
Homework exercises, set 11

1. Write down explicitly the Dirac operator on the unit sphere S2, coupled to
the vector potential of the monopole bundle.

2. a) Compute the index of the Dirac operator on S4 (standard metric) associ-
ated to a principal SU(2) bundle through the defining representation of SU(2) in
C2. We assume that the connection corresponds to the basic instanton (self-dual)
gauge field, the value of the integral of (the normalized) second Chern class is equal
to one. b) Construct a Dirac operator in a vector bundle over the torus S1 × S1

with a given index = k. c) Can there be a nonzero Dirac index on S1 × S3?

3. Let g be the Lie algebra of bounded linear operators in a complex Hilbert
space H = H+ ⊕H− such that [ε,X] is traceclass for X ∈ g, where ε = P+ − P−
is the grading operator. Define c(X,Y ) = 1

2 trX[ε, Y ] for X,Y ∈ g. Show that this
bilinear antisymmetric form defines a new Lie algebra structure in g⊕ C by

[(X, a), (Y, b)] = ([X,Y ], c(X,Y )).

4. Let H be the Hilbert space of complex square integrable functions on S1,
polarized as H = H+ ⊕H− to nonnegative and negative Fourier modes. Let X,Y
be a pair of complex Fourier polynomials thought of as linear operator in H by
(Xψ)(φ) = X(φ) · ψ(φ). Show by Fourier analysis that c in the previous problem
takes the form

c(X,Y ) =
1

2πi

∫
S1

trX(φ)Y ′(φ)dφ.

Actually, the right-hand-side is well-defined not only for Fourier polynomials but
for all smooth functions X,Y. Show that the right-hand-side is a Lie algebra cocycle
(i.e., it defines an extension of the original Lie algebra by C as in Problem 3) even
for matrix valued smooth functions.

5. Let D ⊂ Rn be the unit disk and denote by A the set of smooth 1-forms
on D with values in the Lie algebra g of a compact Lie group G. Let p be a fixed
point on the boundary of D. a) Show that for each A ∈ A there is a unique smooth
g = gA : D → G such that gA(p) = 1 and A′ = adg−1(A) + g−1dg is in the radial
gauge, i.e., the radial component xkAk = 0. b) In finite dimensions, if a Lie group
G acts smoothly and freely on a manifold M then the set of orbits M/G has a
natural differentiable structure making it into a smooth manifold. The same can
be shown to be true in the case of A/G, where G is the group of smooth maps
f : D → G such that f = 1 on the boundary of D. Let now ΩG be the group of
smooth contractible maps f from Sn−1 = ∂D to G such that f(p) = 1. Define a
map A → ΩG by A 7→ gA|Sn−1 . Show that this is a homotopy equivalence. Hint:
Parametrize the potentials A as pairs (A′, gA) where A′ is in the radial gauge. The
set of potentials in radial gauge is contractible.
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