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Exercise 1

The spin of a spin 1/2 particle has two possible values in any direction: ±~/2.
It is a two level system, a qubit, which is described by the Hilbert space C2.
It’s equation of motion in a time dependent magnetic field B(t) is given by

i~
dψ

dt
(t) = −~

2
~σ ·B(t)ψ(t), (1)

where ~σ = (σx, σy, σz) is the Pauli vector. Let us now consider the magnetic
field

B(t) = (ω1 cosωt, ω1 sinωt, ω0). (2)

(a) Give the equation of motion for the components ψ±(t) of ψ(t) = (ψ+(t), ψ−(t))

(b) In order to solve the equations of motion obtained in (a), it is convenient to
define new variables

ψ±(t) = e∓iω0t/2φ±(t). (3)

Find the equations of motion of φ±(t)

(c) Now define
ξ−(t) = ei(ω0−ω)tφ−(t). (4)

Find the equation of motion for ξ−(t). Use this to find expressions for ψ±(t).

(d) If at time 0, the z-spin component is ~/2 find the probability P (t) that
it is −~/2 at a later time t. At which times does P (t) reach a local maximum?

Exercise 2

(Cappellaro, Quantum Theory of Radiation Interactions, Fall 2012)
(a) Consider the unitary operator

U(θ, φ) =

(
cos(θ/2) e−iφ sin(θ/2)

eiφ sin(θ/2) cos(θ/2)

)
(5)

in the basis |0〉, |1〉. Which of the following states is entangled and which is
separable?

1. (U(θ1, φ1)⊗ U(θ1, φ1))(|0〉|0〉)

1



2. (U(θ1, φ1)⊗ U(θ2, φ2))(|0〉|0〉+ |0〉|1〉)/
√

2

3. (U(θ1, φ1)⊗ U(θ2, φ2))(|0〉|0〉 − |1〉|1〉)/
√

2

(Note that you should be able to give an answer without doing calculations)
(b) Consider the Hamiltonian

H = aσx ⊗ σx + (1− a)σy ⊗ σy (6)

Calculate the eigenstates of this Hamiltonian (use your favourite program for
this), are they entangled?

Exercise 3

(Preskill, Lecture notes for Physics 299: Quantum information and computa-
tion, 1998)
The fidelity of two vectors is defined as

Fid(φ, ψ) = |〈φ, ψ〉|2, (7)

it is a measure of how close two states are.
A single qubit is in a pure unknown pure state ψ, selected randomly from an
ensemble uniformly distributed on the Bloch sphere. We guess at random that
the state is |φ〉. Calculate the average of the fidelity of our guess.

Exercise 4

(Preskill, Lecture notes for Physics 299: Quantum information and computa-
tion, 1998)
As in the last problem, we randomly select a pure qubit state ψ. We perform
a measurement of the spin along the z axis. What is the average fidelity of the
state after the measurement and the original state ψ?

Exercise 5

(Chuang, ESD.79 Quantum Computation, 2010)
The Hadamard operator is defined as

H =
1√
2

[
(|0〉+ |1〉)〈0|+ (|0〉 − |1〉)〈1|

]
(8)

and let φ be the map |0〉 → |0〉 and |1〉 → eiφ|1〉.
(a) Show that H2 = I
(b) Considerer the single qubit model of an interferometer, with the goal to
estimate an unknown phase φ: Give the state |ψ1〉, |ψ2〉 and |ψ3〉

(c) What is the probability p of measuring the final qubit to be 1?
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