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Motivation

By stable stratification we mean that fluid density is 
stratified in gravity (or other acceleration) field such that 
buoyancy tends to return a perturbed fluid parcel back 
to its equilibrium position.  

Turbulent flow in stably stratified fluid is a almost a rule 
rather than exception in atmosphere and in 

hydrosphere!

Density stratification is formed by natural distributions 
of:

• potential temperature (and humidity) in atmosphere

• salinity and temperature in oceans 
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Motivation

Why is it important to understand the dynamics of 
stably stratified shear turbulence?

• Numerical weather prediction models need 
parameterizations (models) for it

• Current parameterizations are still based on partially 
inadequate understanding and calibration data of 
stably stratified turbulence

• Weather and air quality forecasts as well as climate 
studies could benefit from better parameterizations for 
stably stratified turbulence
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Some definitions
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Previous work

Stably stratified turbulence has been investigated in 
many experimental and computational studies

• A characteristic feature of stratified shear turbulence is 
that fluxes of buoyancy and momentum can be counter 
gradient (Gerz et al., 1989; Holt et al., 1992; …)

• A common observation is formation of quasi horizontal 
layers or “pancakes” (Herring & Metais, 1989; ...) 

• Zigzag instability (Billant & Chomaz, 2000a, 2000b)

• Inviscid scaling analysis (Billant & Chomaz, 2001)

• Viscous scaling analysis (Brethouwer et al., 2007)

• Strongly stratified shear turbulence not much studied
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Computational method: setup
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Computational method: equations

• Incompressible homogeneous turbulence under 
constant mean shear and stratification

• Mean velocity and temperature uncoupled with 
fluctuations

• Boussinesq approximation for density fluctuations

• Equations non-dimensionalized by ΔU, ΔT, L/2π:
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Computational method: shear periodicity

Shear periodic boundary conditions are given at the 
bottom and top boundaries. Interpolations are done in 
Fourier space (Gerz et al., 1989). As the mean velocity 
U(z)=Sz, the shear periodicity of any variable f is defined 
as

f  x , y , zL= f x−Stz , y , z 
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Computational method: numerics

• Spatial discretization by 6th-order fully conservative 
finite-difference scheme (Morinishi, 1998)

• Time integration explicit 3rd-order Runge-Kutta

• Fractional step method with mean advection step and 
pressure projection step

• Mean advection step by Fourier interpolation

• Poisson equation for pressure is solved in Fourier 
space to avoid iteration (with modified wave numbers)

• An extra transformation is done inside the 3-D FFT to 
handle the shear periodicity (Gerz et al. used a more 
complicated approach which combined FFTs and 
Gaussian elimination)   
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Computational method: implementation

• Coding in Fortran 90

• The code is completely verified by the method of 
manufactured solutions

• Open-MP parallelization is done

• Unfortunately MPI-parallelization is not done so far
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Theoretical aspects

Billant & Chomaz (2001): L
v 
~ q/N << L

h
 and w << u ~ v 

(only theoretical analysis).

Brethouwer et al. (2007): strongly stratified turbulence 
has Fr

 
<< 1 and R = Fr2Re

 
> 1.

Quasi horizontal layers are formed. This is known as 
“pancake turbulence”.

Brethouwer et al. (2007) made DNS but without mean 
shear. Instead, they used artificial forcing of the lowest 
horizontal Fourier modes to sustain stationary energy.

Is the dynamics similar also with mean shear (are the 
pancakes still there and if so, are they similar)?
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Theoretical aspects
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Energy equations: kinetic, potential and total energies. 
Potential energy is defined as Ep=Ri<θ2>/2.
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Theoretical aspects
With artificial forcing, sufficient energy is supplied to 
maintain constant energy. In this situation energy 
always flows from kinetic to potential energy. 

This implies that <wθ> remains negative (no counter-
gradient buoyancy fluxes). Also <uw> remains negative. 

With mean shear (no forcing), |<uw>| goes small and 
<uw> is intermittently positive (negative production → 
energy decays). How is it sustained in the atmosphere?

Buoyancy flux RiS<wθ> oscillates between negative and 
positive values i.e. potential energy is intermittently 
transferred back to kinetic energy via <ww>. 

Therefore <ww> is larger than in case of forcing.

The vertical length scale of w no more scales with q/N 
while that of u and v still seem to scale with q/N



09.03.09 

Results: energetics

Evolution of kinetic, potential and total energies. 

Left: Ri=10, right: Ri=100.
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Results: energetics

Energy budgets: shear production, buoyancy flux, 
dissipations of kinetic and potential energy.

Left: Ri=10, right: Ri=100.
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Results: anisotropy

Reynolds stress anisotropies aij = (<uiuj> - 2/3Ekδij)/Ek

Left: Ri=10, right: Ri=100.
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Results: anisotropy

Vertical velocity variance <ww> scaled by 2Ek. 
Brethouwer et al. have one order of magnitude lower 
values!
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Results: evolution of R and Fr

Both R and Fr decrease in time but Re typically slowly 
increases.
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Results: Kolmogorov and Ozmidov scales

Kolmogorov length η = (ν3/ε)1/4 and 

Ozmidov length lO = (ε/N3)1/2 as functions of time.

Left: Ri = 10 and right: Ri = 100.
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Results: the effect of R and Fr

|V|. R, Fr and q/N increasing from left to right: 

a) R = 0.31, Fr = 0.0058, Re = 8900, q/N = 0.053

b) R = 1.15, Fr = 0.014,   Re = 5490, q/N = 0.095

c) R = 7.22, Fr = 0.053,   Re = 2500, q/N = 0.182
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Results: the effect of R and Fr

Vorticity. R, Fr and q/N increasing from left to right: 

a) R = 0.31, Fr = 0.0058, Re = 8900, q/N = 0.053

b) R = 1.15, Fr = 0.014,   Re = 5490, q/N = 0.095

c) R = 7.22, Fr = 0.053,   Re = 2500, q/N = 0.182
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Results: the effect of R and Fr

Temperature. R, Fr and q/N increasing from left to right: 

a) R = 0.31, Fr = 0.0058, Re = 8900, q/N = 0.053

b) R = 1.15, Fr = 0.014,   Re = 5490, q/N = 0.095

c) R = 7.22, Fr = 0.053,   Re = 2500, q/N = 0.182
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Results: velocity fields u and w

R=1.67, Fr=0.019, large initial LT=Ek
3/2/ε, Ri=50, St=6.2
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Results: vertical length scales, large initial LT
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Results: velocity fields u and w

R=2.72, Fr=0.17, small initial LT=Ek
3/2/ε, Ri=1, St=12
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Results: vertical length scales, small initial LT
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Preliminary conclusions and outlook

• Counter gradient fluxes, intermittent energy transfer 
(kinetic ↔ potential) & negative shear production are 
characteristic to strongly stratified shear turbulence

• Vertical velocity fluctuations are not as small as in 
forced stratified turbulence

• Vertical length scale of vertical velocity is not small 
and does not scale by q/N

• Thus, stratified shear turbulence is different from 
forced stratified turbulence

• However, there are also many common features in 
sheared and forced cases

• More results are needed preferably with low Fr and 
high R
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Preliminary conclusions and outlook

• Data must be processed, analyzed  and delivered for 
model development

• New scaling analysis is needed

• Spectra must be computed and analyzed e.g. to study 
existence of inverse cascade in low R cases

• Structures responsible for counter gradient fluxes 
could be studied

• Influence of rotation which may be important at large 
scales (Waite & Bartello, 2006)

• Influence of 3-D mean shear
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