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Exercise 1

Consider a Hilbert space consisting of two subsystems A and B, the (finite-
dimensional) Hilbert space of the system is H = HA ⊗ HB . Let A, B be
operators acting A and B respectively.

a. Let ρ be a density matrix for the complete system. Show that the the
partial trace ρA = TrB ρ is still a density matrix.

b. Show that the the partial trace Tr(A⊗B) = TrA(A) TrB(B)

c. Show that the the partial trace Tr(A ⊗ IB) + Tr(IA ⊗ B) = bTrA(A) +
aTrB(B), with a and b the dimension of HA and HB .

Exercise 2

(Chuang, ESD.79 Quantum Computation, 2010)

a. Prove that a state |ψ〉 of a composite system AB, composed of subsystems
A and B, is a product state if and only if it has Schmidt number 1.

b. Show that ψ is a product state if and only if the reduced density matrices
ρA = TrB [|ψ〉〈ψ|] and ρB = TrA[|ψ〉〈ψ|] are pure states.

Exercise 3

(Chuang, ESD.79 Quantum Computation, 2010)
The von Neumann entropy of a quantum state, expressed as a density matrix
ρ, is S(ρ) = −Tr(ρ log ρ), which can be expressed in terms of the (nonzero)
eigenvalues λk of ρ as S(ρ) = −

∑
k λk log λk

a. Give the entropy of the state ρ0 = |0〉〈0|

b. Give the entropy of the state ρ1 = (|0〉〈0|+ |1〉〈1|)/2

c. Prove that the entropy of pure states is 0
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Exercise 4

(Chuang, ESD.79 Quantum Computation, 2010)
Consider a composite system consisting of two qubits. Find the Schmidt de-
composition.

|φ1〉 =
|00〉+ |11〉√

2
(1)

|φ2〉 =
|00〉+ |01〉+ |10〉+ |11〉

2
(2)

|φ3〉 =
|00〉+ |01〉+ |10〉 − |11〉

2
(3)

|φ4〉 =
|00〉+ |01〉+ |11〉√

3
(4)

Exercise 5

The purity of a state ρ is defined as

γ = Tr(ρ2). (5)

The purity of a reduced density matrix is a measure of the entanglement of a
state.

a. For the two qubit state |ψ(0)〉 = 1√
2
(|0〉+ |1〉)|0〉, calculate the final state

evolving under the Hamiltonian

H = ~ωσz ⊗ σz. (6)

Is the state ever entangled?

b. Consider the state |ψ〉 that you found above. What is the purity of the
reduced density operator ρ1(t) = Tr2[|ψ(t)〉〈ψ(t)|]?

c. What if the Hamiltonian is instead

H = ωσz ⊗ σy? (7)

Calculate the time evolution of the system with initial state |ψ(0)〉 =
1√
2
(|0〉 + |1〉)|0〉. Is the state ever entangled? Calculate the purity of

ρ1(t) = Tr2[|ψ(t)〉〈ψ(t)|] as a measure of the entanglement.
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