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A phenomenological single scatterer is presented for multiple-scattering studies

involving complex random media. The single-scattering albedo is used to describe the

proportion of scattering to absorption. A double Henyey–Greenstein function is

introduced for the scattering phase function P11, allowing for realistic forward and

backward lobes using the forward, backward, and total asymmetry parameters. The

scattering matrix divided by P11 is defined as a weighted sum of modified electric-

dipole and magnetic-dipole matrices. Angular stretching is introduced in these matrices

by incorporating eccentricities in the scattering-angle arguments, allowing for single

scatterers that are negatively polarizing in the backscattering regime and that show

their maximum positive polarization at scattering angle differing from 901. For the two

types of scatterers separately, the scattering matrices are pure 4�4 Mueller matrices

that derive from 2�2 Jones scattering amplitude matrices. In order to illustrate the

application of the phenomenological scatterer, radiative-transfer coherent-backscatter-

ing computations are carried out for spherical media of such scatterers, assuming that

attenuation due to extinction is exponential and described by the extinction mean-free-

path length. The results are seen to be relevant for modeling photometric, polarimetric,

and spectroscopic observations of small Solar System objects.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Rigorous electromagnetic wave scattering by discrete
random media spanning large numbers of extinction
mean free paths constitutes an unsolved problem in
electromagnetics. Whereas approximate multiple-scatter-
ing methods are available, there are challenges in estab-
lishing their regimes of validity as well as in determining
what the input should be for such methods. In what
follows, we construct a phenomenological single scatterer
ll rights reserved.

sics, University of

uinonen).
and illustrate its utilization as the fundamental scatterer
in radiative-transfer coherent-backscattering computa-
tions (RT-CB; [1]).

There are a number of well-established phenomenolo-
gical characteristics for single scatterers in the context of
scattering in the Solar System (see, e.g., [2,3]). First, the
scattering phase functions tend to have pronounced for-
ward lobes as well as shallow backward lobes. Second, the
degree of linear polarization for unpolarized incident
radiation tends toward positive values at intermediate
scattering angles, and tends toward negative values near
the backscattering direction. Third, the scattering-matrix
element interrelating circular and linear polarization
shows moderate nonzero characteristics at intermediate
scattering angles. Finally, as the RT-CB studies require pure
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Fig. 1. Double Henyey–Greenstein single-scattering phase function P11

(top) and scaled Rayleigh degree of linear polarization for unpolarized

incident light �P12=P11 (bottom). For the phase functions P11, the total

asymmetry parameter is g¼0.6 and the forward asymmetry is g1 ¼ 0:8,

whereas, in the order of increasing backscattering, the backward

asymmetry assumes the values g2 ¼�0:1, �0:2, and �0:3. For the

polarizations �P12=P11, the maximum polarization assumes the values

Pmax ¼ 0:2, 0.3, y, 0.8. In addition, P22 ¼ P11, P33=P11 ¼ P44=P11 ¼ cos y,

and P34 ¼�P43 ¼ 0.
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Mueller scattering matrices that can be expressed using
Jones scattering amplitude matrices [4], the Mueller matrix
of the single scatterer is required to be a finite sum of pure
Mueller matrices.

The coherent-backscattering phenomenon has been
verified numerically for a finite, microscopic volume of
spherical particles [5] using the exact Superposition T-
Matrix Method (STMM; [6]) and RT-CB [1]. This verifica-
tion has a number of implications for modeling scattering
by planetary regoliths: it is possible to develop models
that utilize the sparse medium approach in RT-CB that are
successful in describing the scattering characteristics of
densely packed media like planetary regoliths.

The present work is a continuation of that by Muino-
nen et al. [7,8] who have used a small number of electric-
dipole scatterers in the representation of a single scat-
terer. Whereas the previous model is firmly based on the
physics of scattering, challenges are encountered in mak-
ing efficient use of it. The foremost challenge derives from
the cumbersome relationship between the model para-
meters and the angular patterns of the scattering matrix.
In what follows, further simplifications are introduced
into the single scatterer in an attempt at making the
computations as transparent as possible. Finally, the
present single-scattering matrix bears similarities to the
scattering matrices parameterized by Braak et al. [9].

In Section 2, key aspects of the scattering theory are
presented, including the model for the phenomenological
single scatterer as well as a description of the RT-CB
method. In Section 3, the first results of utilizing the novel
single-scatterer model are illustrated and discussed.
Section 4 closes the article with conclusions and future
prospects.

2. Multiple scattering

2.1. Phenomenological single scatterer

We define the single-scattering matrix as a weighted
sum of scattering matrices for two types of single scat-
terers Sþ and S�:

PðyÞpP11ðyÞ½wþMþ ðyÞþw�M�ðyÞ�, wþ þw� ¼ 1, ð1Þ

where P11 is the scattering phase function and wþ and w�
are the normalized weights of scatterers Sþ and S�,
respectively. Mþ and M� are scattering matrices of
modified electric-dipole (Sþ ) and magnetic-dipole scat-
terers (S�). In detail,

M7 ðyÞ ¼

1 8 sin2 y7

1þ cos2 y7
0 0

8 sin2 y7

1þcos2 y7
1 0 0

0 0 2 cos y7

1þ cos2 y7
0

0 0 0 2 cos y7

1þcos2 y7

0
BBBBBBB@

1
CCCCCCCA
:

ð2Þ

Note that Mþ ðyÞ is the electric-dipole response as a
function of angle yþ and M�ðyÞ is the magnetic-dipole
response as a function of y�: both of these responses
constitute themselves among the first terms of the Mie
vector spherical harmonics solution for scattering by
spherical particles. The modification is a result of map-
ping the scattering angle y to y7 . In Eq. (2), the angles y7

are functions of the scattering angle y and the eccentri-
cities e7 [10]:

yþ�eþ sin yþ ¼ y,

y��e�sin y� ¼ y: ð3Þ

For eþ ¼ e� ¼ 0, yþ ¼ y� ¼ y and the normalized weight
factors

wþ ¼ 1
2ð1þPmaxÞ,

w� ¼ 1
2ð1�PmaxÞ, ð4Þ

where Pmax gives the maximum for the degree of linear
polarization �P12=P11 at y¼ 901.

For the scattering phase function P11ðyÞ, we incorpo-
rate the double Henyey–Greenstein phase function (2HG;
[11])

P11ðyÞ ¼w
1�g2

1

ð1þg2
1�2g1 cos yÞ3=2

þð1�wÞ
1�g2

2

ð1þg2
2�2g2 cosyÞ3=2

,

g ¼wg1þð1�wÞg2,
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w¼
g�g2

g1�g2

, ð5Þ

where g1 and g2 describe the forward and backward
asymmetries, w is the normalized weight of the first
Henyey–Greenstein function, and g is the asymmetry
parameter of the full 2HG phase function (see Fig. 1 for
example scattering phase matrix elements).

The single-scattering albedo ~o is an additional free
parameter of the single scatterer. Thus, single scattering is
fully described by seven parameters: ~o, g, g1, g2, wþ , eþ ,
and e�. This reduces to five parameters when eþ ¼ e� ¼ 0,
that is, to ~o, g, g1, g2, and Pmax. Note that, whereas it is
worth striving toward the smallest possible number of
free parameters, it is important that the single scatterer
be capable of representing a realistic fundamental scat-
terer in RT-CB studies.

The ratioed Jones scattering amplitude matrices for the
two scatterers are defined as

Jþ ðyÞ ¼

ffiffi
2
p

iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2 yþ
p 0

0
ffiffi
2
p

i cos yþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þcos2 yþ
p

0
BB@

1
CCA,
Fig. 2. Degree of linear polarization �P12=P11 (top) and P33=P11 (bottom)

for example negatively polarizing single scatterers. The eccentricities are

eþ ¼�0:1 and e� ¼�0:6 and the weights are wþ ¼ 1�w� ¼ 0:60, 0.65,

0.70, y, 0.85. With increasing wþ , the polarization �P12=P11 increases

and P33=P11 moves to the left.
J�ðyÞ ¼

ffiffi
2
p

i cos y�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2 y�
p 0

0
ffiffi
2
p

iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos2 y�
p

0
B@

1
CA: ð6Þ

These amplitude matrices give rise to the scattering
matrices in Eq. (2). Furthermore, by incorporating in a
diagonal element of J 7 ðyÞ a real part proportional to
sin y7 , it is possible to extend the current single-scatterer
model to cases with nonzero scattering matrix elements
P34 ¼�P43.

2.2. Radiative transfer and coherent backscattering

We consider radiative transfer and coherent backscat-
tering in spherical volumes of phenomenological single
scatterers using a Monte Carlo method further developed
from the original method by [1]. First, whereas the
original method makes use of the reciprocity relation of
electromagnetic scattering in the computation of the
coherent backscattering contribution at the exact back-
scattering direction, the present method utilizes scatter-
ing amplitude matrices directly and allows for the
reciprocity relation to be used as a measure of computa-
tional accuracy.
Fig. 3. Coherent-backscattering enhancement factors computed using

phenomenological single scatterers with single-scattering albedo
~o ¼ 0:9 (top) and 0.6 (bottom) for k‘¼ 30, 300, and 3000 (large,

intermediate, and small angular widths, respectively). In these exam-

ples, polarization in single scattering (here Pmax ¼ 0:6) has a minor effect

on the enhancement factors.
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Second, the optimized method utilizes symmetry rela-
tions to improve the numerical convergence of the angu-
lar scattering patterns. There are six incident polarization
states that need to be traced in order to obtain the
corresponding contributions to the scattering matrix of
the spherical volume of scatterers. In the optimized
method, one Markov chain of scatterings is computed in
the case of linear polarization and another one in the case
of circular polarization. The three remaining linear-polar-
ization chains follow, after proper mapping, from the one
computed. Analogously, the one remaining circular-polar-
ization chain follows from the one computed. The
improvement of the convergence is substantial and the
numerical results have been verified against those from
the original method.

Scattering by a spherical volume of discrete scatterers
is characterized by the geometric albedo p, enhancement
factor z¼ zðaÞ (a¼ p�y is the phase angle), and the degree
Fig. 4. Degrees of linear polarization for unpolarized incident radiation for ~o ¼
3000 (top). The eccentricities eþ ¼ e� ¼ 0 and the maximum polarization as

pronounced patterns, respectively).
of linear polarization for unpolarized incident light
P¼ PðaÞ. The geometric albedo for the spherical volume
is the ratio of the disk-integrated brightness L11 for the
medium (with diameter D) and the disk-integrated
brightness for a normally illuminated Lambertian disk of
equal diameter (LLDð0Þ ¼D2pF0=4) at the exact backscat-
tering direction a¼ 01:

p¼
L11ð0Þ

LLDð0Þ
¼ 4

L11ð0Þ

D2pF0

: ð7Þ

Note that the geometric albedo can reach values
exceeding unity.

The enhancement factor is

zðaÞ ¼ L11ðaÞ
LRT

11ð0Þ
, ð8Þ

where the matrix element LRT
11 corresponds to the disk-

integrated brightness according to pure radiative transfer.
0:6 (left) and 0.9 (right) in the case of k‘¼ 30 (bottom), 300 (middle), and

sumes the values Pmax ¼ 0:2, 0.4, and 0.6 (shallow, intermediate, and



Fig. 5. Enhancement factors (top) and degrees of linear polarization

(bottom) computed using phenomenological single scatterers with
~o ¼ 0:9 and wþ ¼ 1�w� ¼ 0:8. The eccentricities are eþ ¼�0:1 and

e� ¼�0:6 (solid line; neutral single-scatterer polarization near back-

scattering) as well as eþ ¼�0:1 and e� ¼�0:8 (dashed line; negative

single-scatterer polarization near backscattering). The mean free path is

k‘¼ 300.
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We distinguish between the geometric albedos including
and excluding the coherent-backscattering contribution
by denoting the geometric albedo from pure radiative
transfer by pRT. Thus, the enhancement factor at the exact
backscattering direction coincides with the disk-inte-
grated brightness divided by the pure radiative-transfer
disk-integrated brightness. Finally, the degree of linear
polarization is

PðaÞ ¼ � L21ðaÞ
L11ðaÞ

, ð9Þ

where L21 refers to the 21 element of the disk-integrated-
brightness matrix.

3. Results and discussion

Example scattering-matrix elements of the phenom-
enological single scatterer are illustrated in Figs. 1 and 2.
It is possible to simulate realistic single-scattering phase
functions P11 and it is straightforward to control the
maximum degree of positive polarization in �P21=P11

(Fig. 1). Negative polarization near backscattering as well
as maximum positive polarization shifting from y¼ 901
can be introduced by incorporating the eccentricities eþ
and e�, resulting also in variations in the P33 ¼ P44

element.
Numerical RT-CB computations have been carried out for

an extensive set of parameters in the case of a spherical
medium with a diametric optical thickness approaching
infinity. First, the single-scattering albedo has assumed the
seven values ~o ¼ 0:3,0:4, . . ., and 0.9. Second, eight different
single-scattering phase functions have been utilized: for
g¼0.3, 0.4, 0.5, and 0.6, the forward and backward asymme-
tries have been either g1 ¼ 0:8, g2 ¼�0:2 or g1 ¼ 0:8,
g2 ¼�0:1. Third, assuming eþ ¼ e� ¼ 0, the maximum
polarization takes the values Pmax ¼ 0:4, 0.5, 0.6, and 0.7.
Fourth, the mean free path in the size parameter scale
assumes 28 values of k‘¼ 30, 40, y, 100, 120, y, 200,
250, y, 400, 500, y, 1000, 2000, y, 5000, and 10,000. The
computations have thus entailed 6272 different cases using
200 000 rays in the Monte Carlo computation. This has taken
2 months of computing time on a modern eight-core
computer. In addition, the cases ~o ¼ 0:3, 0.6, 0.9 and
g¼0.6, g1 ¼ 0:8, g2 ¼�0:1 and Pmax ¼ 0:2 with the 28 mean
free paths given above have been computed to extend the
database down to more neutral single-scatterer polarizations.

Figs. 3 and 4 illustrate example computations of radia-
tive transfer and coherent backscattering for spherical
volumes of diametrical optical thickness approaching infi-
nity. It is clear that the present modeling results closely
resemble those observed for Solar System objects. Further-
more, the model is attractive in that it allows for an efficient
iteration of the computed angular patterns toward the
observed patterns. In practice, it may not be necessary to
resort to extensive databases of computations: one can
rather iterate towards the best fit by gradually increasing
the numbers of rays in the Monte Carlo computations.

Fig. 5 illustrates computations with ~o ¼ 0:9 for exam-
ples where the single-scatterer polarization is neutral
(eþ ¼�0:1 and e� ¼�0:6) as well as negative near back-
scattering (eþ ¼�0:1 and e� ¼�0:8). In both cases, the
positive polarization maximum has moved from the 901
scattering angle to larger scattering angles by a few degrees.
The enhancement factors are similar, underscoring their
weak dependence on the single-scatterer polarization. The
degrees of linear polarization are similar at small phase
angles for the coherent-backscattering part, whereas the
secondary negative branch arises in the case of negatively
polarized single scattering near backscattering.

4. Conclusions

A phenomenological single scatterer has been devel-
oped for studies of multiple scattering. This scatterer has
been used in radiative-transfer coherent-backscattering
studies of scattering from planetary regoliths. The result-
ing photometric and polarimetric angular patterns have
been seen to resemble those observed for planetary
regoliths, allowing for detailed future modeling and
interpretation of the observations.

There are, however, potential caveats in the current
model for a single scatterer. First, the scattering matrix
lacks the treatment of linear depolarization. Second,
uniqueness issues may arise when describing scattering
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characteristics of single particles and complex media of
such particles by using the present single-scatterer model.
Third, the present single scatterer is composed of two
extreme types of scatterers, that is, those mimicking
electric-dipole and magnetic-dipole polarization charac-
teristics. It remains as a future study to unveil the
consequences of this hypothesis. Among the advantages
of the present approach is that it is straightforward to
replace any specific scattering phase function, like the
double Henyey–Greenstein function, with another more
representative function.

A full scattering model for a planetary regolith can
consist of close-packed spherical volumes of scatterers
where the volumes themselves have their own size
distribution [12]. The interface between free space and
regolith can be described by a fractional Brownian-motion
geometry. The present single scatterer can be utilized in
the description of the single scatterers within the
volumes. It is, in principle, straightforward to extend the
radiative-transfer coherent-backscattering model to an
entire medium of spherical volumes.
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