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Why CFT™ Categorical aspects of CFT

CFT = two-dimensional conformal quantum eld theory

m  Applications in various areas
critical systems in statistical mechanics
low-dimensional condensed matter systems (Hall, Kondo, ...)

string theory (QFT on "world sheet")
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?
Why CFT™ Categorical aspects of CFT

CFT = two-dimensional conformal quantum eld theory

m  Applications in various areas
critical systems in statistical mechanics
low-dimensional condensed matter systems (Hall, Kondo, ...)

string theory (QFT on "world sheet")

m Possible gateway to fundamental physics
non-perturbative description of QFT on the world-sheet
physical / eld-theoretic notions ; controllable algebraic & combinatorial structures
can formulate precise statements and establish proofs

contact to other braches of physics and mathematics
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Why categories ?

Categorical aspects of CFT

m Want to understand a whole class of CFT models

need a language for studying model independent issues
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Why categories ?

Categorical aspects of CFT

m Want to understand a whole class of CFT models

need a language for studying model independent issues

m Categories arise at very early stage of analysis of CFT
conformal symmetry in d=2 ; (arepresentation of) Virasoro algebra
more generally: symmetries ; a conformal vertex algebra V

indeed, largely: CFT = representation theory of V
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Why categories ?

Categorical aspects of CFT

m Want to understand a whole class of CFT models

need a language for studying model independent issues

m Categories arise at very early stage of analysis of CFT
conformal symmetry in d=2 ; (arepresentation of) Virasoro algebra
more generally: symmetries ; a conformal vertex algebra V

indeed, largely: CFT = representation theory of V

m Thus muststudy C= Rep(V)

objects = V-modules (in particular, in nite-dimensional vector spaces)

m For many purposes suf cientto treat C just as a category: “forgetV, but keep C”

(actually done prior to use of vertex algebras)
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Why algebras in categories ?

Categorical aspects of CFT

m \ertex algebra V alone can describe only chiral symmetries: “chiral CFT”

Full CFT combines two chiral halves
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sometimes called chiral elds
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Categorical aspects of CFT

m \ertex algebra V alone can describe only chiral symmetries: “chiral CFT”

Full CFT combines two chiral halves

N Chiral" -
. free boson eld ind=2: @ =0
solved by left- and right-movers

@+ =0= @

sometimes called chiral elds

For instance:

specify the SI%ace of bulk elds

Hpuk = Zij Vi Vi
i 2l
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Why algebras in categories ?

Categorical aspects of CFT

m \ertex algebra V alone can describe only chiral symmetries: “chiral CFT”

Full CFT combines two chiral halves

N Chiral" -
. free boson eld ind=2: @ =0
solved by left- and right-movers

@+ =0= @

sometimes called chiral elds

W For instance:

specify the SI%ace of bulk elds

Hpuk = Zij Vi Vi
i 2l

V-modules —
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Why algebras in categories ?

Categorical aspects of CFT

m \ertex algebra V alone can describe only chiral symmetries: “chiral CFT”

Full CFT combines two chiral halves

N Chiral" -
. free boson eld ind=2: @ =0
solved by left- and right-movers

@+ =0= @

sometimes called chiral elds

dimension
of morphism space Hpuk = Zij ViV

V-modules —

£ 03 § For instance:
2y v \ . specify the\sI%iOf bulk elds
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Why algebras in categories ?

Categorical aspects of CFT

m \ertex algebra V alone can describe only chiral symmetries/“chiral CFT”

Full CFT combines two chiral halves

m Result: relevant morphism spaces = spaces of bimodule morphisms
w.r.t. a certain Frobenius algebra A in C
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Why algebras in categories ?

Categorical aspects of CFT

m \ertex algebra V alone can describe only chiral symmetries/“chiral CFT”

Full CFT combines two chiral halves

m Result: relevant morphism spaces = spaces of bimodule morphisms
w.r.t. a certain Frobenius algebra A in C

m [ndeed:
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Why algebras in categories ?

Categorical aspects of CFT

m \ertex algebra V alone can describe only chiral symmetries/“chiral CFT”

Full CFT combines two chiral halves
m Result: relevant morphism spaces = spaces of bimodule morphisms
w.r.t. a certain Frobenius algebra A in C

m [ndeed: for rational CFT
chiral CFT ! C 'R ep(V)
full CFT | (C;A) [ JF-R-S 2002 ..]
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Why algebras in categories ?

Categorical aspects of CFT

Vertex algebra V alone can describe only chiral symmetries /*“chiral CFT”

Full CFT combines two chiral halves

Result: relevant morphism spaces = spaces of bimodule morphisms
w.r.t. a certain Frobenius algebra A in C

Indeed : for rational CFT

chiral CFT ! C 'R ep(V)
full CFT | (C; A) [ JF-R-S 2002 ..]
Remark:
Traditional approach: Classify modular invariants Z Zi;j
[Z; ()]=0 for 2 SL(2;2)
Zij 27 ¢

Zoo=1 (Vo V)

e.g. A-D-E classi cation for Q(Z)-models [C-1-Z 1987]
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Why algebras in categories ?

Categorical aspects of CFT

m \ertex algebra V alone can describe only chiral symmetries/“chiral CFT”

Full CFT combines two chiral halves

m Result: relevant morphism spaces = spaces of bimodule morphisms
w.r.t. a certain Frobenius algebra A in C

m [ndeed: for rational CFT

chiral CFT ! C 'R ep(V)
full CFT | (C; A) [ JF-R-S 2002 ..]
m Remark:
Traditional approach: Classify modular invariants Z Zi;j

bad: no nice general tools
no structural insight

worse: some solutions unphysical: do not satisfy further constraints
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Why categories ?
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Modular tensor categories

Full RCFT
Frobenius algebras
Beyond RCFT
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Modular tensor categories

Categorical aspects of CFT

Restriction — for now: Rational CFT
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Modular tensor categories

Categorical aspects of CFT

Restriction — for now: Rational CFT
m rational conformal vertex algebra V

m =) C'R ep(V) a modular tensor category [Huang 2004]
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Modular tensor categories

Categorical aspects of CFT

Restriction — for now: Rational CFT
m rational conformal vertex algebra V

m =) C'R ep(V) a modulartensor category

abelian  -linear

semisimple

ribbon, with simple 1

nitely many simple objects U; up to isomorphism
braiding maximally non-symmetric
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Modular tensor categories

Categorical aspects of CFT

Restriction — for now: Rational CFT
m rational conformal vertex algebra V

m =) C'R ep(V) a modulartensor category

abelian  -linear

semisimple

ribbon, with simple 1

nitely inany simple objects U; up to isomorphism
braiding maximally non-symmetric

detj; BN Ea 60

0 no transparent objects besides 1

strict monoidal, rigid, braided, balanced
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Modular tensor categories

Categorical aspects of CFT

Restriction — for now: Rational CFT
m rational conformal vertex algebra V

m =) C'R ep(V) a modulartensor category

abelian  -linear

semisimple

ribbon, with simple 1

nitely inany simple objects U; up to isomorphism
braiding maximally non-symmetric

detj; = =R 60

somewhat more restricted than Turaev's de nition

0 no transparent objects besides 1

strict monoidal, rigid, braided, balanced
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Modular tensor categories

Categorical aspects of CFT

Restriction — for now: Rational CFT
m rational conformal vertex algebra V

m =) C'R ep(V) a modulartensor category

abelian  -linear

semisimple

ribbon, with simple 1

nitely inany simple objects U; up to isomorphism
braiding maximally non-symmetric

detj; = =R 60

concepts known? #

0 no transparent objects besides 1

strict monoidal, rigid, braided, balanced
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Ribbon Categones Categorical aspects of CFT

Ribbon category :
monoidal: tensor product bifunctor : CC!C andtensor unit 1
. strict monoidal: U (V W)=(U V) W, U 1=U=1 U
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Ribbon Categones Categorical aspects of CFT

Ribbon category :
monoidal: tensor product bifunctor : CC!C andtensor unit 1
. strict monoidal: U (V W)=(U V) W, U 1=U=1 U

braiding X isomorphisms ¢, : U V! V U
D >

duality JD ﬂ by ; dy (" rigid")

. twist D U (" balanced")
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Ribbon Categones Categorical aspects of CFT

Ribbon category :
monoidal: tensor product bifunctor : CC!C andtensor unit 1
. strict monoidal: U (V W)=(U V) W, U 1=U=1 U

braiding X isomorphisms ¢, : U V! V U
D >

o (J () w0

right-duality By ; dy

twist D U _
=) . sovereign: -?7="7-

U=U—

-

. . . . . . 3
satisfying relations like ribbons in S exact functor
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Ribbon Categones Categorical aspects of CFT

Ribbon category :
monoidal: tensor product bifunctor : CC!C andtensor unit 1
. strict monoidal: U (V W)=(U V) W, U 1=U=1 U

braiding X isomorphisms ¢, : U V! V U
D >

o (J () w0

right-duality By ; dy
twist D U

-

satisfying relations like ribbons in S3

m Examples: . VectI
Super-VectI
Modular tensor categories
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Ribbon Categones Categorical aspects of CFT

Ribbon category :
monoidal: tensor product bifunctor : CC!C andtensor unit 1
. strict monoidal: U (V W)=(U V) W, U 1=U=1 U

braiding R isomorphisms ¢, : U V! V U
D >

o (J () w0

right-duality By ; dy
twist D U

-

satisfying relations like ribbons in S3

m Projection of ribbon graphs in S3 to plane :  interpret as morphismsin C

- obtain invariants of links in S3
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Modular tensor categories

Categorical aspects of CFT

Modular tensor category :
abelian  -linear
semisimple
ribbon, with simple 1
nitely many simple objects U; up to isomorphism
braiding maximally non-symmetric :

3 det;; iR Ea 60

—p.9/29



Modular tensor categories

Categorical aspects of CFT

Modular tensor category:
abelian  -linear
semisimple
ribbon, with simple 1
nitely many simple objects U; up to isomorphism

braiding maximally non-symmetric:

3 det;; = =5 60

m Surgery & projection to plane ; interpret ribbon graphs in 3-manifolds
as morphismsin C

;  obtain invariants of links in arbitrary 3-manifolds
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Modular tensor categories

Categorical aspects of CFT

m Grothendieck group Ko(C) of an abelian category C

= free abelian group generated by isomorphism classes [U]

with relations  [U]=[V]+[W] for O! VI U! W! O
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Modular tensor categories Categorical aspects of CFT

m Grothendieck group Ko(C) of a modular tensor category C inherits properties:
Exact =) unitalring [U] [V]:=[U V] [1 ] [U]=][U]
Duality =) dualclass U :=[U-] [U] [U]=1[1 1+ :::
Braiding =) commutative y

nite semisimple =) Z-basis [Ui] ,,, [Ui]l [Uj]= Niijk
i 2l
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Modular tensor categories Categorical aspects of CFT

m Grothendieck group Ko(C) of a modular tensor category C inherits properties:

Exact =) unitalring [U] [V]:=[U V] [1 ] [U]=]U]
Duality =) dualclass U :=[U-] [U] [U]=1[1 1+ :::
Braiding =) commutative

nite semisimple =) Z-basis [Ui] ,,, [Ui]l [Uj]= X N K Uy

i 21

m Fusionalgebra F = Ko(C) of a modular tensor category

IS commutative, associative, unital, evaluation at unit is involutive automorphism
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Modular tensor categories

Categorical aspects of CFT

Grothendieck group K o(C) of a modular tensor category C inherits properties:

Exact =) unitalring [U] [V]:=[U V] [1 ] [U]=]U]
Duality =) dualclass U :=[U-] [U] [U]=1[1 1+ :::
Braiding =) commutative

nite semisimple =) Z-basis [Ui] ,,, [Ui]l [Uj]= X N K Uy

i 2l
Fusion algebra F = Ko(C) of a modular tensor category
IS commutative, associative, unital, evaluation at unit is involutive automorphism
=) semisimple

M
=) basis feg of idempotents: F

I
D
o
@
3
|
3
@
3
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Modular tensor categories

Categorical aspects of CFT

m  Grothendieck group Ko(C) of a modular tensor category C inherits properties:
Exact =) unitalring [U] [V]:=[U V] [1 ] [U]=]U]
Duality =) dualclass U :=[U-] [U] [U]=1[1 1+ :::

Braiding =) commutative
nite semisimple =) Z-basis [Ui] . ,, [Ui]l [Uj]= X Nijk Uk
i 2l
m Fusionalgebra F = Ko(C) of a modular tensor category
IS commutative, associative, unital, evaluation at unit is involutive automorphism
=) semisimple

M
=) basis feg of idempotents: F

€ el em = Im ©m
|

m Basis transformation feg$ [Uj] =) unitary matrix S Sp 60
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Modular tensor categories

Categorical aspects of CFT

m Grothendieck group Ko(C) of a modular tensor category C inherits properties:

Exact =) unitalring [U] [V]:=[U V] [1 ] [U]=]U]
Duality =) dualclass U :=[U-] [U] [U]=1[1 1+ :::
Braiding =) commutative

nite semisimple =) Z-basis [Ui] . ,, [Ui]l [Uj]= X N K Uy

i 2l
m Fusionalgebra F = Ko(C) of a modular tensor category

IS commutative, associative, unital, evaluation at unit is involutive automorphism

=) semisimple

M
=) basis feg of idempotents: F = € €& ©em = Im €m
|
m Basis transformation feg$ [Uj] =) unitary matrix S Sp 60
_ X S ST

= Diagonalization of the fusion rules: Nj X =

| SOI
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Modular tensor categories

Categorical aspects of CFT

= Diagonalization of the fusion rules: Nj X =

m Theorem: C m.t.c. =) S =S [Witten 1989]
[ Moore-Seiberg 1989 ]
[Cardy 1989]

:(de d~Ui) [idUJ— (CUi;Uj CUj ;Ui) idUI—] (buj bU,)
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Modular tensor categories

Categorical aspects of CFT

= Diagonalization of the fusion rules: Nj X = S
| ol

m Theorem: C m.t.c. =) S =S [Witten 1989]
[ Moore-Seiberg 1989 ]
[Cardy 1989]
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Modular tensor categories Categorical aspects of CFT

. . . . X SII Sjl Slk
= Diagonalization of the fusion rules: Nj X = S
ol

m Theorem: C m.t.c. =) S =S [Witten 1989]
[ Moore-Seiberg 1989 ]

[Cardy 1989]

m Theorem: C 'R ep(V) for rational conformal vertex algebra V

=) S =S [Verlinde 1988]
[ Tsuchiya-Ueno-Yamada 1989]
with S implementing 7! 1 [ ]

on characters of simple V-modules [Huang 2004 ]
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Full RCFT Categorical aspects of CFT

Why CFT ?
Why categories ?
Why algebras in categories ?

Modular tensor categories
Full RCFT

Frobenius algebras
Beyond RCFT
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Full RCFT Categorical aspects of CFT

m Ingredients of full RCFT so far:

Conformal vertex algebra V: symmetries

Modular tensor category C: species of chiral elds
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Full RCFT Categorical aspects of CFT

m Ingredients of full RCFT :

Conformal vertex algebra V: symmetries

Modular tensor category C: species of chiral elds
World sheet : manifold Y on which the QFT “lives'

smooth compact two-manifold with conformal structure / Riemannian metric
oriented (or maybe not two types of CFTs ! type | / Il string theory)
may have non-empty boundary
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Full RCFT Categorical aspects of CFT

m [ngredients of full RCFT

Conformal vertex algebra V: symmetries

Modular tensor category C: species of chiral elds
World sheet : manifold Y on which the QFT 'lives'

Decoration of world sheet (still denoted Y ): eld/state insertions
insertion points / germs of arcs / parametrized circles/intervals on Y
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Full RCFT

Categorical aspects of CFT

m [ngredients of full RCFT

Conformal vertex algebra V: symmetries

Modular tensor category C: species of chiral elds
World sheet : manifold Y on which the QFT 'lives'

Decoration of world sheet (still denoted Y ): eld/state insertions

closed state boundaries: parametrized circles ! space of closed states
open state boundaries: parametrized intervals !  spaces of open states
physical boundaries: unparametrized circles/intervals ! boundary conditions

CS
OSOUt out
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Full RCFT Categorical aspects of CFT

m [ngredients of full RCFT

Conformal vertex algebra V: symmetries

Modular tensor category C: species of chiral elds
World sheet : manifold Y on which the QFT 'lives'

Decoration of world sheet (still denoted Y ): eld/state insertions

closed state boundaries: parametrized circles ! space of closed states
open state boundaries: parametrized intervals !  spaces of open states
physical boundaries: unparametrized circles/intervals ! boundary conditions

Correlator Cor(Y) for aworld sheet Y (correlation function, amplitude)

multilinear map from relevant product of state spaces to
depending on insertion points, moduli of Y and chiral data of eld insertions

satisfying consistency conditions (“factorization/sewing ”, “modular invariance ”
£ extension to stable curves / action of mapping class group)
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FUllRCFT - Thm 1 &I Categorical aspects of CFT

m Results:

Theorem: Given a simple symmetric special Frobenius algebra A in C
one can construct a solution S(A) to the sewing constraints
l.e. closed and open state spaces Hos; Hcs and a collection
f Com (Y) g of correlators satisfying all consistency conditions
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FUllRCFT - Thm 1 &I Categorical aspects of CFT

m Results:

Theorem: Given a simple symmetric special Frobenius algebra A in C
one can construct a solution S(A) to the sewing constraints
l.e. closed and open state spaces Hos; Hcs and a collection
f Com (Y) g of correlators satisfying all consistency conditions

Theorem: With plausible assumptions on the CFT
every solution S to the sewing constraints is of the form S= S(A)
with the s.s.s.F. algebra A determined uniquely up to isomorphism
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FUlRCFT - Thm 1 &Il Categorical aspects of CFT

m Results:

Theorem: Given a simple symmetric special Frobenius algebra A in C
one can construct a solution S(A) to the sewing constraints
l.e. closed and open state spaces Hos; Hcs and a collection
f Com (Y) g of correlators satisfying all consistency conditions

Idea of proof:
State spaces: Hos = A 20Dbj(C) Obj(C C) 3 Hes=Z(A) = C((A 1) T¢)

ldentify spaces of conformal blocks with “state spaces' of 3-d TFT¢
(thus restrict to combinatorial part of the construction)

Express correlators as invariants in 3-manifolds which can be computed via TFT¢
[ JF-Runkel-Schweigert 2002-2005 ]

Express consistency conditions as local moves in 3-manifolds
[ JF-Fjelstad-Runkel-Schweigert 2006 ]
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Full RCFT - The TFT construction

Categorical aspects of CFT

m Correlators as invariants of ribbon graphs in 3-manifolds :
Modular tensor category C ; C-decorated 3-d TFT tft c: 3-Cobc ! V ect

. Associateto Y athree-manifold My with embedded ribbon graph
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Full RCFT - The TFT construction

Categorical aspects of CFT

m Correlators as invariants of ribbon graphs in 3-manifolds :
Modular tensor category C ; C-decorated 3-d TFT tft c: 3-Cobc ! V ect
. Associate to Y a three-manifold My with embedded ribbon graph

My = interval bundle over Y modulo identi cations of intervals over @Y
Y embeddedas My Y f t=0g¢g

@1y = ¥ = “double' of Y

Ribbon graph in My : cotriangulate the world sheet (trivalent vertices)
label edges (ribbons) on Yn@ by A
label vertices (coupons) inYn@ by product /coproduct morphisms
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Full RCFT - The TFT construction

Categorical aspects of CFT

m Correlators as invariants of ribbon graphs in 3-manifolds :
Modular tensor category C ; C-decorated 3-d TFT tft c: 3-Cobc ! V ect
. Associate to Y a three-manifold My with embedded ribbon graph
Regard My as cobordism ;! @y

Obtain the correlator as an element of the vector space tft c(@Vy ) :

Con (Y) = tft C(My)l

12 =tft o(;)
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Full RCFT - The TFT construction

Categorical aspects of CFT

m Correlators as invariants of ribbon graphs in 3-manifolds :
Modular tensor category C ; C-decorated 3-d TFT tft c: 3-Cobc ! V ect
Associate to Y athree-manifold My with embedded ribbon graph
Regard My as cobordism ;! @y

Obtain the correlator as an element of the vector space tft c(@Vy ) :

Con (Y) = tft C(My)l

Example: Torus partition function
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Full RCFT - The TFT construction

Categorical aspects of CFT

m Correlators as invariants of ribbon graphs in 3-manifolds :
Modular tensor category C ; C-decorated 3-d TFT tft c: 3-Cobc ! V ect
. Associate to Y a three-manifold My with embedded ribbon graph
Regard My as cobordism ;! @y

Obtain the correlator as an element of the vector space tft c(@Vy ) :

Con (Y) = tft C(My)l

P
m Theorem: Thecoefcients Zj; of Comn(T; ;)= i 21 Zij JoisTig g Ti
[1:5.1]
satisfy [ ;Z]=0 for 2 SL(2;2)

and Zij =dim  Homgaja (Ui A U;A) 22
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FUullRCFT - Thm I Categorical aspects of CFT

m Results:

Theorem: With plausible assumptions on the CFT
[U:4.26]  every solution S to the sewing constraints is of the form S= S(A)
with the s.s.s.F. algebra A determined uniquely up to isomorphism
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FUllRCFT - Thm Categorical aspects of CFT

m Results:

Theorem: With plausible assumptions on the CFT
[U:4.26]  every solution S to the sewing constraints is of the form S= S(A)

with the s.s.s.F. algebra A determined uniquely up to isomorphism

Assumptions:

Uniqueness of closed state vacuum: dim (Hom . &(1 1;Hes)) =1

Non-degeneracy of disk and sphere two-point correlators::
certain morphisms in Hom~(Hos;Hos) resp. Hom. &(Hcs;Hes) invertible

Technical:
dim(Hos) 60 and dim(Uj)dim( U;)> 0 for U W subobject of Z(A)
le. Zij >0
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FUullRCFT - Thm I Categorical aspects of CFT

Theorem: With plausible assumptions on the CFT
[U:4.26]  every solution S to the sewing constraints is of the form S= S(A)
with A determined uniquely up to isomorphism

Idea of proof:

Correlator for 'Y = disk with two in-going and one out-going open boundary
; product morphism Hgos Hos ! Hos similarly unit, coproduct, counit

Show that this way Hos =: A becomes a simple symmetric special Frobenius algebra
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FUullRCFT - Thm I Categorical aspects of CFT

Theorem: With plausible assumptions on the CFT
[U:4.26]  every solution S to the sewing constraints is of the form S= S(A)
with A determined uniquely up to isomorphism

Idea of proof:

Correlator for 'Y = disk with two in-going and one out-going open boundary
; product morphism Hgos Hos ! Hos similarly unit, coproduct, counit

Show that this way Hos =: A becomes a simple symmetric special Frobenius algebra

De ne category WSh with objects = (topological) world sheets
morphisms = homeomorphisms and sewings

With the help of tft ¢ (applied to the double VE @M of Y)
de ne a symmetric monoidal functor B : WSh!V ect

Consistency conditions then equivalent to
Cor being monoidal natural transformation One! B’
One(Y) := One(Y ¥ Y9 :=id
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FUullRCFT - Thm I Categorical aspects of CFT

Theorem: With plausible assumptions on the CFT
[U:4.26]  every solution S to the sewing constraints is of the form S= S(A)
with A determined uniquely up to isomorphism

Idea of proof:

Correlator for 'Y = disk with two in-going and one out-going open boundary
; product morphism Hgos Hos ! Hos similarly unit, coproduct, counit

Show that this way Hos =: A becomes a simple symmetric special Frobenius algebra

De ne category WSh with objects = (topological) world sheets
morphisms = homeomorphisms and sewings

With the help of tft ¢ (applied to the double VE @M of Y)
de ne a symmetric monoidal functor B :

= One(Y)!  One(Y9 =

cor(y) Cor(v 9
B (f)
B (Y) ! B (Y9

Consistency conditions then equivalent to
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FUullRCFT - Thm I Categorical aspects of CFT

Theorem: With plausible assumptions on the CFT
[U:4.26]  every solution S to the sewing constraints is of the form S= S(A)
with A determined uniquely up to isomorphism

Idea of proof:

Correlator for 'Y = disk with two in-going and one out-going open boundary
; product morphism Hgos Hos ! Hos similarly unit, coproduct, counit

Show that this way Hos =: A becomes a simple symmetric special Frobenius algebra

De ne category WSh with objects = (topological) world sheets
morphisms = homeomorphisms and sewings

With the help of tft ¢ (applied to the double VE @M of Y)
de ne a symmetric monoidal functor B : WSh!V ect
Consistency conditions then equivalentto Cor: One! B monoidal natural transf.

Show that any given Cor is the “same” as the resulting Corp
(only need to check a small number of fundamental world sheets)
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FUullRCFT - Thm I Categorical aspects of CFT

Theorem: With plausible assumptions on the CFT
[U:4.26]  every solution S to the sewing constraints is of the form S= S(A)
with A determined uniquely up to isomorphism

Idea of proof:

Correlator for 'Y = disk with two in-going and one out-going open boundary
; product morphism Hgos Hos ! Hos similarly unit, coproduct, counit

Show that this way Hos =: A becomes a simple symmetric special Frobenius algebra

De ne category WSh with objects = (topological) world sheets
morphisms = homeomorphisms and sewings

With the help of tft ¢ (applied to the double VE @M of Y)
de ne a symmetric monoidal functor B : WSh!V ect

Consistency conditions then equivalentto Cor: One! B monoidal natural transf.
Show that any given Cor is the “same” as the resulting Corp

Auxiliary data: objects B, By of C realizing H¢s as retractof B B,
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Frobenius algebras Categorical aspects of CFT

Why CFT ?

Why categories ?

Why algebras in categories ?
Modular tensor categories
Full RCFT

Frobenius algebras

Beyond RCFT
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Frobenius algebras Categorical aspects of CFT

Algebra ( monoid) in monoidal category C:
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Frobenius algebras Categorical aspects of CFT

Algebra ( monoid) in monoidal category C:

ida 2Hom(A;A)

m 2Hom(A A;A)
2 Hom(1;A)
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Frobenius algebras Categorical aspects of CFT

Algebra ( monoid) in monoidal category C:

e A e /%
X

Frobenius algebra: also a coalgebra

(H:
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Frobenius algebras Categorical aspects of CFT

Algebra ( monoid) in monoidal category C:

e A e a
X

A
v
o
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Frobenius algebra: also a coalgebra

with coproduct a bimodule morphism :

Y



Frobenius algebras Categorical aspects of CFT

Algebra ( monoid) in monoidal category C:

bt m N
symmetric Frobenius algebra: A
N = M for C rigid
A
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Frobenius algebras Categorical aspects of CFT

Algebra ( monoid) in monoidal category C:

bt m N
symmetric Frobenius algebra: A
N = M for C rigid
A

.

special Frobenius algebra:

strongly separable
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Frobenius algebras Categorical aspects of CFT

Sample results :

m Theorem:
[S:7]

m Theorem:
[C:4.8]

m Theorem:
[D:4.10]

m Theorem:
[111:3.6]

C modular tensor category, A 20 bj(C) symmetric special Frobenius
=) exactsequence 1! Inn(A) ! Aut(A) ! Pic(Gja)

C rigid monoidal, A special Frobenius
=) every M 20Dbj(G;)
is a submodule of Inda (U) for some U 20 bj(C)

C modular, A simple symmetric special Frobenius
=) every X 20Dbj(Gja)
is a sub-bimoduleof U A  V for some U;V 20 bj(C)

The number of Morita classes of simple symmetric special
Frobenius algebras in a modular tensor category C is nite
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Frobenius algebras Categorical aspects of CFT

Sample results :

m Theorem: C modulartensor category, A 20 bj(C) symmetric special Frobenius

1571 =)  exactsequence 1! Inn(A) ! Aut(A) ! Pic(Gja)

m Theorem: C rigid monoidal, A special Frobenius
[C48] =) every M 20Dbj(G)
is a submodule of Inda (U) for some U 20 bj(C)

m Theorem: C modular, A simple symmetric special Frobenius
(D410 =) every X 20bj(Ga)
is a sub-bimoduleof U A  V for some U;V 20 bj(C)

m Theorem: The number of Morita classes of simple symmetric special
[1I:3.6]  Frobenius algebras in a modular tensor category C is nite

Thus in RCFT e.g. only nitely many different torus partitio n function for given C
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Frobenius algebras - Sample calculation

Categorical aspects of CFT

Lemma [I:5.2]: For any symmetric special Frobenius algebra A
in a ribbon category C the morphism
P :=(d d (cA;;_ id) (d- m id) (B )
is an idempotent
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Frobenius algebras - Sample calculation

Categorical aspects of CFT

Lemma [I:5.2]: For any symmetric special Frobenius algebra A
in a ribbon category C the morphism
P :=(d d (cA;/i_ id) (d- m id) (B )
IS an idempotent

Proof:
PP =(d d () i (d- m id (5 ) (@(d d) (c; i (d- m id (b )
= (d d) (cA,A1_ id) (d- m id) (@d- m ) (b id id d) (cA_Al_ cA_Al_ id) (b )

= (d @ (g d id) (d ¢ id id-) (d id- m m id-) (d b d b)

=@ d) (¢! id) @(d- m id (B id m) ( id)
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Frobenius algebras - Sample calculation

Categorical aspects of CFT

Lemma [I:5.2]: For any symmetric special Frobenius algebra A
in a ribbon category C the morphism

P :=(d d (cA;;_ id) (d- m id (B ) T
is an idempotent
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Frobenius algebras - Sample calculation

Categorical aspects of CFT

Lemma [I:5.2]: For any symmetric special Frobenius algebra A
in a ribbon category C the morphism

P :=(d d (cA;/i_ id) (d- m id (B ) T
IS an idempotent

Proof:
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Frobenius algebras - Sample calculation

Categorical aspects of CFT

Lemma [I:5.2]: For any symmetric special Frobenius algebra A
in a ribbon category C the morphism

P = (d d) (cA;Al_ id) (d- m id)
IS an idempotent

Proof:

(b)@
P P = = = =
< %

—p.19/29




Frobenius algebras - Sample calculation

Categorical aspects of CFT

Lemma [I:5.2]: For any symmetric special Frobenius algebra A
in a ribbon category C the morphism

P = (d d) (cA;Al_ id) (d- m id)
IS an idempotent

Proof:

(b)@
P P = = = =
< %
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Frobenius algebras - Modules

Categorical aspects of CFT

Dictionary :
chiral species ! objects U 2 O bj(C)
boundary conditions ! A-modules M 2 0O Dbj(G;)
boundary elds MM ° module morphisms Homa (M U;: M9

bulk elds ! bimodule morphisms Homaja (Ui A U A)
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Frobenius algebras - Modules

Categorical aspects of CFT

Dictionary :
chiral species ! objects U 2 O bj(C)
boundary conditions ! A-modules M 20O Dbj(G))
boundary elds MM ° module/morphisms Homa (M U;: M9
bulk elds ! bimodule morphisms Homaja (Ui A U A)

Left module:

1
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Frobenius algebras - Modules

Categorical aspects of CFT

Dictionary :
chiral species ! objects U 2 O bj(C)
boundary conditions ! A-modules M 2 0O Dbj(G;)
boundary elds MM ° module morphisms /Homa (M U;; M 9
bulk elds ! bimodule morphisms Homp s (Ui "A U A)

Category of left A-modules in C:
Objects M = M; ,

Morphisms f 2 Hom(M; N) s.t. Mo =
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Frobenius algebras - Modules

Categorical aspects of CFT

Dictionary :
chiral species ! objects U 2 O bj(C)
boundary conditions ! A-modules M 2 0O Dbj(G;)
boundary elds MM ° module morphisms Homa (M U;: M9
bulk elds ! bimodule morphisms Homp s (Ui "A U ;A)

Braiding on C

=) * _induced left A-module:

U A;(idy m) (cya ida)

-
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Frobenius algebras - Modules

Categorical aspects of CFT

Dictionary :
chiral species ! objects U 2 O bj(C)
boundary conditions ! A-modules M 2 0O Dbj(G;)
boundary elds MM ° module morphisms Homa (M U;: M9
bulk elds ! bimodule morphisms Homp s (Ui "A U A)

Braiding on C

=) -induced left A-module:

U A;(idyg m) (6., ida)
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Beyond rational CFT Categorical aspects of CFT

Why CFT ?

Why categories ?

Why algebras in categories ?
Modular tensor categories
Full RCFT

Frobenius algebras

Beyond RCFT

—p.21/29



Beyond rational CFT

Categorical aspects of CFT

Some approaches:

Various methods yielding isolated results for speci ¢ mode Is / series of models

Perturbative studies in Lagrangian formulation
(e.g. WZW models on noncompact Lie groups)

String-theoretic arguments ( Calabi-Yau target spaces, ... )

Structure and representation theory of non-rational conformal vertex algebras V

Category theoretic analysis of generic structures (extended dictionary)
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Beyond rational CFT

Categorical aspects of CFT

Some approaches:
Various methods yielding isolated results © [ Kausch, Gaberdiel, Flohr, ...]

Perturbative studies in Lagrangian formulation
(e.g. WZW models on noncompact Lie groups)

String-theoretic arguments ( Calabi-Yau target spaces, ... )

Structure and representation theory of non-rational conformal vertex algebras V

Category theoretic analysis of generic structure [Huang-Lepowsky-Zhang, ...]
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Beyond rational CFT

Categorical aspects of CFT

Some approaches:

Various methods yielding isolated results for speci ¢ mode Is / series of models

Perturbative studies in Lagrangian formulation
(e.g. WZW models on noncompact Lie groups)

String-theoretic arguments ( Calabi-Yau target spaces, ... )

Structure and representation theory of non-rational conformal vertex algebras V

Category theoretic analysis of generic structures (extended dictionary)

Two results — for the cyp triplet models:

Block-diagonalization of Ko(C) +

extraction of a nite-dimensional SL(2; Z)-representation from modular transformations
; astrange Verlinde-like formula [ JF-Hwang-Semikhatov-Tipunin 2004 ]
[ Flohr-Knuth 2007 ]
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Beyond rational CFT

Categorical aspects of CFT

Some approaches:

Various methods yielding isolated results for speci ¢ mode Is / series of models

Perturbative studies in Lagrangian formulation
(e.g. WZW models on noncompact Lie groups)

String-theoretic arguments ( Calabi-Yau target spaces, ... )

Structure and representation theory of non-rational conformal vertex algebras V

Category theoretic analysis of generic structures (extended dictionary)

Two results — for the cy:p triplet models:

Block-diagonalization of Ko(C) +

extraction of a nite-dimensional SL(2; Z)-representation from modular transformations
; astrange Verlinde-like formula [ JF-Hwang-Semikhatov-Tipunin 2004 ]

[ Flohr-Knuth 2007 ]
Construction of a modular invariant torus partition function

,  another strange Verlinde-like formula [ Gaberdiel-Runkel 2007 ]
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Beyond rational CFT

Categorical aspects of CFT

m  Generic properties of Rep(V):
monoidal: tensor product of V-modules ! operator product expansions
braided ! monodromy properties of conformal blocks

left and right rigid !  non-degeneracy of two-point conformal blocks on P!
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Categorical aspects of CFT

m  Generic properties of Rep(V):

monoidal: tensor product of V-modules ! operator product expansions
braided ! monodromy properties of conformal blocks
left and right rigid !  non-degeneracy of two-point conformal blocks on P!

m Properties of Rep(V) for a class of interesting non-rational V :
nite number of isomorphism classes of simple objects

each object has Jordan-Hoélder series of nite length
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Beyond rational CFT

Categorical aspects of CFT

m  Generic properties of Rep(V):

monoidal: tensor product of V-modules ! operator product expansions
braided ! monodromy properties of conformal blocks
left and right rigid !  non-degeneracy of two-point conformal blocks on P!

m Properties of Rep(V) for a class of interesting non-rational V :
nite number of isomorphism classes of simple objects

each object has Jordan-Hoélder series of nite length

m Not a property for generic non-rational V: balancing twist
(for rational V: u - € 21 iidUi i = conformal weight = L -eigenvalue)

for non-rational V: L not diagonalizable on all modules
=) Rep(V) notribbon
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Beyond rational CFT

Categorical aspects of CFT

m  Generic properties of Rep(V):

monoidal: tensor product of V-modules ! operator product expansions
braided ! monodromy properties of conformal blocks
left and right rigid !  non-degeneracy of two-point conformal blocks on P!

m Properties of Rep(V) for a class of interesting non-rational V :
nite number of isomorphism classes of simple objects

each object has Jordan-Hoélder series of nite length

m Not a property for generic non-rational V: balancing twist
(for rational V: u - € 21 iidUi i = conformal weight = L -eigenvalue)
for non-rational V: Lo not diagonalizable on all modules
=) R ep(V) not ribbon

=) cannot directly use tools from 3-d TFT

—p.22/29



CFT - StructuresonY

Categorical aspects of CFT

m Generic structures on the world sheet:
Boundary condition M on each segment of @’

Boundary eld on @ can change boundary conditon M ! M?°
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CFT - StructuresonY

Categorical aspects of CFT

m  Generic structures on the world sheet:
Boundary condition M on each segment of @’
Boundary eld on @ can change boundary conditon M ! M?°

Different regions of Y can exist in different phases A
(“different full CFTs based on the same chiral CFT ")
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CFT - StructuresonY

Categorical aspects of CFT

m  Generic structures on the world sheet:
Boundary condition M on each segment of @’
Boundary eld on @ can change boundary conditon M ! M?°

Different regions of Y can exist in different phases A
(“different full CFTs based on the same chiral CFT ")

Defect line X provides separation between phases/regions
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CFT - StructuresonY

Categorical aspects of CFT

m Generic structures on the world sheet:
Boundary condition M on each segment of @
Boundary eld on @ can change boundary conditon M ! M?°

Different regions of Y can exist in different phases A

(“different full CFTs based on the same chiral CFT ")

Defect line X provides separation between phases/regions
AN

Defect eld can change type of defect line X ! X9 x 0

(keeping phases) T
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CFT - StructuresonY

Categorical aspects of CFT

m  Generic structures on the world sheet:
Boundary condition M on each segment of @’
Boundary eld on @ can change boundary conditon M ! M?°

Different regions of Y can exist in different phases A
(“different full CFTs based on the same chiral CFT ")

Defect line X provides separation between phases/regions
AN

Defect eld can change type of defect line X ! X9 x 0

(keeping phases) o E

includes disorder elds (creating/annihilating a defect) A
and bulk elds (connecting “invisible defect lines')
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Dictionary :

chiral species

CFT phases

CFT - StructuresonY

boundary conditions

boundary elds

bulk elds

i

iI\/IM

topol. defect lines

defect elds

i

Categorical aspects of CFT

objects U 2 O bj(C)

symmetric special Frobenius algebras A in C
A-modules M 20 Dbj(G))

module morphisms Homa (M U;j;: M9
bimodule morphisms Homaja (Ui TA U, A)
A-B-bimodules X 2 O bj(G g )

bimodule morphisms Homyjg (Ui *X U;X9
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RCFT - The bicategory SSFAC Categorical aspects of CFT

m Tensor product

Tensor product

A

of C =)
=)

=)

bifunctor G C!C 4]
bifunctor Gija Caj ! C 4j

(C monoidal)
(C abelian)

(A algebrain C)

G j right module category over C
and left module category over G ja
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RCFT - The bicategory SSFAC Categorical aspects of CFT

m Tensor product of C =) bifunctor G; C!C 4]

Tensor product , =) bifunctor Gja Caj ! C 4

m More generally: Bifunctors 5 : Gijs Cgjc !'C ajc
furnish horizontal composition for a bicategory
with objects = algebras A in C
1-cells = bimodules ODbj(G s ) (C small)
2-cells = bimodule morphisms
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m Tensor product of C =) bifunctor G; C!C 4]

Tensor product , =) bifunctor Gja Caj ! C 4

m More generally: Bifunctors 5 : Gijs Cgjc !'C ajc
furnish horizontal composition for  bicategory SSFA ¢
with objects = symmetric special Frobenius algebras A in C
1-cells = bimodules ODbj(G s ) (C small)
2-cells = bimodule morphisms
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RCFT - The bicategory SSFAC Categorical aspects of CFT

m Tensor product of C =) bifunctor G; C!C 4]

Tensor product , =) bifunctor Gja Caj ! C 4

m More generally: Bifunctors 5 : Gijs Cgjc !'C ajc

furnish horizontal composition for  bicategory SSFA ¢

with objects = symmetric special Frobenius algebras A in C
1-cells = bimodules ODbj(G s ) (C small)
2-cells = bimodule morphisms

m Conversely: M semisimple indecomposable
right module category over modular tensor category C

=)
M*'C A; foran algebra A in C (unique up to Morita equivalence,
obtainable as End ) [ Ostrik 2003 ]

Gia "F un (M ;M) = category of module endofunctors of M
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Beyond rational CFT - a bicategory in CFT

In RCFT : according to dictionary :

Bicategory Pc '
with objects =
1-cells =

2-cells =

Boundary conditions form module categories G

Gia ! C

SSHA ¢

phases A ofthe CFT

topol. defect lines Obj(G s )
defect elds

Aj

C

Categorical aspects of CFT
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Beyond rational CFT - a bicategory in CFT

Generically expect:

Bicategory P
with objects
1-cells

2-cells

Boundary conditions form module categories M 4

Daja ' M

phases A ofthe CFT

topol. defect lines Obj(Dajs )
defect elds

Aj

Categorical aspects of CFT
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Beyond rational CFT - a bicategory in CFT

Categorical aspects of CFT

objects = topol. defect lines

. joining phases A and B
Generically expect: morphisms = defect elds

Bicategory P
with objects = phases A ofthe CFT

1-cells = topol. defect lines ODbj(Dajs)
2-cells = defect elds

Boundary conditions form module categories M 4

Daja ! M N \

objects = boundary conditions
adjacent to phase A
morphisms = boundary elds
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Beyond rational CFT - a bicategory in CFT

Generically expect:
Bicategory P
with objects = phases A ofthe CFT

1-cells = topol. defect lines ODbj(Dajs)
2-cells = defect elds

Boundary conditions form module categories M 4

Daja ' M N
naturally associatedto D D aja and M M ,;: Fung (M

also expect: special phase | st Fung(M ;M) "D

M)

" R ep(V)

Categorical aspects of CFT
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Beyond rational CFT - a bicategory in CFT

Generically expect

Bicategory P

with objects = phases A ofthe CFT

1-cells = topol. defect lines Obj(Dajs )

2-cells = defect elds

Boundary conditions form module categories M 4

Daja

naturally associatedto D D aja and M M ,j:

also expect:

IM  A; D

special phase

1l

S.t.

Funy (M ;M) "

M A

"D aji

Funy (M ;M)

D ;i

" R ep(V)

Categorical aspects of CFT
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Beyond rational CFT - a bicategory in CFT

Categorical aspects of CFT

Generically expect:

Bicategory P

with objects = phases A ofthe CFT
1-cells = topol. defect lines ODbj(Dajs)
2-cells = defect elds

Boundary conditions form module categories M 4

Daja ' M Ai Do

naturally associatedto D D aja and M M ,;: Fung (M ;M)

also expect: special phase | st Fung(M ;M) "D ;; "R ep(V)
IV|Aj "D Ajl
Equivalence of CFT phases ! adjunction in P :

defectlines X; Y s.it. A A% A and X Y=) ida, Y X =) idao
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Beyond rational CFT - A bicategory in CFT

Generically expect:

Bicategory P

with objects = phases A ofthe CFT

1-cells

Indeed can argue:

topol. defect lines Obj(Dajs )
2-cells = defect elds

Categorical aspects of CFT

. A-B - and B -C -defect lines can fuse to A -C -defect lines

7>
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Beyond rational CFT - A bicategory in CFT

Generically expect:

Bicategory P

with objects = phases A ofthe CFT

1-cells

Indeed can argue:

topol. defect lines Obj(Dajs )
2-cells = defect elds

Categorical aspects of CFT

. A-B - and B -C -defect lines can fuse to A -C -defect lines

fuse
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Beyond rational CFT - A bicategory in CFT

Generically expect:
Bicategory P

with objects = phases A ofthe CFT
1-cells

topol. defect lines Obj(Dajs )
2-cells = defect elds

Indeed can argue:

. A-B - and B -C -defect lines can fuse to A -C -defect lines
horizontal composition of 1-cells

Categorical aspects of CFT
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Beyond rational CFT - A bicategory in CFT

Categorical aspects of CFT

Generically expect:

Bicategory P
with objects = phases A ofthe CFT

1-cells = topol. defect lines ODbj(Dajs)
2-cells = defect elds

Indeed can argue:

A -B - and B -C -defect lines can fuse to A -C -defect lines
. horizontal composition of 1-cells

existence of operator products of defect elds
. horizontal and vertical composition of 2-cells

associativity of operator product expansion
,  associativity of composition (in particular: Daja strict monoidal)

A - B -defect lines can fuse with B -boundary conditions
;M a; module category over Daja

Local defect line deformations do not affect correlators ; adjunctions Dajs $D gja
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Outlook Categorical aspects of CFT

Generically expect:

Bicategory P

with

However :

objects = phases A ofthe CFT

1-cells

2-cells = defect elds

topol. defect lines Obj(Dajs )

details still to be worked out

so far no new insight

in particular still need better understanding of relation

module category M

algebrain Fun(M ;M)
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Outlook Categorical aspects of CFT
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