
STOCHASTIC POPULATION MODELS (Fall 2008)
EXERCISES 1 - 3

1. Consider the mechanistic derivation of the logistic equation (see lecture
16.09.2008), but instead of assuming that λ and ν are large compared
to the rest, now assume that α and β are large.

(a) What is the biological interpretation of α and β being large com-
pared to the other parameters?

(b) Let z := x+y and rewrite the system of two ODEs for x an y into
a system for y and z, and observe that z is a slow variable while
y is a fast variable.

(c) Calculate the quasi-equilibrium for the fast variable y and show
that it is stable.

(d) Give a single ODE for the slow variable z assuming that the fast
variable is at its quasi-equilibrium.

(e) Give a qualitative analysis of the dynamics of z.

2. Consider the ODE for z you derived in exercise 1. Suppose that λ =
λ(t) is time-variable with time-average λ0, and let z0 be the positive
equilibrium if λ(t) = λ0 for all t.

(a) Linearize the ODE for z for (z, λ) close to (z0, λ0).

(b) Calculate the transfer function T (ω) and sketch |T (ω)| and arg T (ω)
as functions of ω and interpret the graphs.

3. Given the L1-function f : R → R, the classical Fourier transform of f

is defined as

f̃(ω) =

∫
+∞

−∞

f(t)e−iωtdt (1)

and its inverse is given by

f(t) =
1

2π

∫
+∞

−∞

f̃(ω)eiωtdω (2)

Show that for the L1-functions f, g : R → R we have

(a) ˜̃
f(t) = 2πf(−t);

(b) (̃f ′) = iωf̃ ;

(c) (f̃)′ = −i(̃tf(t));
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(d) f̃T = e−iωT f̃ where fT (t) = f(t − T );

(e)
∫

+∞

−∞
f(t)g̃(t)dt =

∫
+∞

−∞
f̃(t)g(t)dt;

(f) (̃f ∗ g) = f̃ g̃ (i.e., transform of a convolution);

(g) if f is an even function, so is f̃ ; if f is an odd function, so is f̃ .
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