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Motivation

Molecular Car

[Kudernac, T. et al., Nature 479, 208–211,
2011]

Molecular lift

[Badjić, J et al., Science, 303 (5665),
1845–1849, 2004]

2



Motivation

The objective
To assign a (stochastic) work value to any given process described by some Hamiltonian
H(t) and state ψ(t) in a way consistent with thermodynamic principles, e.g., for closed
systems ⟨W⟩ =

∫ τ
0 dt TrρḢ = ⟨H(τ)⟩ − ⟨H(0)⟩.

The problem
In the stardard interpretation of QM, energy is not always well defined.
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0 dt TrρḢ = ⟨H(τ)⟩ − ⟨H(0)⟩.

The problem
In the stardard interpretation of QM, energy is not always well defined.

3



The Two Point Measurement (TPM) protocol

The most widely accepted approach to this problem (for closed evolution) is the TPM
protocol.

W = Ẽm − En

It has been studied in many different contexts such as Fluctuation relations1, open
systems2, continuously measured systems3, Dirac particles4 and implemented
experimentally5.
1Campisi, Hänggi, and Talkner 2011.
2Campisi, Talkner, and Hänggi 2009.
3Campisi, Talkner, and Hänggi 2010.
4Deffner and Saxena 2015.
5An et al. 2014; Batalhão et al. 2015.
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The Two Point Measurement (TPM) protocol

Two main critiques of the TPM definition:

• It generates a different process from that we had in the first place. In particular, for
initial states that are not energy eigenstates, ⟨W⟩ ̸= ⟨H(t)⟩ − ⟨H(0)⟩.

• The evolution is not unitary during the measurement steps! The system dynamics
become open during the measurement and the identification of work with change
in ”internal energy” is no longer obvious.
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Other approaches

Power or work operator : W = U†
τH(τ)Uτ − H(0).

Gives sensible results for the first two moments but leads to some strange results
otherwise7 – It is possible to find eigenstates |0⟩ of W such that

W |0⟩ = 0 |0⟩

while ⟨
0|U†

τHk(τ)Uτ |0
⟩

̸=
⟨
0|Hk(0)|0

⟩
, k > 2

7Allahverdyan and Nieuwenhuizen 2005.
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Other approaches

• FCS:8 Couple the system to a ”quantum detector” at the beginning and end of the
protocol. The detector is prepared in a superposition of momentum eigenstates and
the relative phase between these states is measured at the end of the evolution.

P(W) =
∑
i,k,j

pikjδ[W− (ϵ̃j − (ϵi + ϵk)/2)]

Not a probability distribution, P(W) can be negative!
• Wigner space:9 Phase space trajectories based on the Wigner distribution. Same
problem.

• Consistent Histories10: Based on the consistent histories interpretation. Same
problem.

8Solinas and Gasparinetti 2016.
9Deffner 2013.
10Miller and Janet Anders 2017.
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A ”No-Go Theorem”
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A ”No-Go Theorem”

The requirements: Find P(W) such that

1. ⟨W⟩ = ⟨H(t) − H(0)⟩.
2. P(W) = PTPM(W), ∀ ρ(0) =

∑
n pn |n(0)⟩ ⟨n(0)|.

3. P(W) > 0,
∫
P(W)dW = 1.

The assumptions:

• P(W) = TrρM(W), with M(W) a positive operator independent of ρ.

Result: No such universal POVM.

“Our results show that two physically necessary properties of quantum work, namely,
respecting the classical limit and obeying the first law of thermodynamics, cannot be

simultaneously measured”11

11Perarnau-Llobet et al. 2017.
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Quantum Thermodynamics based on the quantum
Hamilton-Jacobi Equation
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Bohmian Mechanics

• Bohmian mechanics (BM) is an alternative description of quantum mechanical
phenomena fully consistent with experimental observations.

• It’s a theory about point particles and how they move in space. It allows a phase
space and configuration space description such that quantities and concepts from
classical statistical physics can be naturally generalized.

• All the machinery of operators, observables, projections, observation, ”colapse”, etc
can be recovered and interpreted from these trajectories.
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Bohmian Mechanics

Kocsis et al. Science 332.6034 (2011):
1170-1173.

Typical numerical simulation
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In a nutshell

• The particles have well-defined positions at all times.

• The initial positions cannot be known with absolute
certainty and a distribution ρ(x, t = 0) must be
provided. The initial momenta is fixed by a field
S(x, t = 0).

• The evolution of ρ and S is compactly given by the
Schrödinger equation (or Dirac, KG, Pauli, etc)

iℏ∂tψ(x, t) = (Hψ)(x, t) ψ(x, t) =
√
ρ(x, t)eiS(x,t)/ℏ

• Once ψ(x, 0) and a initial point
x(0) is specified the trajectory
x(t) = Φt(x0) is fully determined.

Classical Quantum
(X,P) → (X, ψ)

• Mixed states are described by
statistical mixtures of wave
functions. The statistical mixture
specifies the density operator!
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The quantum Hamilton-Jabobi Equation

• Consider a system of N particles with Hamiltonian H =
∑

i Hi + Vint,Hi = Pi + Vi.

• Go to the hydrodynamic representation of the many-body wave function
ψ(r, t) = R(r, t) exp(iS(r, t)/ℏ)

• The real part of the Schrödinger equation yields

E(ψ)(r, t) = −∂S(ψ)(r)
∂t =

N∑
i=1

(
(∇iS(ψ))2
2mi

+ V(i)(ri;λ)
)
+ Vint(r) + Q(ψ)(r, t)

where r ≡ (r1, r1, . . . ), mi the mass of particle i, Vint(r) accounts for the (classical)
interaction between all particles, Vext(r;λ) accounts for an external potential
described by some control parameter λ, possibly time dependent,
Q(ψ) ≡ −ℏ2

∑
i(∇2

i R)/2miR is the quantum potential.
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Single Particle, 1D

Consider a single particle in one dimension described by the Hamiltonian
H(t) = P2/2m+ V(X, t). The corresponding HJE is given by,

E(ψ)(x, t) = −∂tS(ψ)(x, t) = ℜ (Hψ)(x, t)
ψ(x, t) =

(∂xS(ψ))2
2m + V(x, t) + Q(ψ)(x, t)

from which we can formally define an Hamiltonian in phase-space,

H(ψ)(x,p, t) = p2
2m + V(x, t) + Q(ψ)(x, t) , E(ψ)(x, t) = H(ψ)(x, ∂xS(ψ), t).

The trajectories are then given by Hamilton’s equations of motion,

ẋt = ∂pH(ψ) ṗt = −∂xH(ψ)

for the initial condition ẋ0 = ∂xS(ψ)

m (x0,0).
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Single Particle, 1D

Some comments about E(ψ)(x, t):

• E(ψ)(x, t) = ℜ (Hψ)(x,t)
ψ(x,t) is experimentally accessible. In the language of weak

measurements, it is the weak value of the Hamiltonian with pre-selection on |ψ(t)⟩
and post-selection on x.

• If ψ is an eigenstate of H with eigenvalue e, than E(ψ)(x, t) = e.
•

⟨
E(ψ)

⟩
=

∫
dx|ψ(x, t)|2ℜ ⟨x|H|ψ(t)⟩

⟨x|ψ(t)⟩ = ⟨ψ(t)|H(t)|ψ(t)⟩

•
⟨
E(ψ)2

⟩
=

⟨
ψ(t)|H2(t)|ψ(t)

⟩
− ℏ2

4 I(t), with I(t) =
∫

dx(∂tρ)/ρ is known as the Fisher
information.
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Single Particle, 1D

Now we just use the classical definition for the total (mechanical) work along a single
trajectory xt = Φt(x0),

w(ψ)(x0) =
∫ τ

0
dt ∂tH(ψ)|xt = E(ψ)(xτ , τ) − E(ψ)(x0,0)

and the probability distribution is given by

P(W|ψ) =
∫

dx0 |ψ(x0,0)|2δ(W− w(ψ)(x0))

For a statistical mixture {ψ(j)} with distribution pj > 0,
∑
pj = 1,

P(W) =
∑
j

pj P(W|ψ(j))

15



Properties of P(W)

• Well defined probability distribution : P(W) > 0,
∫

dWP(W) = 1.

• It is mixture dependent! Different mixture with the same density operator will give
different distribution in general.

• Average work given by the change in expectation value of the Hamiltonian :
⟨W⟩ = Tr{ρ(0)(U†

τH(τ)Uτ − H(0))}. Independent of the mixture!
• Valid for any unitary process including measurements (if apparatus included in the
model). It naturally captures the fact that when measurements are performed the
work distribution changes.
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Relation to the no-go theorem

• P(W) cannot in general be written in the form TrρM(W) and thus the theorem does
not apply.

• One can consider state dependent positive operators M(W)(ρ) or mixture dependent
definitions.

• The requirement of ”respecting the classical limit” should be more rigorous – one
should recover the classical definition of work whenever it applies.

• Recovering the TPM definition should be enforced only when the evolution remains
unitary.
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Example - Driven 1D Harmonic Oscillator

Consider a driven harmonic oscillator with Hamiltonian

Ĥ = p̂2/2m+mω2x̂2/2+ x̂A sin(ωt) + p̂A cos(ωt)/mω.

For an initial eigenstate |n⟩ of the HO, the phase S(x, t) is
given by

S(n)(x, t) =(−ℏω(n+ 1/2) + A2/2mω2)t− A
ω
x(cos(ωt)

+ ωt sin(ωt)) + A2
4mω3 (2ωt cos(2ωt) + ((ω2t2 − 1) sin(2ωt))

and trajectories,

xn(t) = x0 +
A

mω2 [ωt cos(ωt) − sin(ωt)]
-�� -� � � �� ��

�

�

�

�

�

��
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Example - Driven 1D Harmonic Oscillator

Consider a driven harmonic oscillator with Hamiltonian

Ĥ = p̂2/2m+mω2x̂2/2+ x̂A sin(ωt) + p̂A cos(ωt)/mω.

For an initial coherent state |η⟩ of the HO, the phase S(x, t) is
given by

S(η)(x, t) = − ℏω
2 +

AℏηIt
µ

− x[(At+ ηRµ) sin(ωt) − ηIµ cos(ωt)]

− ℏ(ηR + At/µ)ηI cos(2ωt) +
ℏ
2 [(ηR + At/µ)2 − η2I ] sin(2ωt)

and trajectories,

xη(t) = x0 − ηR2ℏ
µ

+

(
At
mω + ηR

2ℏ
µ

)
cos(ωt) + ηI

2ℏ
µ
sin(ωt),

with µ =
√
2ℏmω. -�� -� � � �� ��

�

�

�

�

�

��

��

�������� (�)

�
��
�
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Example - Driven 1D Harmonic Oscillator

For the initial eigenstate, the work along a trajectory xn(t),
from 0 to τ is given by,

W[xn(t)] =
A2τ 2
2m + Aτx0ω cos(ωτ),

and for the initial coherent state along a trajectory xη(t),

W[xη(t)] = Aτ
[
Aτ
2m +

√
2ℏω
m ηR

]
+

[
x0 − ηR

√
2ℏ
mω

]
×{A[ωτ cos(ωτ) + sin(ωτ)] + ωµ[ηR(cos(ωτ) − 1) + ηI sin(ωτ)]}

-�� -� � � �� ��
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Example - Driven 1D Harmonic Oscillator

Consider now two distinct mixtures over eigenstates {n} and coherent states {η} with
the same density operator ρβ = exp[−βH(0)]/Zβ . Namely,∑

n

e−βEn

Zβ
|n⟩ ⟨n| = 1

πn̄

∫
d2ηe−|η|2/n̄ |η⟩ ⟨η| = ρβ ,

where n̄ = 1/(exp(βℏω) − 1) is the average excitation number.

Average work
⟨W⟩{n} = ⟨W⟩{η} = Trρ∆H =

A2τ 2
2m

Average exponentiated work

⟨
e−βW⟩

{n} = 1− β
(Aτ)2
2m sin2(ωτ) + O(β2)⟨

e−βW⟩
{η} = 1+ βℏω sin2

(ωτ
2

)
+ O(β2)
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Open systems

A possible (phenomenological) starting point is the Langevin-Schrödinger equation

iℏ∂tψ(x, t) =
[
H0 + γ/m

(
S(x, t) − ⟨S⟩ψ

)
− xξ(t)

]
ψ(x, t)

−∂tS =
(∇S)2
2m + V(x, t) + Q(x, t) + ℏγ

(
S(x, t) − ⟨S⟩ψ

)
− xξ(t)

From which we get the equation of motion,

ẋ = ∇S/m , ṗ = −∇(V+ Q) − γp/m− ξ(t)
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Open systems

Single trajectory first law: Sekimoto prescription12

• Including Q as part of the internal energy:

d
(
p2
2m + V+ Q

)
= ∂t(V+ Q)dt+ (−γp/m+ ξ(t))dx

• Not including Q as part of the internal energy:

d
(
p2
2m + V

)
= ∂tV dt− ∇Q dx+ (−γp/m+ ξ(t))dx

In either case, ⟨dU⟩ = ⟨∂tV dt⟩ + ⟨(ξ(t) − γp/m)dx⟩ = ⟨đw⟩ + ⟨đq⟩.

12Sekimoto 2010.
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Future directions

• Open systems - general case, quantifying entanglement and coherence, heat,
entropy, etc.

• Markovian environment - A Bohmian stochastic thermodynamics picture?
• Fluctuation relations - Is there a new non-equilibrium quantity that relates to
equilibrium values?

• Thermodynamics of measurements and observation.
• Application to molecular machines, heat engines, solid-state devices, etc
• Equivalent trajectory-based formulation for circuit-QED - [x,p] → [ϕ,N]. Using the
versatility of quantum circuits to test, simulate and measure these quantities.
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Conclusions

• Bohmian mechanics provides a natural framework to generalize the classical notion
of work based on the QHJ equation.

• A well defined work distribution can be constructed for any unitary process
respecting the first law of thermodynamics and the classical limit.

• It naturally captures the effect of measurements in the distribution as a particular
case of open dynamics – in general, work can no longer be identified as change in
internal energy.

• It suggests that the statistical mixture itself may play a bigger role that usually
anticipated.

• Many open questions and possible applications.
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