are

upper half-plane H =
{
z ∈ C : =m(z) > 0

}
unit disk D = {z ∈ C : |z| < 1}

horizontal strip S =
{
z ∈ C : 0 < =m(z) < π

}
rectangle (0,Lx) × (0,Ly) =

{
z ∈ C : 0 <<e(z) < Lx, 0 < =m(z) < Ly

}
and so on. We emphasize, however, that the domains need not be as nice as the examples above —
domains such as the comb ((0, 1)× (0, 1)) \∪∞n=1(i 1

n ,
1
2 + i 1

n ]), or the interior of a fractal Jordan curve
exemplify some wilder possibilities. The conformal equivalence of simply connected domains in
known as the Riemann mapping theorem, and here is a standard formulation of the statement.

Theorem 1 (Riemann mapping theorem) Let Λ ⊂ C be a simply connected open set such that the
complement C \ Λ is non-empty. Then for any point z ∈ Λ there exists a unique bijective holomorphic
function f : Λ→ D such that

f (z) = 0 and f ′(z) > 0.
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Exercise 1 Show that C is not conformally equivalent to a simply connected proper subdomain Λ ( C.

To obtain a conformal map f : Λ1 → Λ2 we may use the above theorem to get conformal maps
f1 : Λ1 → D and f2 : Λ2 → D, and then set f = f−1

2 ◦ f1.
The theorem also implies that a conformal map between two simply connected domains is not

unique, we were free to choose any z to be mapped to 0, and furthermore we could still rotate the
image by multiplying by any complex number of modulus one: the mapping z 7→ eiθ f (z) would
be conformal Λ→ D and map z 7→ 0, but the derivative at z would be on the half line eiθR+.

The non-uniqueness of the conformal map between two simply connected domains corre-
sponds of course to the existence of nontrivial conformal self-maps of any of these domains: if f
and f̃ are two different conformal maps Λ → D, then f−1

◦ f̃ is a conformal self map of Λ which
is not the identity. It is useful to recall the explicit form of conformal self maps of some of the
simplest domains.

Lemma 1 Conformal maps f : D→ D are precisely the functions of the form

f (z) = u
z − a

1 − āz
,

where u and a are complex parameters such that |a| < 1 and |u| = 1.
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Figure 1: The radial coordinate system inD after the application of a conformal self map ofD.

Figure 1 illustrates the image of the radial coordinate system of D by a conformal self map
f : D→ D. The radii and circles intersect at right angles, and by conformality, so do their images.

Lemma 2 Conformal maps f :H→ D are precisely the functions of the form

f (z) =
az + b
cz + d

,

where a, b, c, d ∈ R are parameters such that ad − bc > 0 (it is always possible to normalize ad − bc = 1).

Figure 2 illustrates the image of the Euclidean coordinate system of H by a conformal self map
f :H→H. The horizontal and vertical lines intersect at right angles, and again by conformality,
so do their images.
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Figure 2: A conformal self map of the upper half-plane.
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Figure 3: Logarithm composed with Möbius transformation mapsH to S.

Let us also give a concrete example of a conformal map between two different simply connected
domains. The map z 7→ exp(z) maps the horizontal strip S = {x + i y : x ∈ R, 0 < y < π} to the
upper half-planeH, and it is clearly holomorphic and bijective. In the other direction, if log denotes
the branch of logarithm corresponding to the choice arg ∈ [0, 2π), then z 7→ log(z) = log |z|+i arg(z)
is conformalH→ S. Any conformal map fromH to S is of the form log ◦µ, where µ : H→ H is
a Möbius transformation, one such map is illustrated in Figure 3. The images of horizontal and
vertical lines intersect forming right angles as they should.

Möbius transformations

Both of the above Lemmas concerning self maps of a simply connected domain are special cases
of the fact that any conformal map between two disks of the Riemann sphere (ordinary disks,
half-planes, exteriors of ordinary circles) is a Möbius transformation

µ(z) =
az + b
cz + d

, a, b, c, d ∈ C.

Conversely, the image of any circle or straight line under the a nondegenerate (ad − bc , 0)
transformation of the above form is a circle or straight line. As an example, Figure 4 features a
conformal mapD→H and shows the image of the radial coordinate system under this map.
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Figure 4: Möbius transformations map circles and straight lines to circles or straight lines. This
map is from the unit disk to the upper half-plane.

Three real degrees of freedom in choosing a map between simply connected domains

From either of the Lemmas or the Theorem it is clear that choosing a unique conformal map
between two simply connected domains amounts to fixing three real parameters (the group of self
maps of a simply connected domain is a three dimensional Lie group). We will frequently use for
example the following choices:

• If Λ1,Λ2 are simply connected domains, z1 ∈ Λ1 and z2 ∈ Λ2, and θ ∈ R then there exists
a unique conformal map f : Λ1 → Λ2 such that f (z1) = z2 and f ′(z1)/eiθ > 0. (This follows
directly from the statement of Theorem 1.)

• If Λ1,Λ2 are simply connected domains, a1, b1, c1 ∈ ∂Λ1 and a2, b2, c2 ∈ ∂Λ2 such that a j, b j, c j
appear counter-clockwise along the boundaries of the respective domains Λ j, then there
exists a unique conformal map f : Λ1 → Λ2 such that f (a1) = a2, f (b1) = b2, f (c1) = c2. (An
easy way to verify this is to construct a self map of the half plane which maps three boundary
points to any desired images.)

* Strictly speaking, for domains with non-Jordan boundary, boundary point is not the
appropriate notion, but instead one should map the domain toD (or some other domain
with nice boundary) and consider the preimages of points of ∂D. We leave it for the
careful reader to replace the term boundary point by prime end throughtout these
notes.

A few convenient ways of fixing the three parameters of conformal maps

We will frequently use the following choices.
Let us first consider subsets of the unit diskD. If K ⊂ D is a compact set such that D = D \ K

is simply connected, K = K ∩D and 0 < K, then we call K a hull in the unit disk. As stated in
Theorem 1, we can choose a conformal map whose three degrees of freedom are fixed by requiring
the origin to be mapped to the origin and direction of derivative to be positive,

fD : D→ D such that fD(0) = 0 and f ′D(0) > 0.

In fact, applying the Schwarz lemma to f−1 : D→ D, we see that |( f−1
D )′(0)| ≤ 1 and consequently

f ′D(0) ≥ 1. The inequality is strict if K ∩D , ∅. We call the logarithm of the derivative of fD at the
origin the disk capacity of the hull K, and denote

capD(K) = log f ′D(0) ≥ 0

so that
f ′D(z) = ecapD(K) z + O(z2).

Note that if D1 and D2 are two domains of this type with corresponding hulls K1 and K2, then

fD2 ◦ fD1 : f−1
D1

(D2)→ D

( fD2 ◦ fD1 )′(0) = f ′D1
(0) f ′D2

(0) = ecapD(K1)+capD(K2),
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so in a sense the disk capacity is additive. This shows in particular that if K′ ⊂ K (and for the
corresponding domains D′ ⊃ D), then capD(K′) ≤ capD(K), with an equality only if K′ = K.

Next, let us consider subsets of the upper half-plane H. If K ⊂ H is a compact set such that
H = H \ K is simply connected and K = K ∩H, then we call K a hull in the half-plane. We can
choose a conformal map g̃ : H → H which maps the boundary point ∞ to itself, and two real
parameters remain, since z 7→ a g̃(z) + b has the same property. Schwarz reflection

g̃(z) = g̃(z)

can be used to extend g̃ to C \ (K ∪ K∗), and we then notice that the map z 7→ 1/g̃(1/z) has a
removable singularity at the origin, in fact a zero. In other words g̃ has a Laurent expansion
g̃(z) = cz + d + O(z−1). The free parameters a, b can be chosen so that gH(z) = a g̃(z) + b has the
expansion

gH(z) = z + O(z−1),

i.e. gH is as close to identity as possible in neighborhoods of infinity. We call a map with such an
expansion hydrodynamically normalized, and we call

capH(K) = lim
z→∞

(
z (gH(z) − z)

)
the half-plane capacity of the hull K, so that

gH(z) = z +
capH(K)

z
+ O(z−2).

Exercise 2 Show that capH(K) ≥ 0, with a strict inequality if K ∩H , ∅.

Note that if H1 and H2 are two domains of this type with corresponding hulls K1 and K2, then

gH2 ◦ gH1 : g−1
H1

(H2)→H

(gH2 ◦ gH1 )(z) = = z +
capH(K1) + capH(K2)

z
+ O(z−2),

so in a sense the half-plane capacity is additive. In particular, if K′ ⊂ K (and for the corresponding
domains H′ ⊃ H), then capH(K′) ≤ capH(K), with an equality only if K′ = K.

Finally, let us consider subsets of the horizontal strip S. If K ⊂ S is a compact set such that
S = S \ K is simply connected, K = K ∩ S, then we call K a hull in the strip. We can choose a
conformal map h̃ : S→ S such that the boundary points ±∞ are preserved, and we still have one
real parameter to fix: the maps z 7→ h̃(z) + c with c ∈ R all preserve the two infinities. One can
show that the behavior of the conformal maps at ±∞ is such that the limits limz→±∞(h̃(z)− z) exist,
so we may choose the translation c such that hS(z) = h̃(z) + c satisfies

hS : S→ S such that lim
z→+∞

(hS(z) − z) = − lim
z→−∞

(hS(z) − z).

We call such maps strip symmetrically normalized, and we call the quantity

capS(K) = ± lim
z→±∞

(hS(z) − z)

the strip capacity of the hull K, and one can show that capS(K) ≥ 0 with strict inequality if K∩S , ∅.
Note that if S1 and S2 are two domains of this type with corresponding hulls K1 and K2, then

hS2 ◦ hS1 : h−1
S1

(S2)→ S

lim
z→+∞

(hS2 (hS1 (z)) − z) = capS(K1) + capS(K2),

so in a sense the strip capacity is additive. Therefore, in particular, if K′ ⊂ K (and for the
corresponding domains S′ ⊃ S), then capS(K

′) ≤ capD(K), with an equality only if K′ = K.
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Figure 5: The complementH\ [x, x+ i h] of a slit of height h located at x is mapped to the half-plane
in such a way that at infinity the map is close to the identity.

A slit map example

Let us give one more example of explicit conformal maps. For z,w ∈ C, we denote by [z,w]
the closed line segment from z to w, i.e. [z,w] = {z + s(w − z) : 0 ≤ s ≤ 1}. The complement in
the upper half-plane of a vertical segment (slit) starting from the real axis is a simply connected
domainH\[x, x+ih]. Note that the boundary points of the form x+iy, 0 ≤ y < h, can be approached
either from the left or the right of the slit, and we interpret these choices as two different boundary
points. The reason for this becomes clear when we choose a conformal map to the half-plane. The
hydrodynamically normalized conformal map g :H \ [x, x + ih]→H is

g(z) =
√

(z − x)2 + h2 + x,

where we use the branch of the square root such that
√

w ∈H for all w ∈ C \ [0,∞). A map of this
type is illustrated in Figure 5. The two ways of approaching the boundary point x + iy, 0 ≤ y < h,
have different limits after the conformal map

lim
ε↘0

(
g(x − ε + i y)

)
= x −

√
h2 − y2

lim
ε↘0

(
g(x + ε + i y)

)
= x +

√
h2 − y2,
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as one easily sees by paying some attention to the branch of the square root.
Our choice of conformal map here is such that far away the map is close to identity, g(z) =

z + O(z−1). This property manifests itself in Figure 5 as the fact that far away the horizontal and
vertical lines of the Euclidean coordinate system are only slightly deformed. The two ways of
approaching a boundary point on the slit can be obtained by following the (almost) horizontal
lines at the same height from far left and from far right: when the height of the lines is less than
the height of the slit, these lines end at two (different) points on the interval [x − h, x + h].

1.2 Loewner chains

Idea of Loewner chain via infinitesimally changing conformal maps

The Riemann mapping theorem guarantees the existence of conformal maps between any two
simply connected domains, but its proof is non constructive, and typically one can only obtain
explicit formulas for the conformal maps if the domains are simple enough, as in the examples so
far.

Instead, there is a method which describes how the conformal maps vary if the domains are
changed by removing a very small piece at a well localized point. Suppose that D̃ ⊂ D are domains
and D \ D̃ is a small set located near a point x ∈ ∂D, and let f and f̃ be conformal maps from D
and D̃, respectively, to some domain Λ. Since the two domains don’t differ by much, we try to
choose conformal maps which don’t differ by much either. We can write f̃ = f ◦ g, with g : D̃→ D
is close to the identity

g(z) ≈ z + ε vx(z),

where ε measures the size of the small set D \ D̃ in an appropriate sense, and vx : D → C is a
holomorphic function specifying how we have to move each point to obtain a map D → D̃. It is
more appropriate to think of vx as a holomorphic vector field

vx(z) ∂z,

so that g is the flow of this vector field until time ε determined by the size of the removed piece
D \ D̃. Note that since ∂D and ∂D̃ coincide except in a small neighborhood of the point x, the
flow of the vector field must preserve the boundary, i.e. the vector field must be tangent to the
boundary: for z ∈ ∂D \ {x}

vx(z) ∂z ‖ ~τz,

where ~τz is a tangent vector of ∂D at z. The holomorphic vector field must have some singularity
at the boundary point x if the flow of the vector field is to remove the piece D \ D̃ located near x. It
turns out that the singularity should be a pole, with residue such that arg(Resz=x vx(z)) = 2 arg(~τx).
We will outline the argument for this in a concrete case afterwards.

A Loewner chain is a family of such continuously shrinking domains (Dt)t≥0 and their confor-
mal maps (gt)t≥0, gt : Dt → D0, for which we can write the infinitesimal change of the conformal
maps as a flow of Loewner vector fields: holomorphic vector fields in D0 which are tangent to the
boundary except at the point where the shrinking of the domain is located, where there is a pole.

We will make this idea more precise in concrete cases below, but let us make some comments
about the choice of the vector field and give some examples of possible choices. First note that
it may be convenient to push forward the vector field from D0 to some nice reference domain,
and do the considerations there — indeed this is necessary already to make sense of the notions
of tangent vector and residue on the boundary. Then, regarding the way we prefer to choose the
conformal maps gt: if we want the maps gt to fix some point w ∈ D0, the vector fields should
have a zero at this point. The reader is invited to think of the algebraic restrictions on the number
and order of zeros on the boundary or in the interior of the domain. Finally, let us give three nice
examples of Loewner vector fields

• In the unit disk D, the vector fields −z z+x
z−x ∂z are tangent to the boundary except at x ∈ ∂D,

and they have a simple zero at the interior point 0. These Loewner vector fields are illustrated
in Figure 6.
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Figure 6: The Loewner vector field −z z+x
z−x ∂z and its flow inD.

• In the upper half-plane H, the vector fields 2
z−x ∂z are tangent to the boundary except at

x ∈ R, and they have a zero of order two at the “boundary point”∞ (infinity is a boundary
point if we viewH as a subset of the Riemann sphere, and to see the order of the zero, one
has to choose a local coordinate in a neighborhood of infinity). These Loewner vector fields
are illustrated in Figure 7.

• In the horizontal strip S, the vector fields coth( z−x
2 ) ∂z are tangent to the boundary except

at x ∈ R, and they have simple zeros at the “boundary points” ±∞. These Loewner vector
fields are illustrated in Figure 8.

We discuss the second case in more detail below.

Hydrodynamically normalized Loewner chain in the half-plane

Let us consider a Loewner chain in the upper half-plane H, and let us choose the conformal
maps to be as close to identity at infinity as possible. We consider a family (Ht)t≥0 of shrinking
subdomains:

H0 =H and s < t ⇒ Hs ⊃ Ht.

We denote
Kt = H \Ht,

assume that Kt are hulls in the half-plane for all t ≥ 0. We assume the hulls first of all to be strictly
increasing, Ks ( Kt for s < t, and that K0 = ∅, and most importantly that the hulls satisfy the
following local growth condition
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Figure 7: The Loewner vector field 2
z−x ∂z and its flow inH.

• For all T > 0 and ε > 0 there exists a δ > 0 such that for all t ∈ [0,T] the piece Kt+δ \ Kt can
be disconnected from infinity in the domain Ht = H \ Kt by a connected set S of diameter
smaller than ε.

We then choose the hydrodynamically normalized conformal maps gt : Ht →H,

gt(z) = z +
capH(Kt)

z
+ O(z−2).

The local growth condition can be shown to guarantee that gt(z) evolves continuously in time t,
up to the time when the solution ceases to exist. The half-plane capacities capH(Kt) are therefore
continuous and strictly increasing, whence we can assume a time parametrization such that
capH(Kt) = 2t.

For 0 ≤ s and δ > 0 the mapping g̃δ = gs+δ ◦ g−1
t : gs(Hs+δ) → H is still hydrodynamically

normalized. Consider the harmonic function

z 7→ =m(g̃δ(z) − z) H→ R+.

It’s boundary values are 0 except in a neighborhood of the point Xs which is the image of the
position of local growth

{Xs} = ∩δ>0gs(Ks+δ \ Ks).

We can write a representation of the harmonic function using the Poisson kernel PH(z; ξ) =
−

1
π =m( 1

z−ξ ) in the half-plane

=m(g̃δ(z) − z) ≈ const. ×
−1
π
=m

( 1
z − Xs

)
,

and consequently

g̃δ(z) ≈ z +
const.
z − Xs

.
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Figure 8: The Loewner vector field coth( z−x
2 ) ∂z and its flow in S.

The constant has to be 2δ, by additivity of the half-plane capacity, so

1
δ

(
gs+δ(g−1

s (z)) − gs(g−1
s (z))

)
≈

2
z − Xs

.

Substituting z = gs(w) we expect to get

d
dt

gt(w)
∣∣∣
t=s =

2
gs(w) − Xs

,

which indeed could be proved by doing the argument a bit more carefully.
The Loewner chain (gt)t≥0 thus satisfies the Loewner differential equation

d
dt

gt(z) =
2

gt(z) − Xt
, (1)

where Xt is the image under gt of the position of local growth of the hulls, a continuous function
which we call the driving function of the Loewner chain (gt). This is a particular case of flows of
Loewner vector fields vx(z)∂z

d
dt

gt(z) = vXt (gt(z)), (2)

with the vector fields vx(z)∂z = 2
z−x∂z which are illustrated in Figure 7.

Note that the slit map of Figure 5 exemplifies this picture: if the driving function is constant
Xt = x for all t ≥ 0, then the solution of ġt(z) = 2/(gt(z)−x) with initial condition g0(z) = z is clearly
gt(z) =

√
(z − x)2 + 4t + x, the hydrodynamical conformal map fromH \ [x, x + i 2

√
t] toH.

1.3 On stochastic calculus

In these notes we essentially only consider continuous stochastic processes indexed by continuous
time t.

1.3.1 Martingales and optional stopping theorem

The information we have about stochastic processes accumulates in time, and this is represented
by a filtration (Ft)t≥0. The sigma algebra Ft represents information available at time t, so that in
particular for any stochastic process (Xt)t≥0 the value Xt at time t must be measurable with respect
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to Ft. The information is accumulating, meaning that sigma algebras become finer, Fs ⊂ Ft for
s < t. Usually we say there’s no information available at time zero, soF0 is the trivial sigma-algebra
{∅,Ω}. Typically we also consider the information contained in a given process (Xt)t≥0, in the sense
that Ft is the smallest sigma-algebra with respect to which all Fs, + ≤ s ≤ t, are measurable.

A stochastic process (Mt)t≥0 is said to be a martingale (with respect to the filtration (Ft)t≥0) if
the conditional expected value of the future of the process given the information at the present is
the same as the present value of the process, i.e. for all 0 ≤ s ≤ t

E
[
Mt

∣∣∣ Fs

]
= Ms.

Roughly speaking, martingales are stochastic processes which are conserved in mean. In partic-
ular, the expected value of a martingale is constant in time: with s = 0 the martingale property
reads

E
[
Mt

]
= M0 for any t ≥ 0.

A random time τ, whose occurrence before time t ≥ 0 can be decided with the information
available at time t, is called a stopping time. The optional stopping theorem states that if (Mt) is a
martingale and τ is a (finite) stopping time, then

E
[
Mτ

]
= M0.

1.3.2 Brownian motion

The standard Brownian motion onR is the process (Bt)t≥0 whose finite dimensional marginals are,
for 0 < t1 < t2 < · · · < tn,

P
[
Bt1 ∈ A1, . . . ,Btn ∈ An

]
=

∫
· · ·

∫
A1×···×An

exp
( n∑

j=1

(x j − x j−1)2

2(t j − t j−1)

) 1∏n
j=1

√
2π(t j − t j−1)

dx1 · · ·dxn,

where t0 = 0 and x0 = 0. Figure 9 shows a realization of the Brownian motion.
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Figure 9: Values Bt of a Brownian motion are plotted on the vertical axis against t on the horizontal
axis.

A few important properties of the Brownian motion are
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• The Brownian motion is the scaling limit of simple random walks: if Sn =
∑n

j=1 ξ j with ξ j

i.i.d. E[ξ j] = 0, E[ξ2
j ] = 1, then the law of the process (

√
δSbt/δc)t≥0 tends to the law of (Bt)t≥0

as δ↘ 0.

• For any ε > 0, the function t 7→ Bt is (almost surely) Hölder continuous with exponent 1
2 − ε,

but it is not Hölder continuous with exponent 1
2 .

• The process (Bt)t≥0 is centered Gaussian and, the value at time t is mean zero variance t
normal distributed, Bt ∼ N(0,

√
t).

• For any s ≥ 0, the increments Bs+t − Bs are independent of B|[0,s], and the increment process
(Bs+t − Bs)t≥0 has the same law as (Bt)t≥0.

• The process (Bt)t≥0 is a martingale.

• The process (B2
t − t)t≥0 is a martingale.

To check the martingale property of B2
t − t, we write for 0 ≤ s < t

B2
t = (Bs + Bt − Bs)2 = B2

s + 2 Bs (Bt − Bs) + (Bt − Bs)2

and recall that the increment Bt − Bs is independent of B|[0,s]. Then compute

E
[
B2

t − t
∣∣∣ B|[0,s]

]
= E

[
B2

s + 2 Bs (Bt − Bs) + (Bt − Bs)2
− t

∣∣∣ B|[0,s]

]
= B2

s + 2 Bs E[(Bt − Bs)] + E[(Bt − Bs)2] − t

= B2
s + 0 + (t − s) − t

= B2
s − s.

Characterizations of the Brownian motion

The standard Brownian motion onR could also be defined as the centered Gaussian process (Bt)t≥0
with covariance

E
[
Bt1 Bt2

]
= min {t1, t2} .

We will later use the fact that Brownian motion can be characterized using this property of
independent stationary increments: if (Xt)t≥0 is a continuous real valued process with X0 = 0, such
that for all s ≥ 0 the increment process (Xs+t−Xs)t≥0 has the same law as (Xt)t≥0 and is independent
of X|[0,s], then (Xt)t≥0 has the law of (√

κBt + α t
)

t≥0

for some κ ≥ 0, α ∈ R.
Another characterization of the Brownian motion by Lévy is the following: if (Xt)t≥0 and

(X2
t − t)t≥0 are continuous martingales and X0 = 0, then X has the law of standard Brownian

motion.

1.3.3 Stochastic calculus

We will need to do calculus with differentials of Brownian motion. The reader will find a proper
treatment of this stochastic calculus (or Itô’s calculus) in any of the textbooks [3, 4, 5]. Here we
will give an intuitive explanation of the meaning of such calculus and most important formulas
for working with it.

We will denote by dt a differential of the time parameter t of our stochastic processes, intuitively
this is to be interpreted as (∆t) j = t j − t j−1, where 0 = t0 < t1 < t2 < · · · is a discretization of time.
Expressions involving dt are always to be integrated (or the increments (∆t) j are to be summed)
over time intervals much longer than the mesh |∆| = max j(∆t) j of the discretization of time.
Similarly, we will denote by dBt a differential of the Brownian motion, corresponding intuitively
to (∆B) j = Bt j −Bt j−1 . Again, expressions involving dBt are to be integrated (or the increments (∆B) j
are to be summed) over finite time intervals much longer than |∆| = max j(∆t) j. Note that (∆B) j is

12
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a centered Gaussian of variance (∆t) j, independent of B|[0,t j−1], and it is a good intuition that dBt is
a centered Gaussian of variance dt independent of B|[0,t]. Thus the of size of dBt is of order

√
dt.

For example, if σ : [0,∞)R is a given deterministic function, then multiples σ(t j−1) (∆B) j of the
small independent centered Gaussians add up to a bigger centered Gaussian, and the expression∫ s+

s−
σ(t) dBt

is Gaussian with mean 0 and variance
∫ s+

s−
σ(t)2 dt, independent of B|[0,s−]. Note however, that in

the above example we needed that the coefficients σ don’t depend on B.
There is one important thing to pay attention to, the formula (dBt)2 = dt which may seem

counterintuitive — the squared random infinitesimal Brownian increment is deterministic in-
finitesimal time increment. One naive explanation is as follows. The square of the Brownian
increment ((∆B) j)2 has the law of (∆t) j times the square of a unit normal random variable. Thus
indeed the expected value is the time increment, E[((∆B) j)2] = (∆t) j. The randomness, on the
other hand, has too small scale: the variance of ((∆B) j)2 is 2((∆t) j)2, so summing over a finite time
interval with any bounded coefficients the increments squared results to a random variable which
is has variance which tends to zero as the discretization of time gets finer, |∆| = max j(∆t) j ↘ 0,
hence (dBt)2 becomes deterministic and is simply given by its expected value. Expressions such
that dBt dt and (dt)2 are zero, as the corresponding increments are of too small scale.

Itô’s formula

We consider stochastic processes (Xt)t≥0, whose infinitesimal increments have the form

dXt = αt dt + βt dBt,

where (αt) and (βt) are some processes (which are predictable with the information about the
Brownian motion B up to the corresponding time instant). Such an equation for the increments is
called stochastic differential equation, and a more appropriate meaning of it is

Xs = X0 +

∫ s

0
αt dt +

∫ s

0
βt dBt,

where the integrals in turn are to be understood as limits of discretizations.
Note that the conditional expected value

E
[ ∫ s2

s1

βt dBt

∣∣∣ B|[0,s1]

]
is zero, since the integral is a sum of multiples of Brownian increments which are independent
of B|[0,s1] (and the coefficients are independent of the increments due to the predictability require-
ment). Therefore we expect a process (Xt) with increments dXt = αt dt + βt dBt to be a martingale
if and only if α ≡ 0 (this is only slightly too naive because of issues of existence of the expected
values).

We often need to know what are the increments of a process which is obtained by applying
some function to another process. If dXt = αt dt+βt dBt and f is a twice continuously differentiable
function, then the increments of the process ( f (Xt))t≥0 are given by Itô’s formula

d f (Xt) = f ′(Xt) βt dBt + f ′(Xt) αt dt +
1
2

f ′′(Xt) β2
t dt.

It is easy to understand this formula as a Taylor expansion with the rules (dBt)2 = dt, (dt)2 = 0
and dBt dt = 0.

As a first example, we calculate

d(B2
t − t) = 2 Bt dBt +

1
2

2 dt − dt = 2 Bt dBt.

Indeed, no dt term remains, in accordance with B2
t − t being a martingale.

The Itô’s formula easily generalizes to a case where one has several independent Brownian
motions and their infinitesimal increments.
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Time changes of stochastic processes

Conformal invariance of two-dimensional Brownian motion

Exercise 3 Show that if K is a hull in the upper half-plane, (Bt) is a two-dimensional Brownian motion
Bt = [Bx

t ,B
y
t ]>, and τ = inf {t ≥ 0 : Bt ∈ K ∪R}, then

capH(K) = const. × lim
y→∞

y EB0=i y[=m(Bτ)].
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