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Scand J Statist 14: 1-18, 1987 

A Logistic Regression Model for Hazard: 
Asymptotic Results 

ELJA ARJAS and PENTTI HAARA 

University of Oulu 

ABSTRACT. A dynamic form of the discrete time logistic regression model is considered as a 
means to analyse complicated failure time data. A characteristic property of this approach is that 
the events recorded in the data are always treated in the model in the order in which they occurred 
in real time, without first aligning them according to some particular "basic time measurement". 
Parametric modelling is used throughout. This paper deals with asymptotic results. The key 
theorems concern the asymptotic normality of the estimated regression coefficients and the limit- 
ing behaviour of the empirical score process as observation time tends to infinity. 

Key words: discrete failure time, covariate, censoring, martingale CLT, ML estimation, asymp- 
totic normality, score process, Brownian bridge 

1. Introduction 

In recent years, the dominant role among regression models of hazard has been played by the 
semiparametric model of Cox (1972) and its extensions. An unspecified time-dependent baseline 
hazard, common to all individuals, is assumed to act multiplicatively on a relative riskfunction, 
and is then suppressed in the estimation of the regression coefficients. The estimation is based 
on considering relative risks within risk sets, formed by aligning individuals according to some 
particular measurement of time, such as age or time since diagnosis. A drawback of such 
alignment is that it usually changes the natural sequencing of events in real time. In particular, 
it can destroy the natural martingale structure of the real time counting process models (cf. 
Sellke & Siegmund (1983) and Arjas (1985a)). 

We have, in Arjas & Haara (1984), advocated what might be called a real-time approach to 
hazard regression, arguing that if a hazard model uses time-dependent covariates, all depen- 
dence on time-related quantities can actually be accommodated into such covariates. Then, 
instead of postulating the existence of a common unspecified multiplicative baseline hazard, a 
function of some particular measurement of time, one attempts to model how an individual's 
hazard at a certain (real) time t depends on "the currently prevailing conditions for survival". 
Frequently, some of such conditions are best expressed in terms of conveniently chosen time 
readings, such as age, time from diagnosis, time from treatment, or indeed, calendar time. 
Several time readings may be needed simultaneously for a realistic description. Suitably chosen 
functions of these readings can then be listed as covariates, among other factors that are 
thought to be relevant to the individual's survival. 

Arjas & Haara (1984) showed that, under general conditions, the real-time approach leads to 
likelihood expressions of a common form. On the other hand, this general likelihood formula 
has too little structure for immediate statistical application such as parameter estimation. To 
facilitate such application, a concrete proposal for a regression model was made in Arjas 
(1985b). That paper incorporated into the real-time approach two features that have practical 
rather than conceptual or theoretical motivation. First a discrete time parameter was used, 
which, together with a natural conditional independence assumption, removes all difficulties 
concerning tied failure times. Second, a logistic regression model with binomial response was 
used as the primary statistical tool, leading to unproblematic numerical routines in ordinary 
ML estimation. Finally, an example was analysed to illustrate the method. 
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Here we continue to study this logistic regression model, concentrating on asymptotic 
results. In section 2 we recall the statistical model in Arjas (1985b) and explain its basic 
martingale structure. A more careful exposition of the statistical ideas is presented in appendix 
1. Section 3 contains an asymptotic normality result of the estimated regression coefficients 
(theorem 1) and some corollaries. The proof of theorem 1 is contained in section 4. Section 5 
discusses the limiting behaviour of the empirical score, viewed as a stochastic process, linking it 
with the Brownian bridge (theorem 2). 

2. The statistical model 

As mentioned in the introduction, we consider a discrete time index, and then simply use the 
positive integers t > 1. In practice we let the time unit depend directly on how time is measured 
in the experimental data. Nearly all survival data are reported by using a day as time unit. In 
such a case we simply identify the time index value t with the tth day of the study. We make the 
corresponding choice if, for example, a week, a month, or a year, is used in the reporting. No 
further approximation, e.g. by grouping survival times in fixed subintervals, is assumed here (cf. 
Kalbfleisch & Prentice (1980, pp. 36-38 and 98 if.)). Neither do we connect in any way the 
number of model parameters to the discretization. (A well-known example of such a connection 
is the assumption of piecewise constant baseline hazards on the fixed subintervals, where each 
subinterval adds one parameter to the model.) 

The individuals included in the study are indexed by j, j 1. We define the risk indicators 

Yjft -1), j, t > , by 

YVt - 1{i if individual] is at risk att (2.1) 
Yj{t -1) otherwise 

and the failure indicators AN#{t),j, t > 1, by 

(l if individual j at risk at t fails 
ANf{t) = l tews.(2.2) 

10 otherwise. 

Denote by R(t- 1) = {j >, 1: Yjt- 1) = 1} the risk set at t. The size of the risk set, 

cardR(t-1)= E Y,{t-1), 
j?- 1 

is assumed to be finite for all t > 1. 
We do not assume that all individuals are present at time 0; they may enter and leave the risk 

set many times, and they may also "fail" many times. 
Suppose then, that, for every individual j and time t such that Y(t -1) = 1, the investigator 

knows the value of a p vector Zt - 1) = {Zjl(t - 1), ..., Zjp(t - 1)} of the relevant covariates. We 
shall view the value of AN,(t) as the outcome of a Bernoulli experiment, where the probability 
of the event {AN/t) = 1} depends on Zt - 1). For convenience, we may assume that Zt - 1)= 

0 whenever Yj,t -1) = 0. 
Let (Q, Y) be a measurable space in which the variables Y(t - 1), Zt - 1) and AN(t) are 

defined. Let FO be the a-field representing "initial information"; often FO is the trivial field. 
Then the a-fields .t and F_- 1, t > 1, defined inductively by 

t - I =..t- 1 V a[R(t- 1), {Z#t- 1); j E R(t- 1)}], (2.3) 

,.t = it - 1 V ajAN,{t); j E- R(t-1I)}, 

represent the experimental history registered up to time t, .Ft including and 5, excluding the 
failures at t. 
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Consider then a partially specified statistical model {PO; Pe RP} (cf. section 5 in Arjas & 
Haara (1984)) for the observation process [R(v- 1), {AN,(v), Z{v- 1); jI R(v- 1)}]U 1. In 
particular, we assume that the likelihood function corresponding to data up to time t depends 
on P, the parameter of interest, through the factor 

LO= H f PO{AN#)=An#)jWF-1} (2.4) 
v<t jeR(v- 1) 

where {An,{v), j a R(v - 1), v t} are the observed values of the variables (2.1) and, for any 
jeR(v- 1), 

PP{AN#.() = 1 1 i} - 1) 
log P { - v l). (2.5) 

PP{AN#~) = OIL,gv-J 

The assumptions leading to this logistic regression model for binary data were presented in 
Arjas (1985b). In order to make this paper more self-contained, we restate the assumptions, and 
a discussion, in appendix 1. 

Note the formal similarity of this model and the discrete time model in Cox (1972) if one in 
the later sets .O(t) = 1. However, setting AO(t) = 1 is a way of specifying the baseline hazard 
completely. Here we use a different likelihood, one that does not suppress )O(t) by using relative 
risk estimates. On the other hand, our model is similar to the continuous time model of Borgan 
(1984) in the sense that both are fully parametric. 

As is well known, an alternative way of expressing (2.5) is to write 

PP{AN/#)= I |?v- 1} = Y(v - 1)L{P'ZJ{V- 1)}, (2.6) 

where L(x) = { 1 + exp (- x)} - I is the inverse of the logit function. Thus, Y/v - 1) = 0 implies that 

ANJv) = 0. Also recall the convention that Z{V -1) = 0 whenever YJv -1) = 0. 
The logarithmic likelihood corresponding to (2.4) and (2.5) gets a familiar form in logistic 

regression, 

1(p, t)=ogLog = L O Yj{v- 1)[AN v) - P'Z#v- 1)-g{I 'Z(v- 1)1], (2.7) 
def v <t j 

where we denote g(x) = log { 1 + exp (x)}. The ML estimate Pt can be determined in the standard 
way by solving (a/ap)l(p, t) = 0 for P. For a practical illustration of this, see Arjas (1985b). 

Before considering the asymptotic results we show briefly how the present framework gives 
rise to a number of interesting martingales and martingale-related processes. These results will 
be used later in the proofs. Defining, forj> 1, AMjP(v) by 

AMP(v) = ANv) - PO{AN1{v) = 1 I v , (2.8) 

we immediately see that 

EP{AMP(v)jIv_ 1} =0, v> 1. (2.9) 

Therefore, each sequence AMP(v), v > 1, is a (PP, 9,) martingale difference, and each partial sum 
process 

Mp(t)= AMp(v), t>1, (2.10) 
vSt 

is a (locally bounded) (PO, 9,) martingale. This is the fundamental martingale related to the 
counting process 

N,{t) = AN,v), t > 1. 
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By differentiating in (2.7), we find the familiar form of the score function in the logistic regres- 
sion model, 

a(p t) = Z# I(p ) 8-)AMPjv) t>, 1, (2.11) 
def ap v(t jl1 

which again is a (p-vector valued) (PO, 9,) locally square-integrable martingale. 
Also the second derivative of the log-likelihood function (2.7) gets a martingale related 

interpretation: We have from (2.6) that 

AKMP>(v)= VarO {AMP(v) Il j = Y,(v-1)V{P'Zv-1)}, (2.12) 
def 

where V(x) = L(x){ 1- L(x)} is a notation for binomial variance when the logit is given by x. 
Similarly, using the conditional independence of the variables AN(v) and ANh(v) for j#* h, we 
obtain 

A<MP, MO>(v) = CovO {AMP(v), AMO(v)lU 9 }- 0. (2.13) 
def 

Thus, the martingales {M~(t)}tD1 and {M~(t)}t j, j h, are orthogonal. By a straightforward 
calculation we obtain, for 1 < i, k < p, 

A< U,P, 4), UJP, .)>(v)=AKIl(P, )A i (p, j)(v) 

=Covl 
{EZjj(v-1)AMP(v), 

E 
Zjk(v-1)AM(v)9V-1 

(by (2.11)) 

= E Zji(v-1)Zjk(v-1)Var {AMjO(v)? I 1v (by (2.13)) (2.14) 
j) 1 

= E Zji(v- l)Zjk(v- 1)V{p'Zj{v- 1)} (by (2.12)). 
jB 1 

Note that the above calculation is formally correct only when U is assumed square integra- 
ble. We feel that the elementary calculation (2.14) demonstrates the covariance structure of the 
model better than the rigorous proof using localizing stopping times (for which we do not need 
extra integrability assumptions). Differentation in (2.11) gives easily 

a2 
ba l(p, t)=- E EZZj(v- l)Zjk(v- 1)V{p'Z(v- 1)}, t) 1. (2.15) 

Thus, the (p x p matrix valued) covariance process of the score, evaluated at t, 

KU(P, )>(t) EA{ZAK- l(p 4 -4, .)() ( i)kp 

satisfies 
a2 

U(P, )>(t)= - -l(1, t). (2.16) ap2 
From now on we denote this matrix by I(P, t). 

It is interesting to compare the above martingale analysis with the works of Sellke & 
Siegmund (1983) and Slud (1984): considering sequential testing in the case of staggered entry, 
they indexed counting variables with both calendar time and age. Fixing one of the two 
variables, and assuming a number of conditional independence properties concerning the 
individual entry times, covariates, and latent life and censoring times, they obtained a martin- 
gale property in the other. 

After these preliminaries we go into the detailed discussion of the asymptotic results. 
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3. Asymptotic normality results 

Apart from trivial cases, the exact distribution of the ML estimate P', is not known. Therefore, 
asymptotic results are needed to approximate this distribution. The main result of this section 
is the asymptotic normality of P, as t-. ao (theorem 1). As a corollary, we obtain a chi-squared 
limit for the likelihood ratio statistic (corollary 3). 

To prove asymptotic normality, we use the now well-established approach which is based on 
the fundamental martingale CLT of Rebolledo (1978, 1980), and was first used by Gill (1980). 
We follow closely the treatment of Andersen & Gill (1982), the main differences being: (a) we 
consider a discrete time parametric model whereas Andersen & Gill consider a continuous time 
semiparametric model based on relative risks; (b) to obtain asymptotic results, we let the 
observation time t approach infinity, while Andersen & Gill consider a fixed time interval, 
letting the number of counted individuals go to infinity; (c) our conditions for consistency and 
asymptotic normality, and the needed proofs, are somewhat simpler. It is also of interest to 
compare our model and proof to those in Borgan (1984). Like ours, Borgan's model is fully 
parametric. However, being in continuous time and in using a fixed observation interval, it also 
has much in common with the approach of Andersen & Gill. 

Our motives for (a) were already explained at the beginning of section 2. We now elaborate 
on (b) a little. 

In most follow-up studies involving human data, entry is staggered. As the time span for 
observation becomes longer, typically a larger number of individuals will be included in the 
study, and the amount of information increases. This is the kind of situation we have in mind 
when formulating the conditions (ClHC3) below. It can be contrasted with the more common 
formulation for asymptotics, where the number of individuals, all assumed to be present at 
t = 0, is directly let go to infinity while the time interval for observation remains fixed at a finite 
value. This latter framework is natural in laboratory experiments with animals. With human 
data, however, if entry is staggered, an alignment of individuals is first necessary before the limit 
can be considered (cf. our comments in section 1). 

Having now two different approaches to asymptotics, it is of interest to ask: "Can the 
approach in which t-+ oo be easily modified to also apply in the case where the observation 
period is fixed?" The answer is "Yes": a key requirement in the following proofs is to have the 
number of non-zero terms in the score martingale (2.11) tend to infinity. Each such term 
corresponds to an individual at risk during a unit time, and so the number of terms coincides 
with the well-known "total time on test" quantity. Obviously, this total time tends to infinity 
with the number of individuals studied, even though the observation period may remain fixed. 
Moreover, the total time can be used in an obvious way as time index when writing an 
expression for the score, still preserving its martingale property. (Instead of a double sum, one 
then obtains a simple sum.) If the conditions (C1H)(C3) below hold for this modification, then 
will also, of course, the theorems. The same reasoning holds in section 5 as well. We stress here 
that, in spite of perhaps changing the time index for score, the role of real time in our statistical 
model remains the same. 

First we need some new notation. Let Po be the fixed "true value" of the parameter and let Pt 

be the ML estimate corresponding to the data up to time t. For simplicity we write P, E and 
AM t) in place of POO, EPO and AMO(t). We denote by -+ the stochastic convergence and by 

p 9 
the convergence in distribution w.r.t. P. Sometimes we write Xt = X + Op(I) meaning X, -. X. In 

the sequel, all convergence statements hold as t approaches infinity through the values 1, 
2,.... 



6 E. Arjas and P. Haara Scand J Statist 14 

For a matrix A or a vector a, we denote A II=maxIaiI and Ia It =maxIail. For a function 
i,j 

(random or non-random) x(t) = xt, defined for t > 1, we denote 

x,(u) = x([ut]), 0 < u < 1, t > 1, (3.1) 

where xo = 0 and [ut] is the integer part of ut. Thus, x,(j) can be viewed as the first t points of 
the sequence x( ), time transformed into the unit interval. Note that (3.1) transforms a (P, 9t) 
martingale M(t), t > 1, into a (P, I[ut]) martingale M,(u), 0 < u < 1. 

We call a sequence ct, t > 1, of positive numbers stable if ctT + oo and the limit 

y(u) = lim c7- 1ct(u), 0 < u < 1, (3.2) 
t- oo 

exists and is continuous at u= 1 and u = 0. Trivially, y is monotone with y(O) = 0 and y(l)= 1. In 
fact, y is a continuous bijection of the interval [0, 1] (continuity at 1 implies that y is 
multiplicative). The convergence in (3.2) is then uniform over 0 < u < 1. Note that the sequence 
ct= t, t > 1, is stable with y(u) = u', 0 < u < 1, a >0. 

We define the important processes 

S(fP, t)= E E Yv - l)g{'Z,{v- 1)}, 
vst j 1 

A(P, t) = S ?YX-),v-){',v1} t > 1, 
33 

E 
YjS 

- 
j 

)Z - 
1){'#-1 

v4<tj- 1 

establishing easily the relationships 

A(P, t)= a3 SMp) t), ap 

a2 (3.4) 

,(P, t)=,TO s(p, t). 

The technical conditions, named after Andersen & Gill (1982), that are needed for the 
asymptotic normality are the following: 

(Cl) ("Asymptotic stability"). There exist a stable sequence ct, t > 1, a neighbourhood X of p0, 
and a bounded continuous matrix valued function E defined on X such that 

c,- 1I(, t) -+ () (3.5) 
P 

uniformly over P E X. Further, there exist a scalar so and a vector ao such that 

ct- IS(po, t) -so 
P 

and 

tc 
- 

'A(Po, t) -+aO. 
P 

(C2) ("Lindeberg condition"). The random variable 

Z = sup E 1v - 1) 11 Zv - 1) 
def v> 1 jl 1 

is a.s. finite. 
(C3) ("Asymptotic regularity"). The matrix Lo = E(Po) is positive definite. 

def 
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In the formulation discussed at the beginning of this section, where t represents the total time 
on test, it is natural to let ct = t. Then obviously y(u) = u. 

Our first main result is then: 

Theorem 1 
(Asymptotic normality of? 0) 
Suppose that conditions (CIHC3) are satisfied. Then, as t-. + oo, 

c/22(t - PO) N(O, E -) (3.6) 

The proof of this theorem is given in section 4. Here are some simple consequences of the 
theorem or of its proof. 

From Lemmas 3 and 5 we have: 

Corollary 1 
(Consistency of covariance matrix estimator) 

c 
- 

1(Pt,, t) -+ L. (3.7) 
p 

Sometimes it may be of interest to use, in theorem 1, a random normalizing sequence Ct, t > 1. 
For example, such a sequence could be given by 

C1=E EY/v-1), 
v-<tjD 1 

the total number of "days at risk" up to time t. This is possible if 

c-'C -+ c (3.8) 
p 

for some constant c e (0, oo). For completeness, we formulate the corresponding normality 
result below. 

Corollary 2 
Suppose that (ClHC3) and (3.8) hold. Then 

C 112(,Bt _po) N(O, CLO -) (3.9) 

As a third corollary we derive the asymptotic distribution of likelihood ratio statistic. 

Corollary 3 
Under conditions (CIHC3), 

2{1(", t -(0, t)} X2. (3.10) 

Proof. Taylor expanding l(0, t) around Po, and using (4.22) and (4.23) in section 4, we get 

2{1(p,, t) - (0, t)} = c1 2(6-po)'So{cttI2(it - p0)} + 0r(1). 

The result then follows from theorem 1 and the continuous mapping theorem. o 

4. The proof of theorem 1 

The proof is through a sequence of lemmas. We start by a technical result concerning uniform 
convergence, go on by proving the consistency of fi, and finally consider the asymptotic 
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normality. As mentioned earlier, the steps of the proof are modelled after Andersen & Gill 
(1982), but our proof is often simpler. Conditions (C1HC3) are assumed to hold. 

Lemma 1 
First recall the notation in (3.1). There exists a continuous monotonefunction y: [0, 1]-.[0, 1] 
with y(O) = 0, y(1) = 1, such that 

c, tIt(P, u) - y(u)X(p) (4.1) 
P 

uniformly on X4 x [0, 1]. 

Proof. By (3.2) and (3.5), the sequence 

c- 1It(m, u) = {c,- ct(u)} {c-"tI(p, [ut])}, t > 1, (4.2) 

has a limit (in probability) of the form (4.1) uniformly over Pe for each 0 < u < 1. (We adopt 
the convention 0/0 = 0 in (4.2).) To prove that the convergence is uniform over (P, u) E Xd x [0, 1] 
we note that the family y( )E(P), PE -, is equicontinuous on [0, 1] by (C 1). The sample paths 
of the diagonal elements c7-l'{t(P, U)}kk,, O<u 1, are monotone for each k, t and P so that 
the uniformity holds for these elements. (Choose a finite partition 0= uo <u1 < < u, = 1 of 
the interval [0, 1] such that the increase in y(*)L(P) on any subinterval [ui-1, ui] is below 
a given small constant E >O uniformly over Pe X. Note that the convergence is uniform over 
X x {uO . . ., u1}.) For the off-diagonal elements, the uniformity follows from this by using 
the Cauchy criterion for convergence and then applying Cauchy-Schwarz inequality on the 
terms (2.14). 

Lemma 2 
There exist differentiablefunctions s: S-iR and a: J-.RP such that 

c, 1S(P, t) -+sM) 
p 

(4.3) 
P c,-'A (P, t) -+a(p), 

43 

uniformly over P E c-j. Furthermore, 

a(p) = -- s(P), 

@2 (4.4) 
(P)= Fp2 S(P). 

Proof. See Appendix 2. g 

Note that {y(u) - y(u')}0o is positive definite for each pair 0 < u'< u < 1 and thus uF-+y(u)yo 
can appear as a covariance function of a p-dimensional Gaussian martingale on [0, 1]. 

Lemma 3 
(Consistency of 0,) 
We have 

Pt -+ Po. (4.5) 
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Proof. From (2.7) we see that the log-likelihood lt(p, 1)= l(p, t) is a concave function of with 
a (with probability tending to 1) unique maximum at l= (by the definition of t) Now 
consider the process 

[ut] 

kj(, u)= E E Yv - 1)[P'Z{V - 1)L{P'OZV - 1)} -g{P'Zv - 1)}] 
def v= j3 1 

= P'Aj(o, u) - Sj, u), 0 '< u '< 1. (4.6) 

Then, for each P E X4, 

[Ut] 

ct lt(p, u) - kj, u)} = c- E E Y,{v- 1)P'Z,{v- )AM#{), 0 u 1, 
v= 1 jB 1 

is a local square integrable (P, W[Ut]) martingale with variance process 

<ct- 1tl(P, *)-kt(P, *)} XU) 

[ut] 
ct-2 Yv-1){p'Z({v-1)}2A<Mj>(v) (by(2.13)) 

v= 1 jl 1 

[ Ut]1 

=t 1p[ ' t[ cEZE Y,{V-l)Z,{v- 1)02V{p'0Z{v-1)}JP (by (2.12)) 
- =Ij> 1 

=Ct- pc- lIt(Po U)} (by (2.14), (2.15)) (4.7) 

In (4.7) we have used the matrix notation a 0) 2 = {ahak}1 <h, k<p and the fact that 
x'a ( 2x = (x'a)2 for any a, xe RP. On the other hand, by (4.6) and lemma 2, it follows that for 
each P E X 

c1 kt(p, 1) -+ P'a(P0)-s(p) = lo(p, 1), (4.8) 
P def 

while by (4.7) and (Cl), 

ct<c-'1{t(P, *)-kt(p, -})>(1) -+ p'LtI. (4.9) 
p 

But using the inequality of Lenglart (see, e.g., Andersen & Gill (1982, p. 1115)), together with 
(4.8) and (4.9), implies that 

ct- 11(P, 1) l-(UP, 1) (4.10) 

for each p E M. Further, by (4.4) and (4.8) 

a 
1G(P, 1) = a(po) -a(p) ap 

a2 (4.11) 

a2 10,1) = - FEW. 

Since the matrix E(P) is positive semidefinite for each P a 4 and Lo is positive definite, the 
claim follows by exactly the same convex analysis arguments as were used in the proof of 
lemma 3.1 in Andersen & Gill (1982). o 

We now turn to the asymptotic normality of pt. In the usual way, let D[0, 1] be the space of 
real-valued right continuous functions with left limits, endowed with Skorohod topology. Let 
G(u) = {G (u), , (u)}, 0? u < 1, be a Gaussian martingale with covariance function 
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Cov (G) = y(j 0, defined on some stochastic basis (Q', ,F', (.')oS l, P') satisfying the usual 
conditions. We denote by I(A) the indicator of a set A c O. 

Lemma 4 
The sequence of processes c71/2 U00, *), t eN, converges in distribution (in the product space 
(D[O, J])P) towards G. In particular 

c- 1/2U1(p, 1) N(O, 0), (4.12) 

where N standsfor the normal distribution on RP. 

Proof. First we show that 

c5112U1i(po, * t +Gi, Gig (4.13) 

We have 

<ct t2Ui(po, )>(u)=ct7 1I1t-(p, u)t-iy(u) (4.14) 
P 

for 0 < u < 1, by lemma 1. Further the formulas 

Ij(V- 1)=I[{ E Z v- 1)IZi(v- 1)1 > 8c241, v 1, 
def j 3 1 

[ut] 

U' lPo, u)= Yjlv - )Zji(v - I)Pti(v -)AM#X), O u <1, 
def v= 1 j3 1 

define the s-decomposition 

c5 1/2U11()0, - c1"2UjE (p, )+ C7-12{ f -U Utl ) Ct Uti(po g = t ti(O ) t {Ut 9O )-C"00, -)} 

of the martingale c5- 12uT1.(o0 * in the sense of Gill (1980, pp. 16-17). Clearly, for arbitrary 
5 >0, 

pt <C- /2U Utlpo, *)>(U) >b} 

AP {Il&-1)>0} 

_v= 1 

C 1/2S) _2E)0, 0<uS 1, (4.15) 

by (C2). Now (4.13) follows from (4.14), (4.15) and Rebolledo's martingale CLT (a suitable form 
is, e.g., in Gill (1980, theorem 2.4.1)). 

The second part of the proof consists of deriving the claim of the lemma from (4.13). The 
above mentioned martingale CLT will again be applied, now in a similar manner as in the 
proof of theorem 3.5 in Rebolledo (1978, pp. 39-40). 

We need some new notation. Let h=(h1,..., hp) be a vector of simple step functions 
hi: [0, 1]-+R. There is a finite partition 0=to<t1< <tm+l=1 of [0, 1] such that each hi, 
1 < i < p, remains constant on every subinterval [tk, tk + 1), 0 < k ? m. Define, for 0 < u <1 

u 
Ht, i(U) = C - 1/2 hi(S) dUti(po, S), t 

0 

Hi(u) = |hi(s) dGi(s), 
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p p 

H'(u)= Ht i(u), H(u)= E Hj(u). 
i=l i=l 

By (4.13) and lemma A3 in Rebolledo (1978, p. 67), it suffices to prove that H,(1) H(1). In fact, 

we shall prove 

Ht H (4.16) 

in D[O, 1]. 
Now for given 0 < u < 1, 

p p u 

<Ht>(u) = <Hti, Htk>(u) = h,(s)hk(s) d{c7 Itik(PO, s)} 
i,k=l1 i,k=l O 

and 
p " U 

<H>(u)= E <Hi, Hk>(u)= E hi(s)hk(S)Oikdy(s) 
i,k=l i,k=l O 

and merely linear combinations of the values the processes c7 ItIk(PO' )and Y(-)Oik' 0 < i, k < p, 
taken at points to, t1, , tm,+ . Thus lemma 1, and the fact that y( )E0 is deterministic, 
together imply 

<Ht>(u) -. <H>(u), 0 < u < 1. (4.17) 
p 

Denote 

hll = sup ll h(u) ll, 
def OuS 1 

and 

IF(v-1)=I{p ||hll Y(v- 1) ll Z(v- 1) lj 

/2u H'elXi) = t-1/2 J= hi(s)I'([st] - 1) dU,j(p0o, s) 
def O 

1/ ut] 

=ct7/2 E E Yv - l)hi()Zji(v- 1)t(v - 1)AM#v), 
v= 1 jl 1 

p 

Ht(u)= Z Hti. 
def i= 1 

It is then easy to see that Ht = He + (Ht - H) is an s-decomposition for the martingale Ht. An 
argument similar to (4.15) shows that 

[ut] 

<Ht H t >(u) = c Z I (v-1)hk( ) , Zji(v 
- 

l)Zjk(v -)A<Mj>(V) -p0, 0 u < 1, 

for all 1 < i, k < p. Clearly this implies 
p 

<H'>(u)= < `H-',H 1>(u) -0, Ou 1. (4.18) 
i,k= 1 P 

Now (4.16) follows from (4.17), (4.18) and Rebolledo's theorem. E 

The next lemma is slightly more general than is needed here for proving theorem 1. We need 
this more general formulation later in the proof of lemma 7. 
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Lemma 5 
Let P,: [0, 1] x Q-.RP and A,: [0, 1] x Q-0[, 1], t 1, be random functions such that the 
following conditions hold: 

II pt(u)- Po I < IO 4p- Po II, 0 <'u <l, t 'l , (4.19a) 

and 

4u() -A(u) (4.19b) 
P 

uniformly in u, 0 ? u < 1, where A: [0, 1] -+ [0, 1] is non-random. Then 

ct- lt{P'(U), 40 * J(U)} {Ea}o 
P 

uniformly in u, 0 < u J 1. 

Proof. It suffices to show that 

At, 1 = sup llc-lIt{It(u), At(u)}- y{t(Au)}l{ylt(u)}jj-0 
def Ou 1 P 

and 

At,2= SUp lly{At(u)L{P(u)})-y{fA(u)}OII-+ 0. 
def OuS 1 P 

Let E >0. First, by lemmas 1 and 3 and assumption (4.19a), 

P(At, l > ?) P(ot ? -) +P(At, > E, ot c .) 

Pst < -) + Pt tsup 11 c '1(P, u)-y(u)(p) II >4 ?0. 
PE R;O 4U 1 ) 

Second, there exist 6, > 0 and 62 > 0 such that ll y(u')L(P) - y(u)Eo ll < E whenever 1P -Po 11 < 61 
and Iu-u'l <62 (use the triangle inequality). Consequently, by using the assumptions (4.19a-b) 
and lemma 3, 

P(t2>E)<,P(II1-POII >61)+P{ sup 1A1(u)-A(u)I > 2} 
OSuS 1 

+~ ~~ P{2>? lPt-P0 H <61, sup 14tu)-A(u)I <642 
OSuS 1 

=P(i IPt-Po II > 6 1) + P{ sup IA,(U)-A(u)I1> 62} -.0. 
O_<u' 1 El 

Now we can give the proof of theorem 1: Taylor expanding Ut(p, 1) around Po we get 

UJ(I, 1)-U (UOI 1)= -It(Pt*, 1XP-Po), (4.20) 

where P* is on the line segment between P and Po. Inserting , in (4.20) we get 

c- 1/2U1(p0, 1)- {c 1It(P* 1)}{c 1/2(t - ), (4.21) 

since UW(o, 1) = 0. Now 11 P*-Po 11 < 11 't-Po 11, and then 
P ct-1 It(P,*, 1) 0- - (4.22) 
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by lemma 5. Using (4.12), (4.21) and theorem 10.1 in Billingsley (1961) we can write 

c- 1/2U5(PO, 1)-= LOc"/2(, - +O,(l). (4.23) 

The claim (3.6) now follows from lemma 4. 

5. Asymptotic behaviour of the empirical score process 

A key step in proving the asymptotic normality of the ML estimator Pt above was to show that 
the score process Ut(PO, ) corresponding to the correct parameter value, normalized by ct, is 
asymptotically a Gaussian martingale (lemma 4). But the sco.re process itself can be of indepen- 
dent interest. For example, Sim (1981) and Whitehead (1983) used the score process for sequen- 
tial testing in the case of independent sampling. Another possibility is to use the score process 
as an indicator of goodness-of-fit. For applications of this, see Wei (1984) (to test the pro- 
portionality of hazards in a two-sample case), and McLeish (1984) (to test a transition matrix in 
an aggregate Markov chain model). It is this latter type of use we shall be concerned with in this 
section. Also recall from the beginning of section 3 the possibility of using the total time on test 
as the time parameter. 

We consider the process w'Ut(p, -), evaluated at the MLE ,l = Pt, as t-+ oo. Here w can be any 
p-vector such that 11 w 11 >0. Typically, w could be one of the unit vectors. Thus the unknown 
parameter value Po in Ut(PO, -) is here replaced by a function of the data. Similarly, we change 
the normalizing constants ct, t > 1, used in lemma 4 into the empirical variance w'It(Pt, l)w, t ? 1 
(cf. lemma 5). Finally, by making a data dependent time change on the argument u, we can 
derive a "functional statistic" with known standard limit, in the sense of convergence in dis- 
tribution in D[O, 1]. 

Before proceeding further, note that, by the definition of It, we have U,(P,, 1) = 0. Thus, 
although P, is consistent as t - oc, one cannot expect w'Ut(pt, ) to behave in the limit exactly 
like w'UW(PO, ). Instead, the property w'U,(Ot, 1) = 0 makes the limit to be a Brownian bridge (up 
to a time change). 

We then go on by discussing the needed time change. Define the function tPO, ): [0, 1] -+ 

[0, 1] by 

TO(, u)=- W,I(P l)W , O<uS l. (5.1) w'I (, u)w 

Clearly, Tjt(I, *) is right continuous and non-decreasing with t(P, 0) =0 and Tt(P 1) =1. Let 

tI '(P, 9) be the right continuous inverse function of Pt(PI, ), i.e. 

tP 1(P, u) = inf {0 < s < 1I t(P, s) > u}. (5.2) 

We get directly from (4.1) that 

TO(, u) -7 y(u) (5.3) 
p 

uniformly in X4 x [0, 1] (by restricting the neighbourhood X4 if necessary), and further 

Tt- (P, u) -+y (u) (5.4 
p 

uniformly in X4 x [0, 1]. 
We denote by W, W? and i, respectively, the Wiener process, the Brownian bridge and the 

identity mapping (i(u) = u) on [0, 1]. For stochastic processes on [0, 1], unless otherwise stated, 
the convergence "" or "-+" takes place in D[O, 1] endowed with Skorohod topology (or in 

D[0, 1] x D[0, 1] for bivariate processes). 
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Consider then the weighted empirical score corresponding to the ML estimate P, time- 
changed according to TP- '(P, *) and standardized by the empirical variance. Let 

Bt(U) = {w'It(Pt, 1)w} - "/2W'Ut{ t, T7- '(k, U)}, 0 u t 1. (5.5) 
def 

Our second main result is then: 

Theorem 2 
Under conditions (CJHC3), 

Bt W?. (5.6) 

Proof of theorem 2. Write 

Bt(u) = B?(u) + {Bt(u) - B?(u)}, (5.7) 

where 

B?(u) = {w'It(Pt, 1)w}"-12[w'Ut{P0, T'P7(Pt, u)}-uw'Ut(p0, 1)]. (5.8) 
def 

We show below, in lemmas 6 and 7, that 

Bo(-) W(.)-i( )W(1) (5.9) 

and 

sup IBt(u)-B B(u)I-+0. (5.10) 
o0"u 1 P 

Since W(u) -u W(1), 0 < u < 1, is the Brownian bridge, the claim (5.6) follows from (5.7), (5.9) and 
(5.10) by applying theorem 4.1 in Billingsley (1968) to Bo' and Bt. o 

Lemma 6 
The convergence in (5.9) holds. 

Proof. We start by showing that 

ct- 1/2w'Ut{P0, T- 7(ot, -)} - (W'E0W)1/2W(). (5.11) 

By the argument in section 17 of Billingsley (1968) it suffices to show that jointly 

{c7- 1/2W'Ut(po ), T- '(tl, -)} _+ [(W'0W) 1/2 
WI{y()}, y1(-)] 

This follows (by theorem 4.4 in Billingsley (1968)) if 

ct "2w'U5(p0, ) [(w'S0w)1/2 W{y(.)}] (5.12) 

and 

T - y(* -1. (5.13) 
P 

But (5.12) follows from lemma 4, and (5.13) is implied by (5.4) (for uniform convergence implies 
convergence in the Skorohod topology). 

Then consider (5.9). By (3.7) we get 

c7 1w'IJ(p5, l)w -+ w'Y0w. (5.14) 
P 
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Again using theorem 4.4 in Billingsley (1968), together with (5.11), implies that 

{w'Il,(O, l)w} - 
12w'Uj{Po, 'T- '(, -)} W(*). (5.15) 

Finally, use the continuous mapping theorem for h: D[O, 1] -+D[O, 1], defined by 

(hox)(u) = x(u) - ux(1), x E D[O, 1], 

establishing (5.9). 

Lemma 7 
The convergence in (5.10) holds. 

Proof. First observe that (cf. (4.20)) 

Utpo, T-'(0t, u)}-Utjt, Tl(Ot, u)}=1t{"P*,U Ttl(^t, u)}t- (5.16a) 

and 

Ut(P0, 1)- Ut(P_ 1)=It(p**, 1)(I -I) (5.16b) 

where P*u and P* * are on the line segment joining PO and pt. Therefore, and since Ut(Pt, 1) = 0, 

Ct- 1/2 {'t(ot, I)WI 1/2 {t?()B() c7 "2w'Il~ 1)} 2B?(u) - Bt(u)} 

=c T-l2[w'tj{O, T -'(0t, u)j - wUt{pt T - '(Otg U)1}]- UW'UXPO' l)U 'tpt, 

= W'[c7 It{p*U' 'T '(^t, U)}-UCc 1It((**5 1)] c1/2(It -0PO). 

The claim then follows from (i)H(iv) below: 

(i) C112( t-PO) N(O, LO- 1) (theorem 1); 

(ii) C -122{wIt(t, 1)W}1/2 + (W'EOW)1/2 ((3.7)); 
p 

(iii) uc- lIt(p1**, 1) -uL uniformly in u, 0 < u < 1 
p 

(apply lemma 5 for it(-)= A(-)= l and t(-)) P**); 

(iv) c7 TI {(1 
- 

'(^t, uj)} -- uLo uniformly in u, 0 < u < 1 
p 

(apply lemma 5 for At(-) = 'T- '(y,4 ),(.) = - 1(s) and Pt(u) = *.) 

Acknowledgements 

This work was done while the first author was visiting the Fred Hutchinson Cancer Research 
Center in Seattle, Washington. The work was supported in part by the National Institutes of 
Health Grants 5R01-GM28314 and 5R01-GM-24472. The work of the second author was 
supported by the Finnish Academy. We are grateful to Richard Gill for pointing out a flaw in 
our original proof of lemma 4. 

Appendix 1: Detailed model assumptions 

Consider a statistical model {P'; 9 E 9} for the observation process [R(v - 1), {AN/v), Zv - 1); 
j E R(v - 1)}],, , and a P' likelihood which corresponds to data collected up to time t, t > 1. 

Suppose that the parameter 9 can be represented in the form 9= (91, 92), where 9, is the 
parameter of interest and 92 is a nuisance parameter. Typically, we think of 91 as parametrizing 
the conditional distribution of the variables AN(v), conditioned on , and of 92 as the 
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parameter associated with the conditional law of the variables R(v) and Zj/v){ e R(v)}, given 
.v- The full likelihood corresponding to the observed values [r(v - 1), {An#v), zv - 1); 

j E r(v - 1)}; v < t] can then be expressed as the product of two terms, viz. as 

H P9{R(v- 1) = r(v- 1), Z/v- 1) = zv- 1); j E r(v- 1)I.V t} 
vSt 

H P'{AN,(v)=Aniv); jer(v- l)V1 - 1j. (A1) 
v t 

Following Cox (1975), the second factor can be called a partial likelihood. Ordinary ML 
estimation of 91, the parameter of interest, can be done by considering that factor alone 
provided that the following condition holds: 

Assumption 1. (i) For each v > 1, the conditional P" distribution of [R(v - 1), {Zv - 1); 
jeR(v-1)}] given Fv-l does not depend on 9,; and (ii) for each v ,1, the conditional P" 
distribution of {AN{v);j j R(v-1)}, given v -, doesnot depend on 2. 

Of course, the validity of assumption 1 depends on the model {P"; 9 E O}. Actual verification 
of this assumption would require that the model were fully specified, including the probability 
law of the censoring mechanism and possible random covariates. This is usually not done 
explicitly. However, part (ii) of assumption 1 becomes obvious if the censoring times and the 
covariates are fixed, or random but .F-measurable. More generally, we can consider (ii) to be 
valid if the censoring is non-informative about 91 and the covariates are external (cf. Kalb- 
fleisch & Prentice (1980)). For internal covariates more caution is needed: if (i) is not met, also 
the first factor in (A.1) can depend on 91, and then using only the second factor in the 
maximization is a potential source of bias. Finally, it seems that part (ii) in assumption 1 can 
always be met in practice by making a convenient choice for ,1, the parameter of interest. 

For continuous time version of assumption 1, see Arjas & Haara (1984). 
Our next assumption imposes an independence condition between the individuals and sim- 

plifies, in particular, the handling of ties. 

Assumption 2. For each v > 1, and 9 E e, the random variables {AN,(v); jI 1} are condition- 
ally P" independent given gv- 1. 

This assumption is likely to hold in practice if there are no multiple failures of common 
cause, or if such failures can occur but the background variable causing the failure can be 
included as a covariate. 

Under assumptions 1 and 2, the likelihood function (A.1) depends on 91 only through the 
factor 

Hl Hl Pa{AN/v)=An/v)j9v-}. (A.2) 
v-<t jcr(v- 1) 

On the other hand, because of assumption 1 (ii), this expression does not depend on 2. 

It remains to specify the conditional probabilities in (A.2). Our next assumption guarantees 
that all relevant information in WV I, when used as a condition for the probability of {AN_(v)= 
An,{v)}, is actually contained in the p-vector Zv - 1) and the indicator Y,v - 1). 

Assumption 3. For all v, j > 1, and 9 a 0, AN/v) and Wv_ are conditionally P" independent 
given Y,{v -1) and ZV - 1). 

As a last step, we specify the conditional probabilities according to the logistic regression model 
for binomial response. We also change the notation of the parameter, writing P=(fl1. ,)' 
instead of 9, and PO instead of P. 
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Assumption 4. For all (j, v) such that j e R(v - 1), 

log P {, AN') = I 
= 

- 
P'Zj(v -1). 

Appendix 2: The proof of lemma 2 

Lemma 2 is an immediate consequence of the lemma below. Here we denote the derivative of a 
differentiable mappingf byf' and the norm in an n-dimensional real space by HI 

Lemma A 
Let B = B(b, r) be an open ball with centre b and radius r in RP. Let (X,), _ be a sequence of 
Rn-valued mappings of B x Q) such that 

(a) (wt-X,(y, w) is F-measurablefor allyc B and t > 1; 
(b) yl-*X,(y, w) is continuously differentiable in Bfor P-almost all coe Qand all t > 1; 
(c) there exist points yo e B andfo e Rn such that X,(yO) -.fo; 

P 

(d) there exists a continuous n x p matrix valued mappingf(l) such that X'(y) J.(f)(y) uniformly 
p 

in B. 

Then there exists a differentiable mappingf: B-4Rn such that 

X,(y) -+f(y) uniformly in B, (A.1) 
p 

and 

fl =P() (A.2) 

Proof. The continuity assumptions guarantee that all functions of co below are F- 
measurable. The assumptions (c) and (d) imply the existence of a sequence 0 < t1 <t2 < ... such 
that 

SUpI Xtk(z) -f(t)(Z) II pn-0 P-a.s. (A.3) 
zeB 

and 

11 X1,(Y0)-f0 11n?+ P-a.s. (A.4) 

Now, separately for each co c Q such that (A.3) and (A.4) hold, we can apply Dieudonne (1969, 
8.6.3) and get that there exists a mapping X.: B x Q-*Rn satisfying 

s uplX tk(Z) X . (Z)| n + P-a.s.; 
ze B 

zF-+X,(z) is differentiable P-a.s.; 

X, =f) P-a.s. 

Because necessarily X.,3(y0) =f0 P-a.s. by (A.4) we see that X,,, =f n P-a.s. for some differentiable 
f:B-Rn. 

It remains to establish (A.1). Outside a P-null set we have by (b) and the Mean Value 
Theorem (Dieudonne (1969, 8.5.4)) that 

|| Xt(y) - Xt + h(Y) - {Xt(yO)-Xt + (Yo)} 1L n 

1< ||Y - YO z| p SUp z |BXt(Z)-Xt + h(Z)}I1 pn < 2r sup 11 XXZ) Xt + h(Z) 11 pn 
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for all y E B, t, h > 1. Therefore, for any E > 0 

P{SUP1HXt(Y)-Xt+h(Y)11n>E} 
yeB 

{ ~~~~~2} z{ zB 4r} 

This, together with the assumptions, implies (A.1). 

In order to obtain lemma 2, we apply lemma A to the sequence c7 1At, t > 1 (with n =p) and 
thereafter to the sequence c'- 'St, t > 1 (with n = 1). 
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