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The World’s Most Complicated Set

   is a finite collection of points in a metric 
space:

• With more than 6 points …….



  

The Mathematics of Information 
and Knowledge

• Modern Science makes increasing 
demands on Mathematics. The problems 
include:

• Bigger Data Sets
• Faster Systems require Faster Algorithms
• More Complex Interactions
• “Nothing is Linear”



  



  



  



  



  



  

Social Networks



  

The Internet



  

The Web



  

Local Coordinates

•  Large Data Sets often appear with high 
dimensionality.

• We need to “reduce the dimensionality” to 
study them.

• Linear methods sometimes work…..BUT 
sometimes they don’t.

• A new method to put coordinate systems 
on data set is called Diffusion Geometry.



  



  

Difusion Geometry

• One builds a “Laplace-like” operator Δ on 
the data set.

• The Laplace operator Δ has 
eigenfunctions.

• One selects a small number of the 
eigenfunctions and uses them as a 
coordinate system on the data set.



  

Examples

• Search in multimodal data sets 
    (e.g. music + film + text).
• The PageRank algorithm, developed for 

search engines, is philosophically related 
to this approach. 

• Study of Protein Folding or other physical 
systems with extremely complicated 
description.



  

Picture from Cecilia Clementi et al. PNAS 2006 
Protein Folding State space



  



  

Here follows a movie by Dinoj 
Surendran (CS at U. Chicago). It 
shows such a coordinate system 
put on a data set of handwritten 

digits



  

Laplacian =  - (∂2/ ∂x2 + ∂2/ ∂y2 )
             notice the minus sign

    ↔  Graph Laplacian = Id – Av
          (Av = Average over neighbors,
           determined by given weights) 

          E = Expectation = 1/N ∑ F(xk)

 Here we sum over a data set with N points 
to get the average = E.



  

Eigenfunctions as Coordinate 
Systems

   On the unit circle the system
              ( sin(θ), cos(θ) ) = (x,y)
   is a beautiful coordinate system of Laplace 

Eigenfunctions. (!)
   On the (2D) sphere the corresponding 

system (of eigenfunctions!) is 
                          (x,y,z)
(Here we use Laplace-Beltrami for the sphere.)



  

Another example

  On the interval the functions {sin(nπx)} are 
Dirichlet eigenfunctions with eigenvalues

  n2π2  (also) provide good local coordinates.



  

Good Local Coordinates

A good local coordinate system on a 
(2 dimensional) Ball = B = B(x,r) is a system 

(F,G) such that 
                 z  → (F(z), G(z))  
is a “LOW DISTORTIAN” mapping of B to 

“almost” the unit Ball.
LD = a pure dilation followed by a C2 
        perturbation of a rotation



  

Euclid Kew about Eigenfunction 
Coordinates

Example: On the unit circle the “normalized” 
eigenfunctions {π-1/2sin(nθ), π-1/2 cos(nθ)} 
is a good local coordinate system for any 
interval of length  ≤  π/4. 

Here normalized means in L2:

              ∫ |F(z)|2 dVol(z) = 1

               



  

Eigen Review

On a good object (= compact manifold, domain in 
Rd, graph) of finite volume with Laplacian Δ,

There is a complete orthonormal basis of 
eigenfunctions {φk},

                      Δ φk = λk φk

Dirichlet:    φ = 0 on boundary 

Neumann: ∂φ/∂n = 0 on boundary  
 



  

An eigenfunction on the “stadium”. 
Picture by Doug Stone (Yale).



  

Diffusion Geometry

  The idea of using eigenfunctions as good local coordinate 
systems has appeared in the last ~ 15 years. Many 
authors in many communities. This goes under the 
general name of spectral geometry. One model is called 
Diffusion Geometry = special version of Δ on data sets. 

   Empirical observation: It often works in many siuations 
where PCA does not, and is used for “dimensional 
reduction”. But:

                     Why does it work?
       WE NOW DISCUSS A CONTINUOUS
    VERSION, WHERE A THEOREM EXPLAINS 
    WHY IT WORKS.



  

Approximate Statement

Theorem (J,M,S) For a domain D or Manifold M of 
Volume = 1, the Laplace Eigenfunctions   form a 
universal coordinate system on embedded balls.

 d = dimension, B(x,r) an embedded ball
 ⇒ exist exactly d eigenf’s {φ1, φ2, …, φd}, that

 BLOW UP B(x,εr) to AT LEAST Size 1. 
             (and with LOW DISTORTION)
Eigen Rule: λk ~ r-2

In other words, the eigen functions “find the 
manifold, and epsilon is universal.



  

Slightly More Precise Statement

(Example) Let M be a Riemannian Manifold 
of dimension d, with volume = 1. Let B(x,r) 
be any embedded ball in the manifold. 
Then we can choose exactly d global 
eigenfunctions (labeled {φ1, φ2, …, φd}) 
such that

         x → {δ1(x), δ2φ2(x), …, δdφd(x)}

   Is an almost distortionless map to the unit 
ball. (Eigfunctions depend on x and ball.)



  

Even More Precise

• The values of δ are less than one, and 
there is a simple form for them in terms of 
the corresponding eigenfunction.

• The mapping is “good” on the central “half” 
of the ball.



  

x→{φ1(x), φ2(x)} …,φd(x)}
on “1/2” of an embedded red ball

φ

• The ellipse has size at least 1. This has an 
analogy with good old Riemann Mapping 
Theorems! 



  

Don Marshall’s Pictures of grids on 
the unit disk mapped to a new grid 

on a “snowflake domain”.

• The “boxes” in the grid map from the 
domain to the disk by the Riemann 
Mapping. The distortion is low, i.e. each 
domain box maps to a corresponding box 
in the disk by a map that is a small 
perturbation of a linear map.



  



  



  



  



  

The Riemann Map F sends “good 
disks” to “almost disks” 
F: Domain → Unit Disk
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