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Billiards

S
Q= T2n" [, C strictly convex scatterers

Billiard ow : St:M!M ,(q;v)2M =Q Sl jvj=1
Uniform motion within Q, elastic re ection at the
boundaries
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Cy are C® smooth and disjoint (no corner points):;
nite horizon : ight length uniformly bounded from above

Billiard map is ergodic, K-mixing (Sinai '70)
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Cy are C® smooth and disjoint (no corner points):;
nite horizon : ight length uniformly bounded from above

Billiard map is ergodic, K-mixing (SinaiF‘{70)
EDC:f;g:M! R Holder continuous, fd = gd =0
letCh(f;g)= (f g T"),thenjCy(f;g)] C "for
suitable C > 0and < 1

Young '98 — tower construction with exponential tails,

Chernov & Dolgopyat '06 — standard pairs,
Demers & Zhang '12 — spectral gap.

CLT:letSf=f+f T+ :::+F1; TN 1,th§n
gL =§ N(0; ) where 2= f2d +2  Cq(f:f)
n=1
Bunimovich & Sinai '81
ASIP Melbourne & Nicol '06, Chernov '06, Stenlund '12.
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Cusps, stadia, in nite horizon

cusp: stadium: 1 H:
long series bouncing orbits arbitrary long ights
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Decay of correlations

Cusp map:
Rehéacek '95 ergodicity

Machta '83 numerics and heuristic reasoning for

Cn(f;g) 1=n
Chernov & Markarian '07: Co(f;g) Clo¢n
Chernov & Zhang '08: C,(f;g) C2

Summary and Outlook

Stadium map: Markarian '05, Chernov & Zhang '08

Cn(f;g) Cs
Not summable ) non-standard limit law?
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Superdiffusion in dispersing billiards with cusps

Theorem (Chernov, Dolgopyat & B. 2011)

Denote by r; 2 C; and r, 2 C, the two
points that make the cusp.

Ly
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Superdiffusion in dispersing billiards with cusps

Theorem (Chernov, Dolgopyat & B. 2011)

Denote by r; 2 C; and r, 2 C, the two
points that make the cusp.

RZ
Let l; = (f(re; )+ f(r2; ) ()d
=2

p____
Ly W|th ( ): 71?2 cos

cos d
=2

if I 6 O then p% SN (0;Dy)

where D¢ = ¢ I? and ¢ is some numerical
constant.
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Superdiffusion in dispersing billiards with cusps

T

e}

Theorem (Chernov, Dolgopyat & B. 2011)

Denote by r; 2 C; and r, 2 C, the two
points that make the cusp.

RZ
Let l; = (f(re; )+ f(r2; ) ()d
=2

p__
with ( ): %
Rép____
cos d
=2

; Saf .

ity 6 0 then p2al_ YN (0:Dy)

where D¢ = ¢ I? and ¢ is some numerical
constant.

if It = 0 then S,f satis es standard CLT.
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Superdiffusion in the other models

Gouézel & B. 2006.f : M ! R,
fy=0,
(=0,

Let s = sl SZf(r; z)dr.

if I 6 0 then p%gn N (0;D)

_ 4+3log3
where Dy = 3log3

2
Rk
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Superdiffusion in the other models

Gouézel & B. 2006.f : M ! R,
()= 0,

‘" \\ Let s = RS[S f(r; 5)dr.
// 1 2

if I 6 0 then % N (0;D)

_ 4+3log3 2
where Ds = 7 31093 C I;
X2 M w.rt

St(x) unfold trajectory to R?

S _ .
PE =YN (0;D),

D: corridor sum

Szész & Varju 2006, Chernov &
Dolgopyat 2009
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Motivation

1. Brownian Brownian motion — Chernov & Dolgopyat '09

m M (separation of time scales)
SDE for large particle:

dv = o(f)dw

collisions of the heavy particle with
the wall?

2. Triangular lattice with small opening

How does the planar
diffusion depend on "?
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Convergence in distribution vs. moments

Summary and Outlook

Let mq denote the gth abs. moment of the standard Gaussian.
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Consider (M;T; )ergodicandf : M ! R integrable such that
SL=IN (00,

(sayan = Dfnorap= Dsnlogn).
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Convergence in distribution vs. moments

Let mq denote the gth abs. moment of the standard Gaussian.
Consider (M;T; )ergodicandf : M ! R integrable such that

SL=IN (00,
(sayan— Dinora,= Dsnlogn).

q
Does that mean ?a—”nf !
Melbourne & To6rok, 2011 yes, if

(M;T; ) can be modeled by a Young tower withn ( *1)
tails, > 1 (standard CLT case)

f Holder,q < 2 .
forq> 2 :9C st C Ind (jSnfj9) Cn9
q=2:C In (jSnfj%) C(nlogn) .

mq ?
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Cusps: pm —S)N (0; D¢).
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Convergence of the second moment

. pSof .
Cusps: pm —S)N (0; D¢).

Theorem (Chernov, Dolgopyat & B. 2012)
((Snf)?) = 2Dsnlogn(1 + o(1)).
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Convergence of the second moment
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Cusps: pm —5)N (0; D¢).

Theorem (Chernov, Dolgopyat & B. 2012)
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1 H Lorentz gas: ptSTgt YN (0;D)
((S)?) = 2Dtlogt(1 + o(1));
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Convergence of the second moment

. pSaf .
Cusps: pm —5)N (0; D¢).

Theorem (Chernov, Dolgopyat & B. 2012)
((Snf)?) = 2Dsnlogn(1 + o(1)).

1 H Lorentz gas: ptSTgt YN (0;D)
((S)?) = 2Dtlogt(1 + o(1));

numerics and heuristics; Dettmann 2012
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of the cusp.
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KN rst return map
I R: M !P N unbounded return time
H P = R% 1¢(Tkx) induced
f observable
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The rst return map

Let I = M nMg where Mg is a xed small nbd.
of the cusp.

T:M1 K rstreturn map
R : M !_ N unbounded return time
f(x) = P RO 1 £(Tkx) induced
observable
limit law for §,F implies limit law for S,f
(Melbourne & Torok '04, Gouézel '04)

D
Dr = gy = (M)Dy
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Fast mixing of the rst return map

Lemma (C1)

Themap T : M ! M is uniformly hyperbolic and it satis es the
Growth Lemma (“Expansion prevails fractioning”)
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Themap T : M ! M is uniformly hyperbolic and it satis es the
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EDC for Holder observables
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i f T c "withc>0; < 1forn 1
Not for n = 0 as f is not Holder and not in L2
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Fast mixing of the rst return map

Lemma (C1)
Themap T : M ! M is uniformly hyperbolic and it satis es the
Growth Lemma (“Expansion prevails fractioning”)

so that (via e.g Young tower or standard pairs)
EDC for Holder observables

Lemma (C2)
i f T c "withc>0; < 1forn 1
Not for n = 0 as f is not Hélder and not in L2

Summarizing: the sequencef‘x T behaves almost like an i.i.d.
sequence
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Mn =Sfx 2 MjR(x) = ng n-cell

L= oM low cells, Hn = j>nMj high cells
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R2 P——
(recalll = ¢, (f(ra; )+ f(rz; )) cos( )d )
=2
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Blow-up of 2

Mn =Sfx 2 MjR(x) = ng n-cell

Lo = oM lowcells, Hn = >, M; high cells

Lemma (C3)

fim, = nI(1+ o(1))

R2 P——
(recalll = ¢, (f(ra; )+ f(rz; )) cos( )d )
=2

AHp) = %(1 + 0(1)) (here c4, Cc, are numerical constants)

hence ~(f2 1j,,) = 2lognDy(1 + 0o(1))

iff Tnwere i.i.d, it would belong to the non-standard domain

of attraction of the normal law
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Decorrelation: Bernstein's big-small block technique.
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Estimation of the characteristic function
Szasz & Varju; Gouézel & B. 2006 : Young towers

Truncation Let f=71 1jr

nloglogn

2
POj n:f fief fi) cn p_li !
nloglogn

Decorrelation: Bernstein's big-small block technique.

need to treat E exp(p@) :

nlogn

Taylor approximation
moment estimates
Cauchy-Schwartz inequalities

Recall: A(f2 1j;,) = 2lognDy(1 + o(1))
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Second moment convergence

((Snf)?) =
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(SfD=n ("t T+ o),
k= n

Mm=[sT Mn
T (M m) = O(%)
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Seconpd moment convergence
((Snf)?) = n (f f T+ o),

k= n
- Mm=[sT Mn
T M m)= O(&)
A I Lmz[j mMj
A I |'|m=[j>mMj
M — (Hm) = O()

P R P
(f fTh="  (f() f(Tkx))d (x)+ O(1) =
- k

k= n = n
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Second moment convergence

(SH)=n (¢t  f T+ o),

k= n

Mm=[poT Mn
(M m) = O(3)

Lm= [j mM
- Hm = [j>m|vI j
[ | (Hm) = O(s)
P R p
(f f Tk) = |—n—1o(f(x) f(TkX))d x)+ O(1) =
k= n - k= n
nplonp 1R mA 1
= Timg, (F(X) CHTEX))d (x)+ O(1) =

m=1j=0 k=j
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Second moment convergence

(SH)=n (¢t  f T+ o),

k= n

Mm=[poT Mn
(M m) = O(3)

Lm= [jrnMJ
- Hm:[PmMj
| | (Hm) = O(%)
P R p
(f f TK)= Ln_1o(f(x) f(Tkx))d (x)+ O(1) =
k= n - k= n
nplonp 1R mp
= o Timg (F) CHTEX))d (x)+ O(1) =
m=1j=0 k= j

(2 1j._)+ O(1) = 2lognD;(1+ o(1))
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Renewal process 0 < Tg < Ty < sit. Ly =T T qiid,
P(Ly > x) bx 2asx!1 ;E(L)= m.

Stationarity: k(t) = minfk  0: Ty > tg; H(t) = Ty
P(H(t) > u) = P(To > u) =
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < sit. Ly =T T qiid,
P(Ly > x) bx 2asx!1 ;E(L)= m.

Stationarity: k(t) = minfk  0: Ty > tg; H(t) = Ty
PH(t) > u)= P(To>u)= & ' P(Ly>x)dx L
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < sit. Ly =T T qiid,
P(Ly > x) bx 2asx!1 ;E(L)= m.

Stationarity: k(t) = minfk  0: Ty > tg; H(t) = Ty
PH(t) > u)= P(To>u)= & ' P(Ly>x)dx L

mu-
0, 1;::i:abei.i.d. 1 fair cointosses, (t)= (ift2 [Tk 1;Tk];
S(T)= , (tdt:

. . AS(M) . b
L|m|tlaw.pTgT—5)N 0;

b
m
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < sit. Ly =T T qiid,
P(Ly > x) bx 2asx!1 ;E(L)= m.

Stationarity: k(t) = minfk  0: Ty > tg; H(t) = Ty
PH(t) > u)= P(To>u)= & ' P(Ly>x)dx L

0, 1;::i:abei.i.d. 1 fair cointosses, (t)= (ift2 [Tk 1;Tk];
S(T)= , (tdt:

. . AS(M) . b
L|m|tlaw.pTgT—5)N 0;

b
m

RR
Second moment: E S%(T) =2 o<s<t<T EC (8) (1)) dsdt:
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Doubling effect in an independent setting

Renewal process 0 < Tg < Ty < sit. Ly =T T qiid,
P(Ly > x) bx 2asx!1 ;E(L)= m.

Stationarity: k(t) = minfk  0: Ty > tg; H(t) = Ty
PH(t) > u)= P(To>u)= & ' P(Ly>x)dx L

0, 1;::i:abei.i.d. 1 fair cointosses, (t)= (ift2 [Tk 1;Tk];
S(T)= , (tdt:

o . nS(M _ b
L|m|tIaW.PTgT—5)N 0;

Second moment: E S%(T) = 2 o<s<t<T EC (8) (1)) dsdt:
E((s) (1)) = PH(s)>t s =P(Tg>t s):
E S¥T) 2 Dlog(T s)ds ZTlogT:

0<s<T m
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Superdiffusion in dispersing billiards with cusps

T

e}

Theorem (Chernov, Dolgopyat & B. 2011)

Denote by r; 2 C; and r, 2 C, the two
points that make the cusp.

RZ
Let l; = (f(re; )+ f(r2; ) ()d
=2

p__
with ( ): %
Rép____
cos d
=2

; Saf .

ity 6 0 then p2al_ YN (0:Dy)

where D¢ = ¢ I? and ¢ is some numerical
constant.

if It = 0 then S,f satis es standard CLT.
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Corner series

For simplicity assume that C; and C, are circles of radius 1.
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Coordinates: distance from cusp, = 5
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Equations of motion

| 0o 0= .

b = sin sin ¢
a=2 cos cos 9
and

a= btan( + )

in 0 ; — 2 cos ° cos
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Equations of motion

0 0= 4

b = sin sin ¢
a=2 cos cos O
and

a= btan( + )

sin 9 sin =

Throughout the corner series: 1, <
in a “large part” of the corner series:

Summary and Outlook

2 cos ° cos
tan( + )
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Equations of motion

0 0= 4

b = sin sin ¢
a=2 cos cos O
and

a= btan( + )

sin sin = ()
Throughout the corner series: 1, <
in a “large part” of the corner series:
2

0 . 0 :
2 :
' tan( )

Summary and Outlook

2 cos ° cos
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2
tan( )

well approximated by
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Flow approximation

2 .
2 0 @y Wwell approximated by
2
2 ; = @y q o
2sin is rstintegral, so _=2 g ; dt= 2—pSJlLd

R
proportion of time between ; and » P sin d
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Flow approximation

0 2 0 tan(z) well approximated by
2
=2 ; = @y q 0
J= ?sin is rstintegral, so _= 2 gi-; dt= “p%-d
R
proportion of time between ; and » P sin d
1

Recall I; = ¢ 2(f(rl; )+ f(ry; ))p cos( )d
=2
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Flow approximation

2

well approximated by

; @n( )
2
=2 ; = @y q 0
J= Zsin is rstintegral, so _= 2 i dt= 22 =—d
R
proportion of time between ; and » P sin d
1
R? p
Recall lf = ¢ (f(ry; )+ f(rp; ) cos( )d
=2

, 1Rp__ 1
length of the excursion R = ¢cJ 2 sin d =cJ 2
0
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Flow approximation

0 2 0 tan(z) well approximated by
2

:2; = :

- - tan( )"

q— P—

J= Z?sin is rstintegral,so _=2 S-; dt= 2—98ng
R

proportion of time between ; and » IOsin d .

1
2

Recall lf = ¢ (f(ry; )+ f(ro; ))p cos( )d
=2
, 1Rp__ 1
length of the excursion R = ¢cJ 2 sin d =cJ 2
0

hence (Hy)= (R>n)= (J< %)= (2< $)= 25
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Superdiffusion in the straight stadium

Gouézel & B. 2006.f : M ! R,
f)= 0.
(=0,

Letl; = sl SZf(r; z)dr.

if I 6 O then % SN (0;D)

— 4+3log3

where D = 7351503 37003

2
cl
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in cusp or in nite horizon;,
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in stadium: E(R(TX)jR(x) = K) = K(1+ o(1)) for some

< 1, computable
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4+3IogS9
Why 4 3log3*

KI: leaving one of the semicircular arcs.

in cusp or in nite horizon;,
E(R(TX)jR(x)= K)=c¢c K(1+ o(1))

Summary and Outlook

in stadium: E(R(TX)jR(x) = K) = K(1+ o(1)) for some

< 1, computable =) i.i.d. clusters
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pSif_ KN (0;Dy) with explicit Dy;

nlogn

((Shf)?®  2D¢nlogn.
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Summary

Dispersing billiards with cusps:
pSif_ KN (0;Dy) with explicit Dy;

nlogn

((Shf)?®  2D¢nlogn.
analogous systems: stadia, 1 H Lorentz gas.
Questions (work in progress):
extend second moment result
other moments
(dispersing billiards with tunnels...)

Thank you for your attention!

Summary and Outlook
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Work in progress

Denote be T- : M ! M the billiard map
same phase space, samef:M! R



Setting Anomalous phenomena Skeletons of arguments Further details Summary and Outlook

(ele] 000 000 0000
[e]e] oo 000 oo

Dispersing billiards with tunnels

Work in progress
Denote be T- : M ! M the billiard map
same phase space, samef:M! R

for xed "> O this is a Sinai billiard, hence
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Dispersing billiards with tunnels

Work in progress

Denote be T- : M ! M the billiard map
same phase space, samef:M! R

for xed "> O this is a Sinai billiard, hence
CLT:

gL N (0; D) with
Ds;» = Dyjlog”j(1 + o(1))
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m M (separation of time scales)
SDE for large particle:

dv = o(f)dw

collisions of the heavy particle with

i ; the wall?




Setting Anomalous phenomena Skeletons of arguments Further details Summary and Outlook

Motivation

1. Brownian Brownian motion — Chernov & Dolgopyat '09

m M (separation of time scales)
SDE for large particle:

dv = o(f)dw

collisions of the heavy particle with
the wall?

2. Triangular lattice with small opening

How does the planar
diffusion depend on "?
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In nite horizon with eld |

Add eld E transversal to corridors, jJEj =" 1
+ thermostating: Gaussiany.= E h E;viv
free ight L- £ is bounded, but depends on " .
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SRB measure (non-equilibrium steady state)
currentJ = «(L»)
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In nite horizon with eld Il

Chernov-Dolgopyat 2009:
SRB measure (non-equilibrium steady state)
currentJ = «(L+)= 3jlog"jD E + O(")

uctuations: Ssp_In =N (0:D-) with
D- = jlog"jD_ (1 + o(1)).

Nele

Summary and Outlook
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a=2 cos
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Corner series for tunnel

Coordinates: ; as for cusp

a=2 cos

0 2 cos 9 cos +

tan( + )

Summary and Outlook
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Flow approximation for tunnel

2+ n
—=25 F tan( )
q
J=( 2+ ")sin is rstintegral,so _=2 = 2 2 "
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Flow approximation for tunnel

=2 — 2+ )
- - tan( )
. - - q
J=( 2+ ")sin is rstintegral,so _=2 = 2 >

Fix some small 4. We distinguish three cases:

J>"= g; J< o' and J=" L.

Summary and Outlook
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S

. J

J=( %+ ")sin; =2 =2 — "
Sin

J > ||: 0:
> 0and 2 " throughout the excursion

Summary and Outlook
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Cusp case
s
—_ 2 n H . —_— —_ J "
J=( “+")sin; =2 = 2 —
sin
J>"= 0-
> 0and 2 " throughout the excursion

cusp estimates apply, however R = CJ 172 &£

Contribution to the variance: "(1‘\2 1ch_,) = Dyjlog”]
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Crossing case

J=( %+ ")sin ;

1
N

1
N

J<"
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J=( ?+")sin ;

< o< 5, however, changes sign
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Crossing case

J=( %2+ ")sin;

1
N
1
N

J<" o
< o< 5, however, changes sign
R=CJ="2 £ and*J <" ()= O(")
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Crossing case

J=( ?+")sin ;

1
N
1
N

J<" o
< o< 5, however, changes sign
R=CJ="%2 & and NI <" ¢)= O(")
O(1) contribution to the variance.
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The third case

What is in between?

= 0; = =2isahyperbolic xed point (period two orbit)
Saddle case: if J ", R can be arbitrary large, however, it is
dominated by the hyperbolic periodic orbit

< :
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The third case

What is in between?
= 0; = =2isahyperbolic xed point (period two orbit)
Saddle case: if J ", R can be arbitrary large, however, it is
dominated by the hyperbolic periodic orbit
O(1) contribution to the variance.
Cl
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