
Nevertheless, despite any disagreements and puzzlements, I appreciate the contributions of

both discussants to the topic of causal inference with surrogate outcomes, and I agree with

both that much remains to be done.
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ELJA ARJAS

After having read the comments of Lauritzen and Aalen I felt first disappointed as they had

not really challenged the ideas presented in the paper with Parner (A&P). It seemed that there

would be little I could respond to. But then some of the issues that they had brought up, also

in their comments to Rubin, made me think more about the connections between the MPP

approach on the one hand, and the potential outcome framework and the graphical models

on the other. I hope that these comments will help the reader to see what these three

approaches have in common, and also how they differ.

To make such comments transparent, I will try to rephrase Case a of Rubin’s macaque

example, summarized in Display 3 of his paper. Suppose for simplicity that the treatment is

chosen at time t ¼ 0, the intermediate variable (antibody response) is measured at time t ¼ 1,

and the vital status Y is determined at time t ¼ 2. I will generally adopt the notation of

Lauritzen and denote the treatment by T and the intermediate variable by S. (Following A&P,

the logical notation for the treatment would be A0, with the corresponding covariate X0 being a

dummy, while the intermediate variable would be naturally viewed as a covariate X1 and A1

would again be a dummy. Considering antibody response as a treatment variable A1 would not

seem natural in the context, as corresponding causal inferences would very likely be severely

confounded). Like the other authors, I will drop from the notation the index i referring to an

individual macaque as redundant. Finally, in order to correspond to Rubin’s example as

closely as possible, suppose that each individual macaque can be characterized by a latent

variable U, which, if it were known, would tell how S is going to depend on T. Such a variable

also appears in Lauritzen’s graphical models, and the notation is the same. Here U has three

possible values, all a priori equally likely so that P(U ¼ 1) ¼ P(U ¼ 2) ¼ P(U ¼ 3) ¼ 1/3.

Considering then treatment arm T ¼ 1, let P(S ¼ L | U ¼ 1, T ¼ 1) ¼ P(S ¼ L | U ¼ 2,
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T ¼ 1) ¼ P(S ¼ L | U ¼ 3, T ¼ 1) ¼ 1. Finally, copying from Rubin’s Display 3, let P(Y ¼ 1

| U ¼ 1, T ¼ 1) ¼ 0, P(Y ¼ 1 | U ¼ 2, T ¼ 1) ¼ 0.4 and P(Y ¼ 1| U ¼ 3, T ¼ 1) ¼ 0.8. For

treatment arm T ¼ 2 the corresponding probabilities could be similarly picked from Display 3.

Note that these last three probabilities remain the same if they are additionally conditioned

on S, because T and U already determine S. In the actual experiment U is unknown, and

therefore predictions concerning future values of S and/or Y cannot be based on such

hypothetical knowledge. But as treatment assignment was assumed to be random, knowledge

about the value of T does not tell one anything about U. Assignment is therefore non-

informative also in the sense of A&P.

A simple computation, by averaging over the three possible values of U, shows now that

P(Y ¼ 1 | T ¼ 1) ¼ 0.4. Similarly, if one takes into account possible observation of S that

becomes available at time t ¼ 1, we have (see also Rubin’s Display 3) that P(Y ¼ 1 | T ¼ 1,

S ¼ L) ¼ 0.2 and P(Y ¼ 1 | T ¼ 1, S ¼ H) ¼ 0.8. In other words, the observation of S

updates the ‘crude’ survival prediction P(Y ¼ 1 | T ¼ 1) ¼ 0.4 downwards to P(Y ¼ 1 |

T ¼ 1, S ¼ L) ¼ 0.2 if S ¼ L is observed, and upwards to P(Y ¼ 1 | T¼ 1, S ¼ H) ¼ 0.8 if

S ¼ H. One of the martingale properties referred to by Aalen now says that the expected

change in the predictions at time t ¼ 1 is 0. This is because, apart from their opposite signs, the

expectations of the upward and downward moves (innovations) are the same: an upward jump

of size 0.8 ) 0.4 ¼ 0.4 will happen with probability P(S ¼ H | T ¼ 1) ¼ 1/3, and a downward

jump 0.2 ) 0.4 ¼ )0.2 will happen with probability 2/3.

It is a simple matter to verify that the martingale property remains true at t ¼ 1 also

when T ¼ 2. (In fact, the martingale property at t ¼ 1 is a simple consequence of the identity

E(E(Y | T, S) | T) ¼ E(Y | T), saying that the expected value of conditional predictions based

on S is the same as the ‘crude’ prediction. Using a similar argument one easily verifies that the

martingale property remains true for the MPP models considered in A&P and with respect to

probabilities PA, where A is a given assignment rule).

In epidemiological studies, the practical value of intermediate variables like S is in that they

can often be used as surrogate endpoints if Y has not been measured on some individuals,

typically because of right censoring. For this to be useful in practice, S should naturally be a

good predictor for Y. For example, in leukaemia studies relapse could serve as a surrogate

outcome for survival if the patient is still alive. Once such estimation has been carried out, one

can follow the recipe given in A&P and predict, for each treatment T, the future response (of a

generic patient) according to PA. The prediction can be done either jointly for the pair (S, Y),

or marginally for S or Y. In this context it is important to recall that one should never

condition such predictions on intermediate variables (see e.g. Keiding, 1999). This is obvious,

and the stronger S is as a predictor of Y the less important it is to know also T in predicting Y.

One obvious possibility to consider the ‘added value’ of S in such predictions would be to

compute the expectation of the conditional variances, E(Var(Y | T, S) | T), and compare it

with the ‘crude’ variance Var(Y | T). In particular, the expression 1 ) E(Var(Y | T, S) | T)/

Var(Y | T) ¼ Var(E(Y | T, S) | T)/Var(Y | T) has all its values between 0 and 1; it is equal to 0

if knowledge of S is redundant in predicting Y, and equal to 1 if it is perfect.

Attempting to connect these considerations to graphical models, the situation here would

correspond to the graph displayed on the left-hand side of Lauritzen’s Figure 2, where the

missing arrow from U to T guarantees that U does not confound the effect of T on S and Y. In

the terminology of A&P, this corresponds to the requirement that the choice of T is non-

informative. However, apart from a short passage in Example 1, A&P does not contain

anything on the issue that appears quite central in the discussion between Rubin and Laur-

itzen: whether the treatment effect is ‘completely mediated by the intermediate variable’ (as

would be the case in the left-hand graph of Lauritzen’s Figure 1, where the arrow leading
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directly from T to Y is missing). As was also noted by Lauritzen, the possible truth of the

conditional independence statement T Y | (S, U) depends on what variable U would be

considered. In practice the choice of U is rarely made explicit, and even if one would have a

particular U in mind it would be impossible to verify the conditional independence from data

because, by definition, U is not observed. The situation is not much different in the Rubin

framework, in which the conditioning is on both S(1) and S(2), and these cannot be observed

jointly. I find the analysis by Lauritzen, drawing a connection between these two ways of

thinking, illuminating.

Conditioning on an unobserved U, or on a pair of potential surrogate outcomes, is an

attractive mental exercise that may lead to interesting interpretations in real life examples.

At the level of ‘principal strata’ this seems to be possible, but again the ‘truth’ of precise

probabilistic statements based on such conditioning cannot be verified empirically. In Rubin’s

macaque example, the somewhat contradictory looking results between predictions condi-

tioned only on past observations and those conditioned on the potential surrogate outcomes is

one more example of ‘Simpson’s paradox’ (which Rubin himself makes note of in a different

context). One can always introduce into the models latent variables that will match with

observed data in the sense of giving correct marginal distributions, but which may have even

seemingly ‘incorrect’ orderings between them. In the macaque example, as noted also by

Rubin, treatment T ¼ 2 is superior to T ¼ 1 already by a comparison of the ‘crude’ predic-

tions P(Y ¼ 1 | T ¼ 1) ¼ 0.4 and P(Y ¼ 1 | T ¼ 2) ¼ 0.6. That the adjusted predictions,

which can be made after observing S, do not distinguish between the two treatments does not

contradict this. The reason is clear from Rubin’s Display 3: when T ¼ 2, the higher survival

prediction is issued more often than when T ¼ 1 as in the former case the ‘good news’ S ¼ H

is observed more often (in fact, with twice the probability).

There is one way, however to get closer to the idea of joint conditioning on the potential

surrogate outcomes. This could be called ‘play back conditioning’ and was earlier considered,

in the context of so-called token causality, in Arjas (1999). Suppose that we have chosen

treatment T ¼ 1 and have monitored the life of an individual macaque, observing S ¼ H.

Suppose, however, that we would be interested in predicting Y in the ‘counterfactual’ situation

in which T ¼ 2 had been chosen. This task is different from the original ‘crude’ prediction

P(Y ¼ 1 | S ¼ 2), because we now have acquired additional knowledge about the individual in

question: S ¼ H combined with the ‘factual’ treatment T ¼ 1 reveals that this macaque must

belong to the ‘principal stratum’ specified by the third row of Rubin’s Display 3 (or, using our

earlier definitions, we have U ¼ 3). Otherwise S ¼ H would have been impossible under

T ¼ 1. But then Display 3 tells that, if indeed T ¼ 2 had been chosen, both S ¼ H and Y ¼ 1

would happen with probability 1. Using Rubin’s notation, having first obtained a particular

value of S(1) we would also be able to tell S(2). But this is a very special case, as can be seen

directly by trying out the situation in which the treatment would have remained the same

(T ¼ 1) but the intermediate observation had been S ¼ L.

I conclude with some brief comments on statistical inference and causality. Even when

causality is considered in explicit probabilistic terms, it is rarely explained where those

probabilities came from. When such reference to statistical inference and data is missing, the

obvious suggestion is that the probabilities have been obtained by frequency estimation from

samples of ‘nearly infinite’ size. But this distances such considerations from the problems

which a practising statistician faces: that there is a very complex thought experiment,

involving uncertainties on several different aspects of the considered causal problem, before

one is ready to formalize it even in a tentative way in the chosen framework, be that the

graphical model, potential/counterfactual outcome, marked point process, or any other

formalism one is accustomed to think in terms of. Moreover, the empirical evidence
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available is typically not sufficient for a direct comparison of competing ideas and thoughts.

In designed experiments there are usually only limited amounts of data, and in observational

studies the possibility of arriving at confounded inferences is a real threat to the validity of

the conclusions that can be drawn. Therefore it is a definite bonus if the statistical model,

and the inferential method one will use, are made an explicit part of this thought process,

and then methods based on probabilistic modelling and likelihood inference can be said to

enjoy a canonical status. If this is done it may be less relevant, as Aalen suggests, whether

one prefers Bayesian or ML estimation. In particular, individual random effects will be

handled in terms of distributions, so for them there is no difference. However, even if the

statistical data analysis were done by frequentist methods, I would hesitate to call the results

‘objective’.

To Aalen’s wish to see ‘an example analysed in detail, with actual data and subjective prior

distributions’, I would respond by referring to older papers such as Arjas & Liu (1995) and

Andreev & Arjas (1998). A final point: while A&P naturally tries to argue in favour of the

approach that it proposes, its ‘superiority’ was certainly not ‘asserted’, nor is it claimed here.
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