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Scand J Statist 11: 193-209, 1984 

A Marked Point Process Approach to Censored 
Failure Data with Complicated Covariates 

ELJA ARJAS and PENTTI HAARA 
University of Oulu 

ABSTRACT. Complicated failure time data which can involve, e.g., random covariates, 
censored observations and multiple failures, is here considered as a sample path of a marked 
point process (MPP). Our main task is to derive likelihood expressions for parametric 
statistical models under such general circumstances. To do this, and motivated by concrete 
examples, we split each marked point into two characteristic parts, called innovation and 
non-innovation, and then characterize this representation in terms of the statistical model. 
Technically the paper is based on the martingale approach to point processes. 

Key words: failure time, likelihood, covariate, censoring, innovation, point process, mar- 
tingale 

1. Introduction 

In the simplest setting, failure time data is thought of as a random sample from an 
unknown distribution. This simple model applies only rarely in practice, however: for 
example, often some of the observations are censored, the failures can be due to many 
different causes, etc. 

A natural possibility to model such complicated data is to base the model on a random 
process describing the time evolution actually observed. Point processes (also called 
counting processes) provide a particularly convenient framework for this. Their use has 
made possible the application of strong results from modem probability theory, notably 
martingale methods. The works of Aalen (1978), Gill (1980), Andersen, Borgan, Gill & 
Keiding (1982), Johansen (1983) and Jacobsen (1982), to mention a few, are examples of 
the stochastic process approach, skillfully built into statistical theory. 

Our goal here is twofold. Firstly, we want to stress the immense flexibility of a particular 
class of stochastic process models in failure time analysis, viz. the marked point pro- 
cesses. It appears that this class of models is capable of accommodating almost all 
conceivably occurring variations of the failure problem. We do not suggest any new 
techniques for statistical inference in this paper. In fact, all we do is that we derive 
likelihood expressions under very general assumptions. Therefore, this paper should be 
seen more as a contribution to the concepts and thinking than to the statistical practice. 

Secondly, while deriving the likelihood expressions, it becomes apparent that informa- 
tion contained in the "marked points" can be usefully divided into two categories. 
Representative to the first category, the innovations, would be the actual failures as they, 
given the past as a condition, instantaneously provide information about the model 
parameters. Censored observations, on the other hand, would typically be classified into 
the second category of non-innovative points. As we shall see, to this latter category there 
corresponds a factor in the likelihood function which does not depend on the parameter, 
and which therefore can be deleted when inferring about the parameter. This phenomenon 
is well known from simple censoring models, and it is also related to the role of exogenous 
variables in econometric models (see Hendry & Richard (1983)). 

The plan of this paper is as follows. In Section 2 we introduce our basic model, the 
marked point process (MPP), and explain the particular structure of the chosen mark 
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space. We also provide motivation to the definitions and terminology, and consider 
examples. In Section 3, having explained the reasoning in a special case in intuitive terms, 
we state our condition for non-innovation. It is most conveniently expressed in terms of 
the compensator measure associated with the basic marked point process. The relation- 
ship between the condition and non-informative censoring is also discussed, and three 
particular mechanisms for censoring are considered as examples. In Section 4 we derive 
general expressions for the likelihood ratio and likelihood function, basing the presentation 
on results of Jacod (1975). We also work out a number of special cases. In the final section 
we consider the practical specification of the statistical model governing the observed 
MPP, also discussing questions related to interpretation. 

2. The structure of the mark space 

Motivated primarily by biomedical applications we now introduce our model, also adopt- 
ing the corresponding terminology. Let O<T1<T2<... be the successive time epochs at 
which observations are made and let the marks X1,X2,... specify the qualities of these 
findings. Thus the data can be viewed as a sample path of a marked point process (abbr. 
MPP) (T, X) =(TnJ Xn)n:_--1 

Perhaps the simplest example of this arises if the data consists of the lifetimes of a set of 
n individuals. If the individuals enter the follow-up study at the same time instant, or if 
they are independent, we can measure their life lengths from a common origin. In terms of 
an MPP, T1<T2<... are then the corresponding order statistics and Xj labels the individual 
whose lifetime equals Tj. (In the case of ties, Xj is chosen to be set-valued.) 

A slight generalization of this is the common situation where some of the observations 
are censored before death. Also, it might be necessary to register the entry time into the 
study for each individual in order to investigate a time dependent factor. Both cases are 
easily included in the MPP model as is seen below. 

Further, it is often desirable to link the failure times to a set of explanatory variables 
called covariates. Typically a medical researcher might be interested in the effect a 
treatment, or a set of prognostic factors, has on the remaining life length of the patient. For 
a thorough discussion about covariates the reader is referred to the book of Kalbfleisch & 
Prentice (1980). What concerns us here is that the covariate information, random or not, 
can be "embedded" into the sample path of an MPP if only the mark space E is made large 
enough. 

Given this background of commonly occurring situations we suggest that the collected 
information, expressed in terms of marked points, can be usefully divided into two 
characteristic categories. Some of the marked points are called innovations and others 
non-innovations. (We may also decide that "a part of the mark" Xj observed at Tj forms 
an innovation.) 

Before giving exact definitions, or considering examples in detail, we try to motivate 
such terminology. Consider first the censoring of an individual. Given that an individual 
has lived up to time t, the fact that he is then censored at t should in general not provide 
new information in the statistical inference problem. In this sense we would call his 
censoring at t non-innovative. If, however, he died at t (again given that he had lived up to 
time t), this would be usually considered as an innovation. A further example of informa- 
tion a researcher would generally judge to form a non-innovative point is the initial status 
of a patient at the entry time. Another would be a medical treatment given to a patient 
during the follow-up, given that the factors leading to the decision to undertake such 
treatment were determined-apart from possible random factors ancillary in the consid- 
ered inference problem-by events registered previously in the sample path of the MPP. 
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We now attempt to formalize the above ideas, beginning with the structure of the mark 
space. 

We assume that the elements of the mark space E are of the form x=(x', x"), where x' is 
the innovative part and x" the non-innovative part of x. A purely innovative mark is 
denoted by (x', 0") and a purely non-innovative mark by (0', x"), while (0', 0") is 
excluded from the mark space. For mathematical tractability, the collection E' of all 
innovative parts is assumed to be countable while the collection E' of all non-innovative 
parts can be more general (see Section 3). 

If Tn(a))=oo for some n> 1, we follow the usual convention defining Xn(wO)=A, where 
A I E is a fictitious mark. 

Example 2.1. If we need only consider the number of dead and censored individuals at 
each time point, as is often the case in a right-censored sample of n independent identically 
distributed lifetimes, we can take E'={0', 1, 2, ..., n} and E'={0", 1, 2, ..., n}. 

Example 2.2. Let J denote the pool of individuals who, in the course of the study, may 
be under observation, and assume that J is either { 1, 2, ..., n} (with n finite) or { 1, 2, . . .}. In 
addition to death (denote by "d"), entry into the study ("e") and departure through 
censoring ("c"), as time proceeds, various covariate values can be registered about each 
individual, e.g., in the form of a medical record. As E' we take the set of sequences 
x'=(x',x', ...), where xJ may be "d" (j dies), "0" (no observation aboutj), or belong to a 
countable set Z' of "innovative covariate values". Since E' was assumed to be countable, 
we require that x2*0 for only finitely many j. Similarly, as E' we take the sequences 
x''=(x`1,x",...), where xj'E {e, c, 0} UZ" (jEJ) and Z' denotes the set of "non-innovative 
covariate values". In particular we have 0'= 0"= (0, 0, ...). If the study involves external 
covariates (see Kalbfleisch & Prentice (1980), p. 123) it is reasonable to regard them non- 
innovative. We can include them in the model as the first coordinate x" of the sequence x". 
Note that then it is possible to have points even when there are no individuals at risk. The 
covariate values may be names, real numbers, vectors or functions. Essential is that 
random effects occur only at points ToO=<T1<T2<.... 

To illustrate the flexibility of the rather complex mark space in Ex. 2.2., denote by 
rj=(nj',,ej) the natural projection defined by nj(x)=xj' and Tj`(x)=xj` for x=((xj,x',...), 

(xl, x`2, ...)) E E. Consider the stopping times 

Tzj =inf{Tn;,ij(Xn)=z'}, z'E{d}UZ', 

Th"'i= inf{Tn;,;ej'(Xn) = z"}, z"E {e, c} UZ . 

Then individual jEJ enters the study at T-',i is under observation during the time interval 
(Te J, Tc j A TdJ) and leaves forever through either death or censoring. The set 

R(t) = {jEJ; Te i< t- TC iA TdJi} (2.1) 

is commonly called the risk set at time t. 

3. The condition for non-innovation 

We shall consider a parametric statistical model, i.e., a family {P6; 0 E E} of equivalent 
probability measures on the measurable space (Q, O) on which the variables (Tn, Xn)na,i 

are defined. 

What assumptions concerning such a model would justify our calling the observations in 
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E' non-innovative? We consider this question first in the simple case where both E' and E' 
are denumerable and the random variables Tn, nBl1, are integer-valued. 

Denote N0= (0, 1,2,... } and define the "state-process" (X(t)),EN,=(X'(t),XV(t)),EN0 
by 

(X'(t), X"(t))= -f(XiX"1l if t-= T, for some i3 1, (3.1) 
(X'(t) XV) 

=(0', 0") otherwise. 

Then there is a one-to-one correspondence between the sample paths of (X(t))tEN, and 

(Ti, Xi)i_,. (Recall that (0', 0") was not an element of the mark space E.) If (ti, (x,, X7))Ii<n 
is a fixed observed sample path (stopped at tj) from the marked point process and 
(x(t))0<,<,=(x'(t),x"(O))0,tt, is the corresponding path of (X(t)),EN,' then the likelihood 

function has the obvious expression 

tn 

L(0) = IJ P6(X(t) = x(t)I X(s) = x(s), 0 S s S t- 1) 
t=1 

=o r (X(t) = x' (t) IX(s) = x(s), O -, s -, t - 1) 
t=l 

xP(X"(t) = x I(t)IX(s) = x(s), 0 S s S t- 1; X'(t) = x'(t)). (3.2) 

Therefore, by assuming that 

(Al) "The conditional distributions 

P@o(X'(t)E IX(s), O,s-sst-1, X'(t))~, tO, 

do not depend on 0" 

holds, the likelihood function becomes proportional to the product 
tn 

I7J P6(X'(t) = x'(t)IX(s) = x(s), 0 S s S t- 1) (3.3) 
t=l 

and so depends only on the conditional probabilities of the "innovative parts" x'(t), 
0`t-tn . 

The product (3.3) does not generalize into continuous time in a trivial way. However, 
the following provides an alternative formulation to (3.3) for which the generalization is 
more straightforward. Denote, for t E No, 

pI(x', x") = P0(X(t) = (x', x")IX(s), 0 - s - t-1), (x', x") E E, 

po(x', F') = P6(X'(t) = x'IX(s), 0 < s t- 1) 

- > p,@(x', x"), x'$ 0', 
x"e E' 

r= P6(X'(t) *0' IX(s), 0 <s t- 1) 

- > ptO(x',E'), and 
x'*0' 

o= P6(X(t)EEIX(s), 0 s t-1)= > p,(x',x"). (3.4) 
(x', x") EE 
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Then, by an elementary calculation on conditional probabilities, we find that 

p (X (t), x") , if X'(t)* 0' 

P.@l(x,(t), E') 

P(X=(t) =x" IX(s), 0 st-1,X'(t)) pt(0' ), if X'(t) =o0', x" 0", (3.5) 
1 -rt 

1 -qo 
{ -q if X' (t) = 0', x"f Off" 

where we note that 

1 - rt x11*0" I-rt 

But then assumption (Al) can be rephrased as 

(A2) "The expressions 

pt(x',x") (x'*0', x"ELE', t ? O) and 
p,(x', E') 

pt(0',x") (x" $ 0", t , 0) do not depend on 0". 
1-r4 

Furthermore, under (A2) the likelihood expression 
tn tn 

r17 p@(x'(t),E') 71 (1-r), (3.6) 
t=l s=1 

x'()$0' x'(s)=0' 

considered on the event {X(t) = x(t), O is equal to (3.3). 
Let us now extend the above considerations to continuous time and a general mark 

space. 
We assume that the mark space E has the structure given in Section 2 and make the 

technical assumption that E' is a Polish space. We equip E' with the a-field F' of all 
subsets, E' with the Borel u-field W", and E with the corresponding product-a-field W. 

Let (3t)t_O be the (right-continuous) internal history of the process (T, X), and let SO be 
some sub-u-field of ,F, generated by a random element So and completed, for every 0 E E, 
by P6-null-sets of i. We then set 

i, = go v it, t >- , (3.7) 

and assume this structure of the history throughout the rest of the paper. We denote by vo 
the (PO, nt)-compensator of (T, X) (see e.g. Jacod (1975) or Davis (1976) for the definition). 

The following representation result is essentially well known. 

Lemma 3.1. (i) The compensator (w.r.t. P9) of (T, X) has a version given by 

v9(w; dt, dx) = dA9(co) ep, (wo; dx). (3.8) 

Further, (A?)t>0 is predictable and 99(w; dx) is a transition probability from (Q xR+, O?) 
into (F, (? being the predictable u-field); 
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(ii) The transition probability q?(dx) satisfies, for all 1 -n<cx, 

q49 (A) = P6(Xn E AISo, T1,X1 . . . Tn 1, Xn- I , Tn) (3.9) 

on {T,<oo}. 
It follows from (3.9) that dA9 has the role of qo in (3.4), while vo(dt, dx)=v6(dt, dx', dx") 

corresponds to po(x', x"). From now on much use is made of the fact that E' is countable. 
We use V(dt, x', dx") as shorthand for v0(dt, {x'}, dx"). Define, for t>O and 0 E E, 

e,'(tj)= V@((; Et,E\{0O'}1,E'), 

l,{x'(w9; dx") =t q(;x, '), x' 0',x" E E', 

9v@(a); 
x', 

Edx) 

17((; dt, dx") - V (to dt, 0', dx") i X (3.10) 

(Note that (i) e,(w)=0 unless the sample path 
(A9(co)),s,0 

has ajump at t, (ii) 
to4x'(w,; ) is a 

probability on (E', "), and (iii) t7k(cw; ) is a measure on (R+ xE', R+0($ ") such that 
?76(wo; *) vanishes if dA,(cw)=0.) Then tox' (dx") (x'$0') can be understood as the condi- 

tional P9-probability of obtaining at time t a marked point whose non-innovative part is in 
dx", given i,_ and the non-trivial innovative part x' of the marked point at t. Similarly, 
i9(dt, dx") can be viewed as the P'-probability of obtaining in dt a marked point whose 
non-innovative part is in dx", given i,_ and a trivial innovation at t. Note that innovation 
at t can be trivial either because there is a marked point of the form (0' , x") which occurs 
with probability dA9(o) q90(0', dx") or because there is no marked point at all at t, which 
happens with probability 1 -dA9(ko). Thus the probability of obtaining (0', dx") given a 
trivial innovative component at t becomes 

dAo(co) 990(0 ', dx")/{f(l- dAo(o)) +dAo(co) 99 o(0' E,\ {0"},)) 

= v6(, dt, 0', dx")I(l -e@(0)) = i0(w, dt, dx"). 

We are now ready to state our main condition. 

Condition A. For each oi E Q the measures io x'(co; ), x'$0', and 6(co; ) do not depend 
on 0. 

It is immediate from the above explanation that, for every t, Condition A expresses a 
conditional sufficiency principle: Given i,_, the innovative part of the finding at t, trivial 
or not, is sufficient for 0. 

Obviously, also the innovative parts form an MPP (with mark space E'\{0'}), embed- 
ded in the original MPP (T, X): Define (U, X)=(Un, Xn)n-,I by 

x6=O, x'=inf{i>x'_1;X,*0'}, Un=Tx, X =X'K (3.11) 

We call the process (U, X) the innovation process. For later use we denote 

Ntx uE _{UntjX=x}s X x* 0 1, t 3? O, 
n=1 

dA7oX'= vO(dt,x', E'), x' EE', t ?0, (3 .12) 
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and note that {A',"; x'$O', tO} is the (P0, 3,)-compensator of the counting process 

fNxt'; x'$0', t>,Ol. 
The following warning about the correct interpretation of Condition A is necessary: 

Condition A does not imply, when considering a sample path of (T, X) as the data set, say 
{(tj, x, x!); 1siSn}, that the reduced data {(ti, x); 1Si-n, x!$0'} corresponding to the 
innovation process (U, X) would be sufficient for 0. This is because the conditioning, being 
on (st), may involve the full generating point process. 

In the particular case of Example 2.1, Condition A can be seen as an exact mathemati- 
cal formulation of the non-informative censoring discussed in Kalbfleisch & Prentice 
(1980, p. 121). However, for reasons that are obvious from the above warning we have 
preferred the term non-innovative. (Note the different meaning of the term non-informa- 
tive censoring in Williams & Lagakos (1977)). 

To conclude this section we consider some well known censoring mechanisms and the 
role of Condition A in this context. 

Example 3.1. ("Progressive censorship (of Type II)", Gill (1980), Ex. 3.1.5). Suppose 
we start with n individuals alive. At the time of the first failure a random selection of r, 

individuals out of the n-I still alive is removed from the test, all ( r) selections being 

equally likely. When the next recorded failure occurs, we withdraw r2 individuals out of 
the n-rl-2 still on test, etc., until a total of s failures have been observed, with rk 
individuals being withdrawn at the kth stage k= 1,..., s, E=, (rk+ 1)=n. 

Here we can choose, for Ii-s, 

Ti = the ith failure time, 

Xi'= {j} if j is the individual failing at Ti, 
X'7= the index set of the individuals censored at Ti. 

Then, if N(t)= Ei 1 {TiStl is the number of failures up to time t, the risk set R(t) at time t is of 

size IR(t)I=n-EjN(t_) (ri+l). Moreover, it is easy to see that V9,j'(x")= (R(tJ for 

every subset x"cR(t) of size rN(,-)+, and indexj ER(t)\x". This is sufficient for Condition 
A to hold since the innovative parts in the marked points are always non-trivial (censoring 
takes place only at failure times), and therefore 0' (and consequently 179) can be dropped 
from the model. 

In this example one could even have the selection probabilities depend on previous 
selections and failures and on the index numbers of the individuals, who need not have 
identical life-time distributions either. In this way one can extend the example to a k- 
sample setup without equal censoring in the k samples. 

Example 3.2. ("Renewal testing", Gill (1980), Ex. 3.1.6). Here we have n components 
simultaneously on test. When a component fails before a fixed time u, it is immediately 
replaced by a new component. At time u all n components on test are censored. At the end 
of the test a random number N of failures have been observed (multiple failures are not 
ruled out) and there are exactly n censored observations. 

We index by k, 1-k-n, the used n "test sites", and set on {lia,N}: 

Ti = the ith failure time, 

Xi'= the index set of test sites of components failing at Ti, 
Xi= 0 (the empty set), 
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while 

TN+1 =U, 

XN+ = 0 (the empty set), 
XN+ I ={I, 2,..., n). 

Thus all points before time u are purely innovative and for them Condition A is trivial. But 
the final point at time u is purely non-innovative with deterministic mark (0, {1, ..., n}), 
and so Condition A holds also there with iq0(dt, dx") being the unit mass at (u, { 1, 2, ..., n}). 

Example 3.3. Here we continue to assume that only censorings and deaths are registered 
but now postulate that all individuals behave independently (including their censoring). 
Then it is obvious that censoring is non-innovative, i.e., Condition A holds if it holds 
separately for each individual with respect to its own history. Considering thejth individu- 
al, let (TJ, 6j) be the registered observation: TJ is the failure time or the censoring time, 
whichever occurs first, and 6d= 1 or 0 depending on whether j dies or is censored at Tj. 
(We assume that no individual is censored at its own failure time.) Denoting 
G7(dt, k)=P0(Tj;Edt, 6j=k), k=0, 1, Gj(dt)=P6(TjEdt) (=Gk(dt, 1)+GJ(dt, O)), assuming 
absolute continuity and writing g@( , k) for the density corresponding to Gq(, k), k=0, 1, 
we define the hazard rates for censoring and death by 

q g(t, k) = (3.13) 
1 - Gq(t) 

It is well known that rq(t, 1) I{T!_,} and rq(t, 0) I{T,,tl are then the intensities for respective- 
ly "j dies" and "j is censored". Clearly, Condition A holds if rj(t, 0) does not depend on 
6. 

Note that the random censorship model (see e.g. Efron (1967), Gill (1980), Ex. 3.1.3, or 
Lagakos (1979)), requiring that T7 is the minimum of two independent random variables, is 
a special case of Example 3.3. 

4. The likelihood ratio process 

Our discussion in Section 3 already indicated that non-innovative points give rise to a 
factor in the likelihood expression which does not depend on the parameter 0. Conse- 
quently this factor can be ignored when inferring about 0. We now give a rigorous proof of 
this fact. We start from the likelihood ratio (corresponding to two parameter values) and 
show that under Condition A a factor arising from non-innovative marked points cancels 
out. From this result we can easily derive an expression for the likelihood function (up to a 
proportionality factor). 

Unfortunately the exact mathematical derivation of the likelihood expression remains 
rather involved, in spite of our attempts to find convenient notations. We emphasize, 
however, that the final result (4.15) is the exact continuous time analogue of the elemen- 
tary formula (3.6). 

We fix 0, 6 E 0, 0*6, and drop "6" from the upper-indices. Thus we write P and P 
instead of Po and P6 etc. 

First we sketch some necessary results from Jacod (1975). Recall that (E, W) is Polish 
and the history (Ft),aO is of the form (A 1) in Jacod (1975). 

Proceeding as in the proof of Proposition (2.3) of Jacod (1975), one can choose a version 
of v satisfying (3.8) and 
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AAt(w)) > 1 (4.1) 

for all tO and w E Q (AA,(wo) denotes the jump at t of the mapping t-*A,(wO)). Of course 
the same holds for the P-compensator v. Now P<<P by assumption and thus accord- 
ing to Jacod (1975), Theorem (4.1), there exists a finite _PP iF-measurable mapping 
(co, t, x)-* Y(w, t, x) such that 

f(w; dt, dx) = Y(w, t, x) v(o; dt, dx) (4.2) 

for P-almost all co E Q. Further Y satisfies identically 

Y~,d- fY(t,x)v({t}xdx) 1 and Y,= 1, whenever AA, = 1. (4.3) 
E~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

We see that for P-almost all co E Q we have f(co; )<<v(wo; ) and A(wo; )<<A(0J; ), the 
respective Radon-Nikodym derivatives being Y(wo, ) and 

t-.f Y(o, t, x) p,(X; dx). (4.4) 

Note that (4.4) defines a predictable process. 
Let L denote the Radon-Nikodym derivative of P with respect to P. Then L,=E(LI9t) 

gives the corresponding Radon-Nikodym derivative on a-field SZt, 0st*oo (gi. = Vt,o t). 
We see from Jacod (1975), Theorem (5.1) (or Bremaud & Jacod (1977), Theorem 1, p. 388) 
that Lt has the version 

Lt Lof , ) (l, DsH exp (I-Y(s,x))V(ds,dx)l (45) 

s?(n 

where 

Ds= I+ AA ' (4.6) 
I-AA 5 

and 

vc(dt dx) = 1{AA,=O} v(dt, dx) (4.7) 

is the "continuous part" of v. Note that Y,=AAt (by (4.2)) and thus D,=(I -AAt)/(l -AA,) 
(=1, if AA,= AA,= 1) giving the more illuminating version of (4.5) 

Lt= L H f diV (7', X") tfl-A5\ep- (4.5') 
(T, 

dv AA))t I-AA exp( Ac) 
s (T,,) 

Furthermore, formula (15) of Jacod (1975) gives us the representation 

rtr 
L= Lo+f Ls-(Ds-Y(s,x))(v(ds,dx)-N(ds,dx)), t>0, (4.8) 

where N is the counting measure on (R+ xE, R+ 0OF) corresponding to (T, X). 
Our aim is now to calculate (4.5) explicitly for the failure model. When doing so we find 

how a proportionality factor, arising from Condition A, cancels out. 
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We use the notation Y* for our candidate for Y in (4.2). Denoting by C the complement 
of {wlf(co; )<<v(wo; )}, we define for w E Q\C 

d dA ) (t) C(C; x 
if x' 0', 

dA(w) qp,(w;x',E') 
Y* (w,' t, x' ,x") -=eLt(WO) if x= 0t(t) < (4.9) 

I l-1,(w)' ifx'=0', Q#w)<1, 

where dA(w)IdA(o) is defined according to (4.4), and for o E C let Y*(w, , )-1. 
In order to use this Y* in the construction of the likelihood ratio (4.5) we must check 

(4.2) and (4.3). Now (4.2) holds, because on Q\C, for x'*0' 

v(dt, x', dx") Y*(t, x', x") = dA, t(x', dx")-A (t) 
dA qjtx', E') 

= dA,-A (t) (x', dx") 
dA 

= v(dt, x', dx") (4.10 a) 

by Condition A, and similarly for x'=0' 

v(dt, 0', dx") Y*(t, 0', x") = v(dt, 0', dx") 
1-et 

= v3(dt, 0', dx"). (4.10 b) 

(The first equality in (4.10 b) follows from (4.9) and the fact that e= 1 implies 
v({t},0',E')=O.) But then also (4.3) holds since it holds trivially on C, and on Q\C 
conditions (4.10) imply that 

t = ({t}, E) = AA,. (4.11) 

From now on we can write Y instead of Y*. To begin with the computation of (4.5), note 
first that corresponding to (4.6) we have on Q\C 

1-AAt Dt I-AA (by (4.11)) 

1-L3t-AAt 1 -8t-^At (for notation see (3.12)) 
I -Qt-AAOt' 

(I-et 1- ;O) 

(I -e )d l- AA0') 
1-pt -Q 

-= t (by Condition A), (4.12) 

if O<AAt< 1, and D,= 1 otherwise (by absolute continuity when AAt=O, and by (4.3) and 
the convention 0/0=0 of Jacod (1975) when AAt= 1). 

Next, considering an arbitrary co E Q and defining Y** by 
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[d;c(w;.) if x'*0' 
Y* * ((l; t, x', x") = dvc(ces;)' 

LI, ifx'=0', 

we find that Y(o; )= Y**(o; ) vc(c; )-a.e. Therefore 

fI - Y(s, x)) vc(ds, dx) = vc((0, t], E'\{0'}, E')- c((0, t], E'\{0'}, E') 

=E(AC, X - AtC X). (4.13) 
x'4$0' 

But then (4.5) together with (4.9), (4.12) and (4.13) implies (4.14) in the following basic 
result, where we use the notation of (3.10), (3.11) and (3.12). 

Theorem 4.1. Under Condition A, if the probabilities P and P agree on AO, the martingale 

L,=E(dPIdPj9t), tO, has the representation 

Lt H> (x Un) ] nl - exp t E (AtC x'-tx) (4. 14) 

LS (U,) 

Note that if AAS=I and Tnts for all n 1, then there is a factor Ds=I in (4.5) but a 
factor (1 - Ls)(loQs) in (4.14). However, this occurs only with probability zero. 

Let us then derive an expression for the likelihood function. Consider (4.14) for a fixed 
value 0=00 in the denominator and write Po (instead of P9 in the numerator. Then, for 
fixed to E Q, tB0, and with 0 varying, (4.14) implies that the likelihood function based on 
the sample 

9t = Y,(wO) = (SO(0), (Ti(wO), Xi(a))) aIN (c)), 

where N,(wo) denotes the number of points on the interval [0, t], is proportional to the 
expression 

HtO [l dAu ], 
|f (I (-,o)l exp{ AO, CX'} (4.15) 

Un--t s,-<t x *01 
S I ( U") 

Here dAO x' should be read as the density of AO x' with respect to any (for all 0) dominating 
measure ,ux'. We note that Ht depends on co only through (Y,), and by (4.5) it is, for fixed 

wo E {iH'>O} and as a function of 0, proportional to L9=dPeIdP9' (on ;;). This conclusion 

is also valid if Po' is replaced by any dominating measure ,u on it (the proportionality 
factor gets multiplied by (dP0'/du) (9t)). Thus under Condition A we may view 0--Ht(9t) as 
the likelihood function based on the data 9t. 

Remark 1. If Condition A is not satisfied, expression (4.15) can be considered as a 
partial likelihood. Under the usual kind of regularity conditions it leads to the familiar 
asymptotic properties of likelihood based inferences (see Cox (1975), Kalbfleisch & 
Prentice (1980), pp. 127-132). 

Remark 2. There is an alternative formulation to the likelihood formula (4.15) which is 
based on the notion of a product integral (see Dollard & Friedman (1979), and also 
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Kalbfleisch & Prentice (1980), p. 9): If,u is a measure on the real line with all point masses 
less than one, the product integral 30(1 -,u(ds)) is defined according to "the exponential 
formula" as 

r t A 

$O)?(1 -,u(ds)) = exp -{ fuC(ds)} (1 -,u({s})), 

where uc is the continuous part of u. Recall from (3.12) that the (P , )-compensa- 
tor of the innovation process (U, X) is dAx X=v0(dt, x', E'). Also denote 

dA,k=v6(dt,E'\{0'},E') and N'= E *0,Nt, tO. Then we find easily that (4.15) can be 
written as 

[= [I fU (dA,x)dN1' []Pt(l d A dNs] (4.15 a) 
s--t x'*0' 

where the product fls_, has only countably many non-trivial terms. 
We conclude this section by again studying examples. 

Example 2.2 (continuation). We assume Condition A to hold, and additionally that only 
failures are innovative, i.e., Z'=0. Then each innovation can be identified with some 
finite subset I of J, and we can conveniently replace "x"' by "I". We denote by IIl the 
cardinality of I. 

We first consider the case when the distributions of the lifetimes are continuous. This is 
achieved by making the additional assumptions 

9p9(I, E') = 0, when Il ? 2, (4.16 a) 

AAOp9(I, E') = 0, when I 0, (4.16 b) 

for all 0E E), s?0. We also assume that for each 0 E e the continuous part of AO has an 
intensity. In this case, we get from (4.15) that the likelihood for 0 at t is proportional to the 
expression 

[ f| Ar ] exp { - 0 A s 

0 <1t<r J 

=[ , ,xn expf A- ftil~ {ds} (by 4.16 a) (4.17) 
Luns uJt jEJ 0 

Here, obviously, the innovation process (U,X) gives the failure times and Xn labels the 
individual failing at Un (by (4.16a) the P'-probability of simultaneous failures is zero). 

If the continuous part of AO vanishes for each 0 E e, we have the important special case 
of a purely discrete process. Then (4.15) reduces to 

[1 A2AO,, ] I - (I E AAM,) (4.18) 
Un A-t S,-t ?<|I|<x 
[ A l( Un) 

Here simultaneous failures are usually possible with positive probability and thus the finite 
subsets of J can come up as failure patterns. 
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5. Partially specified models and comments on interpretation 

In practice it is often impractical to specify explicitly the full parametric statistical model 
{PO; 0E e} governing an MPP. As we have seen above, however, the likelihood (4.15) is 
expressed solely in terms of the compensator {A',"; x E E', tB0} associated with innova- 
tions. Indeed, it is this economy aspect which makes the classification of the marked 
points into innovations and non-innovations so useful: As long as Condition A is satisfied, 
only the innovation hazards need explicit parametric specification. We call such an 
approach to setting up a statistical model a partial specification. (Note, however, that 
Condition A can be only expressed in terms of the full model. Thus in a sense one has to 
investigate the full model in order to be able to concentrate on the partial model.) The 
purpose of this last section is to consider the partial specification in some detail, and also 
discuss the interpretation of the consequent model. 

The most convenient starting point is Example 3.3. 

Example 3.3 (continuation). Because of the assumed independence between individuals, 
the likelihood expression involves only functions {rj (t, 1); j E J, t?0}, rj?(t, 1) being the 
death hazard individual j faces, if alive and uncensored, at time t. Thus, under the non- 
innovation condition on censoring (according to which the functions {rj(t, 0); jE J, tB0} 
must not depend on 0) it suffices to specify the death hazards rq6(t, 1). Usually one then 
assumes that the life length of individual j, say tj, is distributed according to some 
parametric distribution F17, called here a reference distribution. Supposing that F 
has a density J?, one gets the corresponding hazard rate he from hq?(t)= 

fJ(t) [1 -Fi(t)] - l and defines rj(t, 1) by 

?j(t, 1) = hj@(t), t >, 0 (5.1) 

It is then easily seen by substitution into (4.17) that the likelihood expression correspond- 
ing to the data set {(Tj, 6j); jEJ} gets the familiar form 

f7 (fj(Tj))61(l -F7(T;))'a>. 

Condition (5.1) was shown by Kalbfleisch & MacKay (1979) to be equivalent to the 
constant sum condition of Williams & Lagakos (1977). In Kalbfleisch & Prentice (1980) it 
is called independent censoring (see Assumption 2 on p. 120). Compare also with Assump- 
tion 3.1.1 in Gill (1980). 

The equality (5.1) expresses a very natural relationship between the statistical models 
for {(Tj, 6j); jEJ} and for { j; jEJ}: In the former, r7(t, 1) is the hazard rate of an 
uncensored individual, while the latter model does not contain censoring at all. Thus we 
can take (5.1) to mean that censoring does not introduce a bias into the model for {(Tj, 6j); 
jEJ} by altering the death hazards. 

Remark 1. Often censoring is unavoidable in practical experimentation and then a 
companion experiment in which "the censoring mechanism has been inactivated" remains 
purely fictitious. However, we believe that in most cases such a reference experiment, and 
the application of the consequent model as in (5.1), make good sense. In the above case, 
for example, it is reasonable to think that it is really the values of the variables tj an 
investigator would like to observe in order to study the statistical model based on the 
distributions F`e. In a sense, the life lengths ty "exist in reality", but their measurement is 
sometimes prevented by the censoring. 
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Remark 2. An alternative mathematical formulation, also leading to (5.1), is the well 
known random censoring model: There one postulates the existence of a censoring time 
for individual j, say ,j, taken to be independent from dj, and then defines 

(Tj, bj) by Tj= jA j and 6j = IM__?j A serious drawback of this model is, however, that in 

most experiments the random variable ,j has no real meaning if death is observed. Then 
also the independence becomes an artefact of the model. (This is essentially the usual 
critique directed towards the competing risks models.) 

In general the individuals under study cannot be considered separately because of 
lacking independence between them. (As we have seen in Examples 3.1 and 3.2, even if 
the failure mechanisms are independent the observations (Tj, 6j) can be dependent be- 
cause of censoring.) Also conditioning on common random covariates can bring in 
dependence. This difficulty can be avoided by splitting the time axis into random intervals 
of the form (Tn-, Tj] and then considering separately each such interval. The following 
example illustrates the partial model specification in such a case. 

Example 5.1. We consider Ex. 2.2 in the situation where (4.16a-b) holds. Since only 
deaths are innovative, the partial specification requires merely that the death rates A4 {i} 
be defined. Choosing predictable versions for such rates amounts to writing 

A4O {A}(0) - > ;, n (t, w0) 1{T ()<tST(w)} (5.2) 
n-1 

where each As/n is 091T 1__30R-measurable (see e.g. Bremaud (1981)). Also recall that for 

Tn_-<t-Tn the hazard rate AO {i} can be expressed in terms of conditional Po-distributions 
as 

4 (i} dt - PO(Tn E dt, j(Xn) d I gTn_ ; Tn 3 t) 

PO(TnE dt, .7rjX,) = d I 9T,) 

def. P (Tn ?! t I Tn- 1) 

(cf. the interpretation of rq(t, 1) above). 
In order to determine the functions 4, 'n on the right hand side of (5.2) we fix the risk set 

and the values of the covariates (up to functional changes in time) by conditioning on FT 1 

and then consider a (possibly only hypothetical) reference experiment performed under 
those fixed conditions, starting at Tn-l and terminating at the next failure. The partial 
specification of the model on (Tn-,, Tn] then consists of choosing a probability distribu- 
tion for this failure, letting 4 ' be the corresponding hazard rate for individual j, and 
finally asking the equality AO, {j}=A n to hold for t E (Tn_., Tn]. 

For instance, in studying covariate influence on failures one often models the death 
hazard for a person at risk to depend on to only through a p-dimensional vector of 
covariate values, p3l. The well known proportional hazards model of Cox (1972) is an 
example of this. Allowing for time-dependent stochastic covariates, one then uses the 
representation 

Aj ' (t () = )(t, Z'((w, t)) I{jER(w,t)}' n 3 1, 

in (5.2), where the mapping t-*Zjn(, t) E RP is determined by the covariate history of jEJ 
up to the point Tn_1(w). In the particular case of finite J and fixed covariates, i.e., if 
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ZJ (w, t)=zj does not depend on C(, t and n, one can derive the likelihood expression (5.2) of 
Kalbfleisch & Prentice (1980) by substitution into (4.17) at t=00. 

Let us then consider the partial specification of the general MPP model. Corresponding 
to the partition 

(0, t] = > (Tnl., Tnl+(TN(,), t] 
n-N(t) 

we factorize the likelihood (4.15) into a product form 

[ [ (T. - , T., ] (@TN(t) It]' 
n --N(t) 

where (recall that Q9=Ex'#0 AA,x') 

TII AA(Tn - , Tn] 

f [SE(B,1] ( E AAOx')] exp {- [Aocx'AoA c x]} if x= 0 _ Enl. T" x'$0 Tn'$0'X 

| 11 (1~~ E AAsx')] exp E'[A,c x'-Aonc ]} dA IXn ifX *0 

s E(Tn- 1, Tn) x'$0' _ x'$0' 

(5.4) 

and 

1 [ i fI(l 1- E exp{- [AT-ATN()c]x if N(t) < t 
(TN(.), t] S e (TN(,), tl x'$0' x'$*0' 

1 otherwise 

(5.5) 

For each nb1, the term H depends on an ST__-conditional distribution and the 
innovation X, at Tn (which may be trivial). In more detail, we have (a.s.) on 
{Tn-I<t Tn} 

dAO x = P9(Tn E dt, Xn =X'I -1; Tn 3 t) 

P6(Tn e dt, Xn = XdTn_,), x I * Of. (5.6) 
def. P6(Tn ' tI J , xt0T',.5.) 

(Conversely, the conditional distribution can be determined from the compensator by 
using the exponential inversion formula (cf. (5.7) & (5.9) below).) 

It is clear that dAox' has here the same role as r(t, 1) dt in Ex. 3.3 and A4 {j}dt in Ex. 
5.1. 

To introduce the corresponding reference distributions, let, for nB 1 and 0 E E, 
Q0' n(dt,x') be a given transition probability from Q to (0, oo]XE' such that 
Q6' n(B, X') is T4 _,-measurable for any fixed Borel set B and x' EE'. Let QO n also satisfy 
Q6' n((0, Tn-1],E')=O. In setting up the model we give to QO8 "the role of the conditional 
distribution, given T -1 of the first innovation in the post-Tn-1-process under the 
(possibly only fictitious) circumstances where the generation of non-innovative points has 
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been discontinued at T, 1. Define the (multivariate) hazard function {IF lX'; 

x' E E', t>Tn_} corresponding to QO n in the usual way by 

aT,n,x 
Q0 n (dt, Xi) 

QO n(dt, X J, E') 
(57) 

Then drtf corresponds to A4 '(t) dt in Example 5. 1. 

The partial specification of the general MPP model is accomplished by requiring that 
A, x' satisfy 

dAO, x' = drFO nf X' on { Tn_- < t - Tn} T (5.8) 

By substituting (5.8) into (5.4) and (5.5), and using the exponential inversion formula 

QO n(dt, x') = [H (l-E A nX') J exp {-nEx r,n,cX} dr n,x' (5.9) 
S<t X'*0 X'$0' 

we find that 

140 Q0f ni(dTn, Xn), if Xn 0, 
(Tn l T] | QO ((To 0], E'), if Xn 0, 

and 

QTNtt NQt ((t, o 
],E ), t > TN(t) 

Hence, by (5.3), the partial specification in terms of the distributions Q '9 n leads to the 
likelihood expression 

Ht= [ H 0, 
n(dTn,1Xn), 

f 
QO n((Tn, ],E')1 QO N(t)((t, oo],E') (5.10) 

TnAt TIJt 
X,', $__Xn=0' 
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