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1 Quantum statistical ensembles

1.1 Classical ensembles

In classical statistical mechanics we are often dealing with systems of N parti-
cles1. For macroscopic systems we are typically dealing with N ∼ 1023 particles.
For such systems it is typically not possible to compute its full evolution ex-
actly. Moreso, we are often interested in macroscopic observables of the system
like the energy or particle density. In equilibrium, it is possible to compute
averages of such quantities by introducing ensembles. Ensembles are probabil-
ity distributions on microstates of the system fit for specific physical situations,
they depend on a few macroscopic quantities of the system. In this way, the
ensembles correspond to a macrostate of the system.

1.1.1 Microcanonical ensemble

An isolated system cannot exchange energy with its environment, its energy E
is fixed. Let V be the volume and N the amount of particles in the system. If
we assume that every microstate with energy E has the same probability, the
probability density for microstates Γ is

p(Γ) =
δ(E −H(Γ)

ω(E,N, V )
, (1)

where ω(E,N, V ) is the number of microstates with energy E

ω(E,N, V ) =

∫
dΓδ(H(Γ)− E). (2)

The Boltzmann entropy of the system is

S(E,N, V ) = kB logω(E,N, V ) (3)

and the temperature of the system is defined as

β =
1

kBT
=
∂S(E, V,N)

∂E
. (4)

Note that this definition does not exclude negative temperature, see e.g. [2].

1The discussion on ensembles is based upon [1]
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1.1.2 Canonical ensemble

We consider now a situation where the system can exchange energy with a
thermal bath with temperature T . The volume and amount of particles are
still fixed, but the energy of the system is no longer conserved. Instead, in
equilibrium, the temperature of the system is T . The probability density of the
canonical ensemble is given by

p(Γ) =
e−βH(Γ)

Z(β,N, V )
, (5)

where β = 1/(kBT ) is the inverse temperature and the normalisation is

Z(β,N, V ) =

∫
dΓ e−βH(Γ). (6)

1.1.3 Grand-canonical ensemble

Finally we consider a physical situation where the system can exchange both
energy and particles with a thermal environment. We introduce the chemical
potential µ. The chemical potential tells us the amount by which the energy of
a system changes when a particle is added, while the entropy and volume of the
system are held fixed. In equilibrium, the probability density is

p(Γ, N) =
e−β(H(Γ)−µN)

X(µ, V, T )
(7)

with normalisation

X(µ, V, T ) =
∑
N

eβµN
∑
ΓN

e−βH(ΓN ) =
∑
N

eβµNZ(N,V, T ) (8)

where the sum goes over microstates ΓN with N particles.

1.2 Quantum statistical ensembles

In accordance with the classical statistical ensembles, we will define quantum
statistical ensembles. In the quantum case, the microstates are wave functions.
Let us examine the ensemble consisting of states {ψα} with probability distri-
bution {pα}. The ensemble average of an observable O is given by

〈O〉 =
∑
α

pα〈ψα, O ψα〉 = Tr(Oρ), (9)

where we have defined the density matrix

ρ =
∑
α

pα|ψα〉〈ψα|. (10)

The ensemble average is equal to the expectation value with respect to the
density operator ρ.
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1.2.1 Microcanonical ensemble

The internal energy E of the isolated system is fixed. In accordance to the
classical microcanonical ensemble, we define the density matrix

ρ(E) =
δ(H − E)

Ω(E)
, (11)

its matrix elements in terms of the eigenstates φn of H, Hφn = Enφn, are

ρnm = 〈φn, ρψm〉 =
δ(En − E)

Ω(E)
δn,m. (12)

Note that Tr(ρ) = 1 implies that Ω(E) =
∑
n δ(En − E) is the amount of

eigenstates of H with energy E. The matrix elements for energy eigenstates φn
with energy E are all equal to 1/Ω(E), this is 1 divided by the dimension of
the subspace of states with energy E. This result can also be derived by the
maximization of entropy method. We are looking for the state ρ with maximal
entropy S(ρ) = −Tr(ρ log ρ) with normalisation Tr ρ = 1:{

max(S)

Tr ρ = 1
. (13)

This can be solved with the Lagrangian multiplier method, define a function
L = S − λ[Tr(ρ)− 1]. The density matrix ρ can be made diagonal by applying
a unitary transformation. For a diagonal matrix L is a function of the diagonal
elements r1 . . . rn of ρ and λ.

The constrained maximum will be at one of the points where ∇(r1,...,rn,λ)L,
which gives the set of equations{

dL
dri

= 0→ − log ri + 1− λ = 0 for i = 1 . . . n
dL
dλ = 0→

∑
ri = 1

. (14)

From the first n equations, we get that all ri are equal. The second equation
tells us that ri = 1/n for i = 1 . . . n.

1.2.2 Canonical ensemble

If the quantum system is not being driven and in contact with a thermal envi-
ronment, the equilibrium state with the environment is

ρth =
e−βH

Z
, (15)

where partition function is equal to

Z = Tr(e−βH). (16)

The average entropy and energy are given by

〈E〉 = Tr(H
e−βH

Z
) =

∂

∂β
(lnZ) (17)

and
S = −Tr(ρ log ρ) = β〈E〉+ lnZ (18)
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1.2.3 Grand Canonical ensemble

If the quantum system is not being driven and in contact with a thermal environ-
ment and particles can be exchanged, the equilibrium state with the environment
is

ρth =
e−β(H−µN)

Tr e−β(H−µN)
. (19)

1.3 Calculation of bath correlation function

In the derivation of the Lindblad equation for the weak coupling limit we were
considering a system interacting with an environment. The interacting part of
the Hamiltonian was given by

HI =
∑
k

Ak ⊗Bk =
∑
ω,k

Ak ⊗Bk(ω) (20)

The expressions rates γ contained bath correlation functions of the from

Tr(Bk(ω)BlρE), (21)

where ρ = e−βHE
Z is the equilibrium state of the environment.

Let us now consider an explicit interaction between a qubit interacting with
an environment of harmonic oscillators. The Hamiltonian of the environment is

HE =

N∑
i=1

~ωki b
†
ki
bki , (22)

where bk and b†k are bosonic ladder operators. The interaction Hamiltonian is

HI =

N∑
i=1

(σ+ + σ−)⊗ (bki + b†ki). (23)

Thus the correlation functions we have to calculate are

Tr(b†kib
†
kj
e−βHE )/Z (24a)

Tr(b†kibkje
−βHE )/Z (24b)

Tr(bkib
†
kj
e−βHE )/Z (24c)

Tr(bkibkje
−βHE )/Z (24d)

To calculate these expectation values it is convenient to write e−βH in terms of
the orthonormal basis{

|i1, i2 . . .〉 =
(b†k1)i1
√
k1!

(b†k1)i2
√
k1!

. . . |0〉

}
for i1, i2, . . . ∈ N (25)

and where |0〉 is the zero energy eigenstate of HE . A state |i1, i2 . . .〉 has ij
excitations in the j-th harmonic oscillator, it is an energy eigenstate with energy

HE |i1, i2 . . .〉 = (
∑
j=1

ij~ωi)|i1, i2 . . .〉 (26)
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In this basis e−βHE is

e−βHE =

∞∑
i1,i2, ...=0

|i1, i2 . . .〉〈i1, i2 . . . |e−β~
∑
j ijωkj (27)

Taking the trace of e−βHE gives us the partition function

Z =
∏
j

1

1− e−β~ωkj
(28)

From (27) one can see that (24a) and (24d) are 0. Indeed, writing the trace for
(24a) explicitly gives

Tr(b†klb
†
kj
e−βHE ) =

∞∑
i1,i2, ...=0

〈i1, i2 . . . |b†klb
†
kj
|i1, i2 . . .〉e−β~

∑
j ijωkj

=
∞∑

i1,i2, ...=0

√
(il + 1)(ij + 1)e−β~

∑
j ijωkj

× 〈i1, i2 . . . |i1, i2 . . . ij + 1, . . . il + 1 . . .〉
= 0, (29)

where the last line follows from the fact that we are working in an orthonormal
basis, the scalar products in the sums are zero. In a similar way it is possible
to check that equations (24b) and (24c) are only non-zero when i = j. We
calculate

Tr(b†kj bkje
−βHE ) =

∞∑
i1,i2, ...=0

〈i1, i2 . . . |b†kj bkj |i1, i2 . . .〉e
−β~

∑
j ijωkj

=

∞∑
i1,i2, ...=0

ije
−β~

∑
j ijωkj 〈i1, i2 . . . |i1, i2 . . .〉

=

∞∑
i1,i2, ...=0

ije
−β~

∑
j ijωkj

=
e−β~ωkj

(1− e−β~ωkj )2

∏
l 6=j

1

1− e−β~ωkl
. (30)

Dividing both sides by the partition function (28) gives

Tr(b†kj bkje
−βHE )/Z ==

1

eβ~ωkj − 1
. (31)

And by using the commutation relation between bkj and b†kj , one finds

Tr(bkj b
†
kj
e−βHE )/Z =

eβ~ωkj

eβ~ωkj − 1
. (32)
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