
1 Introduction

The content of these notes is also covered by chapter 3 of [1] and and 2.2-2.3 of [2]. A detailed presentation in the
style characteristic of the physics literature can be also found in [3].

2 Properties of the diffusion equation

The diffusion equation can be regarded as a special case of the d-dimensional Fokker-Planck equation

∂tp =
1
2
∂xi∂xj (σilσjlp)− ∂xi(bip) (2.1)

equation with vanishing constant diffusion and vanishing drift

bi = 0 ∀ i = 1, . . . d drift
σilσjl ≡

∑d
l=1 σilσjl = constant diffusion tensor

In (2.1) repeated indices imply summation.

Definition 2.1 (Isotropic diffusion). The diffusion is said to be isotropic if

σilσjl = σ2δij σ2 > 0

Definition 2.2. ()
The diffusion is said to be isotropic if

The isotropic diffusion equation is

∂tp =
σ

2
∂2
xp (2.2)

The Fokker-Planck and diffusion equations are examples of parabolic partial differential equations (i.e. second order
in space, first in time). The problem of solving a parabolic differential equations is well defined if one assigns

1. boundary conditions in space. For example if the solution of (2.1) or (2.2) is sought on Rd suitable boundary
conditions for a probability density are

lim
x↑∞

xd+εp(x, t) = 0 ∀ , ε > 0

2. Initial condition in time:

p(x, t) = p0(x)

For the solution to be a well defined probability density, the initial condition must be positive definite and
integrable on the domain of definition of the solution. For example if the solution of (2.1) or (2.2) is sought on
Rd then ∫

ddx p0(x) = 1
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2.1 Diffusion process on Rd

The Fourier transform

p̌(q, t) =
∫

Rd
ddx eı q·xp(x, t)

satisfies the linear equation

∂tp̌(q, t) = −σ
2 q2

2
p̌(q, t) (2.3)

If po(x) is a well defined PDF on Rd the solution is

p̌(q, t) = e−
σ2 q2 t

2 p̌o(q)

Since (2.3) or equivalently (2.2) are autonomous i.e. do not explicitly upon time the shift

0 ≤ t → t− to ≥ 0

turns a solution into another solution:

p̌(q, t− to) = e−
σ2 q2 (t−to)

2 p̌o(q)

The interpretation of the new solution is of a probability density coinciding with po(x) at time t = to rather than
t = 0. Furthermore writing

p̌(q , t) = e−
σ2 q2 (t−to)

2 e−
σ2 q2 to

2 p̌o(q) = e−
σ2 q2 (t−to)

2 p̌(q , to) (2.4)

shows that

φ(q, t, to) = e−
σ2 q2 (t−to)

2 (2.5)

is the flow or fundamental solution of the diffusion equation. To appreciate the role of the fundamental solution it is
expedient to take the Fourier anti-transform

p(x , t) =
∫

Rd

ddq

(2π)d
e−ıq·xe−

σ2 q2 (t−to)
2 p̌(q , to) (2.6)

By definition

p̌(q , to) =
∫
ddy eıy·qp(y, to)

which inserted in (2.6) yields

p(x , t) =
∫
ddy p(y , to)

∫
Rd

ddq

(2π)d
e−ıq·(x−y)e−

σ2 q2 (t−to)
2

i.e.

p(x , t) =
∫
ddy p(y , to) p(x , t|y , to) (2.7)

2



where

propagator of a diffusion process: p(x , t|xo , to) =
e
− ||x−xo||2

2σ2 (t−to)

[2π σ2 (t− to)]
d
2

, ∀ t ≥ t0 (2.8)

Note that for all t− to ≥ 0 the chain of identities hold true

p(x , t|xo , t0) = p(x , t− t0|xo , 0) = p(x− xo , t− t0|0 , 0)

The first equality is again consequence of the the fact that (2.2) is autonomous (time translational invariant), the sec-
ond that (2.2) is space translational invariant: (2.2) does not contain any explicit dependence upon x. A generic initial
condition po(x) imposed at time to breaks the invariance of the equation. The propagator is itself a solution of (2.2)
with initial condition

initial condition for the propagator: lim
t ↓ to

p(x , t|xo , to) = δ(d)(x− xo) (2.9)

Such initial condition is invariant under the simultaneous translations

t → t+ s & to → to + s

and

x → x+ y & xo → xo + y

The probabilistic interpretation of the propagator is of a conditional probability

ddx p(x , t|xo , to) = probability at time t to be in an infinitesimal volume centered at x
conditioned to the event of being in xo at time to

(2.10)

The propagator also defines the transition probability density between (xo , to) and (x , t). Thus the convolution (2.7)
means that the probability (density) at time t is obtained from the probability (density) at time to by summing (inte-
grating) over all possible transition each weighted by the probability (density):∑

Fo ∈F
UFo=Ω
Fo∩F ′o=∅

P (F |Fo)P (Fo) =
∑
Fo ∈F
UFo=Ω
Fo∩F ′o=∅

P (F ∩ Fo) = P (F ∩ Ω) = P (F ) (2.11)

3 Brownian motion

Definition 3.1 (Stochastic process). A collection of random variables {ξt|t ≥ 0}

ξt : Ω× R+ → Rd

is called a stochastic process

Definition 3.2 (Sample path). For each ω ∈ Ω the mapping

t → ξt(ω)

is called the sample path of the stochastic process.
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Definition 3.3 (Brownian motion). A real valued stochastic process

wt : Ω× R+ → R

is called a Brownian motion or Wiener process if

i w0 = 0

ii the increment wt − ws has Gaussian PDF g
0,
√
σ2(t−s)(x) for all t ≥ s ≥ 0 and σ > 0 a constant diffusion

(volatility) coefficient.

iii For all times

t1 < t2 < . . . ≤ tn

the random variable

wt1 , wt2 − wt1 , . . . , wtn − wtn−1

are independent (the process has independent increments).

3.1 Consequences of the definition

Some observations are in order

• It is not restrictive to consider the one dimensional case. The PDF of Brownian motion on Rd is obtained by
multiplying PDF’s

pwt(x) =
d∏
i=1

pwit(xi)

• By i and ii we have that

pwt(x) =
e−

x2

2σ2 t

(2π σ2 t)
1
2

& pwt2−wt1 (x) =
e
− x2

2σ2 (t2−t1)

[2π σ2 (t2 − t1)]
1
2

t2 > t1 (3.1)

By iii The joint probability of wt1 and wt2 − wt1 is

pwt1 ,wt2−wt1 (x1, y) =
e
− x21

2σ2 t1

(2π σ2 t1)
1
2

e
− y2

2σ2 (t2−t1)

[2π σ2 (t2 − t1)]
1
2

By definition of probability density we can also write

pwt1 ,wt2−wt1 (x1, y) = pwt1 ,wt2−x1(x1, y) = pwt1 ,wt2 (x1, y + x1)

since

wt2 = (wt2 − wt1) + wt1
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Recalling the definition of conditional probability we must also have

pwt1 ,wt2 (x1, y + x1) = pwt2 |wt1 (x1 + y, t2 |x1, t1) pwt1 (x1) ∀x1 , x2 , t2 > t1

whence

pwt2 |wt1 (x1 + y, t2 |x1, t1) =
pwt1 ,wt2 (x1, y + x1)

pwt1 (x1)
=
pwt1 ,wt2−wt1 (x1, y)

pwt1 (x1)
=

e
− y2

2σ2 (t2−t1)

[2π σ2 (t2 − t1)]
1
2

Finally, upon setting x2 = y + x1 we get into:

pwt2 |wt1 (x2, t2 |x1, t1) =
e
− (x2−x1)2

2σ2 (t2−t1)

[2π σ2 (t2 − t1)]
1
2

3.2 Comment on the independence of the increments

We would like to regard Brownian motion as the limit (in a mathematical sense clarified in [1] )

wt

n↑∞
Dtn=t= σ

√
Dt

n∑
i=1

ηi (3.2)

for {ηi}ni=1 independent identically distributed random variables valued

P (η = 1) = P (η = −1) =
1
2

If (3.2) holds true then we can consistently write

wt+δt − wt

n↑∞
Dtn1=t

Dtn2=t+δt= σ
√
Dt

n2∑
i=n1+1

ηi

for any δt > 0. Thus the increment of the Brownian motion depends only upon the sequence of random variables
{ηi}n2

i=n1+1 . By definition these random variables are independent of {ηi}n1
i=1.

4 Solution by characteristics of transport equations

Consider the first order partial differential equation (transport equation)

∂tp+ ∂i(bip) = 0 (4.1a)

p(x, t) = po(x) (4.1b)

Let

φ : R× R× Rd → Rd

be the flow solving

dx

dt
= b(x, t) (4.2)
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for any initial condition xo set at arbitrary time to. In such a case a direct calculation shows that

p(x, t) =
∫
ddy δ(d)(x− φ(t; to,y)) po(y) (4.3)

Namely the chain of identities

∂tp(x, t) = −
∫
ddy bi(φ(t; to,y), t)

∂

∂xi
δ(d)(x− φ(t; to,y)) po(y)

= − ∂

∂xi

∫
ddy bi(φ(t; to,y), t)δ(d)(x− φ(t; to,y)) po(y)

= − ∂

∂xi

∫
ddy bi(x, t)δ(d)(x− φ(t; to,y)) po(y)

recovers (4.1a). Solving (4.1a) reduces to determining the flow of (4.2), i.e. solving the ODE (4.2) for any initial
condition on Rd. The curves drawn by the flow are referred to as the characteristics of the PDE (4.1a). Equation (4.1a)
describes from the physical point of view the mass density transport by particles travelling following the dynamics
specified by (4.2) as the identity ∫

Rd
ddx p(x, t) =

∫
Rd
ddx p0(x)

implies mass conservation and (4.3) ensures that p is positive definite if po is positive definite.
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