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SUMMARY

It is common in the analysis of aggregate data in epidemiology that the variances of the aggregate
observations are available. The analysis of such data leads to a measurement error situation, where
the known variances of the measurement errors vary between the observations. Assuming multivariate
normal distribution for the ‘true’ observations and normal distributions for the measurement errors,
we derive a simple EM algorithm for obtaining maximum likelihood estimates of the parameters of
the multivariate normal distributions. The results also facilitate the estimation of regression parameters
between the variables as well as the ‘true’ values of the observations. The approach is applied to re-
estimate recent results of the WHO MONICA Project on cardiovascular disease and its risk factors,
where the original estimation of the regression coe�cients did not adjust for the regression attenuation
caused by the measurement errors. Copyright ? 2002 John Wiley & Sons, Ltd.

KEY WORDS: bivariate normal distribution; EM algorithm; maximum likelihood estimation; measure-
ment errors; MONICA; regression model

1. INTRODUCTION

The estimation of the parameters of a linear regression model where the variables were mea-
sured with error have been studied extensively over the last decade. We refer to references
[1; 2] and references therein. In Chapter 1 of reference [1], the moment estimators of re-
gression parameters, when the explanatory variable is assumed to be normally distributed
but observed in the presence of measurement error, are given. Further, the measurement error
variances are assumed to be equal and known for all the observations. In reference [3], approx-
imate maximum likelihood estimators for the regression parameters, based on the conditional
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distribution of the observed variables given the true variables, in the presence of measurement
errors in both variables are given. The measurement error variances are allowed to vary with
observations and the true variables are considered to be �xed but unknown quantities. Here,
we will consider the case where both the true variables are random.
More speci�cally, we will assume that a random sample of size n is available on a pair of

random variables of interest, (xi; yi); which has a bivariate normal distribution with mean �
and covariance matrix �. Each of these variables are observed with measurement error, the
variance of which is known but can vary with i. Let (Xi; Yi) be the corresponding variables
obtained by adding the measurement errors to the original true variables. The data consist
of (Xi; Yi); i=1; 2; : : : ; n. We propose using the EM algorithm to obtain maximum likelihood
estimates of the parameters to allow for measurement errors. Other quantities, such as corre-
lation and regression coe�cients, can easily be derived using the estimates of � and �. As
an alternative, we show brie�y how the results given in reference [1] can be generalized in
the present case and we give the moment estimators for the regression parameters. Asymp-
totic theory of the moment estimators can be developed using the central limit theorem for
independently distributed random variables. It is to be noted that the conditional distribution
of (Xi; Yi) given (xi; yi) is similar to the distributional assumptions given on page 2889 of
reference [3].
In the last section of the paper, we give examples to illustrate our approach of handling

measurement errors. Simulated data, when the variances of the measurement errors do not vary
with i; facilitates assessment and con�rmation of our approach with the existing methods.
In reference [2], the correlation coe�cients are estimated assuming a model with varying
variances of measurement error, using a concentrated maximum likelihood approach. Those
results will be compared with ours in the second example.
The motivation for the present paper comes from epidemiological studies using aggregate

data, where the sampling variances of the estimators are known. It is usually reasonable to
consider the sampling variances as known �xed values in further analyses. A speci�c example
of such a study is the WHO MONICA Project. It is a population-based monitoring study of
cardiovascular diseases and their risk factors, involving about 40 populations in 21 countries.
One of its main objectives was assessment of the extent to which the incidence changes in
the population can be explained by changes in the population mean values of the major risk
factors. The project has analysed the data by �tting a linear regression model using an iterative
reweighting approach [4]. The regression error term was weighted according to the variances
of the trend estimates from each population. However, as mentioned in the paper, the approach
does not adjust the regression coe�cients for the expected attenuation of regression due to
the measurement error in the explanatory variable. Therefore, we reanalyse these data using
our approach in the third example.
Although the theory is developed for the bivariate normal distribution, it has direct gen-

eralization to the multivariate normal distribution and hence to the multiple linear regression
model.

2. MODEL AND EM ALGORITHM

We will describe the bivariate normal model in the general set-up �rst and then show how
the EM algorithm works in the presence of measurement errors.

Copyright ? 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1089–1101
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2.1. Bivariate normal model (BVNM)

Let ui=(xi; yi)� be independent and identically distributed variables of interest, i=1; 2; : : : ; n;
and assume that each of them has bivariate normal distribution with mean � and variance-
covariance matrix �. These variables are observed in the presence of measurement errors. Let
Ci=(Xi; Yi)� denote the observations where Ci= ui+�i ; and �i=(�xi; �yi)� are the measurement
errors for variables xi and yi. We assume that �xi and �yi are independent of each other and
are normally distributed with mean zero and known variances �xi and �yi; respectively. Also, �i
and ui are assumed to be independent of each other. These assumptions imply that Ci has the
bivariate normal distribution with mean � and variance-covariance matrix Si=�+ �i; where
�i is a 2 × 2 diagonal matrix with diagonal elements (�xi; �yi); i=1; 2; : : : ; n. The covariance
between ui and Ci is �. Let C=(ui ; i=1; 2; : : : ; n) and data = (Ci ; i=1; 2; : : : ; n) denote the true
variables and the observed variables, respectively.
Our interest is in obtaining maximum likelihood estimators for � and � given the data.

The log-likelihood contribution from Ci ; i=1; 2 : : : ; n is

li(�;�; Ci)= − log 2�− 1
2 log |Si| − 1

2 (Ci − �)�S−1i (Ci − �) (1)

and the log-likelihood based on the data is

l(�;�; data) =
n∑
i=1
li(�;�; Ci)

=−n log 2�− 1
2

n∑
i=1
log |Si| − 1

2

n∑
i=1
(Ci − �)�S−1i (Ci − �) (2)

We need to maximize the above log-likelihood with respect to � and �. Even though the
likelihood has nice form, numerical techniques are required to obtain � and � which will
maximize l(�;�; data) because of �i. We adopt the EM algorithm to obtain the maximum
likelihood estimators.
Before we describe the EM algorithm, we will see how the moment estimators given

in Chapter 1 of reference [1] could be generalized in the present situation. Rewriting the
above bivariate normal model in terms of the model described in reference [1], the
conditional distribution of yi given xi is normal with mean � + �xi and variance �2; and
xi is normally distributed with mean �x and variance �2x . This implies that (Xi; Yi) has the
bivariate normal distribution with mean (�x; �+ ��x) and variance-covariance matrix[

�2x + �xi ��2x

��2x �2 + �2�2x + �yi

]

It is easy to see that the distribution of (Xi − �X ; Yi − �Y ) is bivariate normal with mean zero
and variance-covariance matrix[ (n−1)

n �2x +
(n−2)
n �xi + 1

n ��x
(n−1)
n ��2x

(n−1)
n ��2x

(n−1)
n �2�2x +

(n−1)
n �2 + (n−2)

n �yi + 1
n ��y

]

where ��x and ��y are averages of �xi’s and �yi’s; respectively.
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The moment estimators of (�x; �; �; �2x ; �
2) can be obtained by equating sample moments

with the population moments. Let mXY ; mXX and mYY denote the sample variance-covariances
obtained using (Xi; Yi), i=1; 2; : : : ; n; for example mXY =[1=(n−1)]

∑n
i=1(Xi− �X )(Yi− �Y ) and

so on. The moment estimators are �̂x= �X ; �̂2x =mXX − ��x; �̂=mXY =(mXX − ��x); �̂= �Y − � �X ;
�̂2 =mYY − �mXY − ��y; provided this di�erence is positive. An estimator of the correlation
coe�cient between (x; y) is �̂�̂2x =

√{�̂2x (�̂2 + �̂2�̂2x )}. Note that the common measurement error
variance appearing in the moment estimators of reference [1] is replaced by the average of
measurement error variances over the sample. These moment estimators will reduce to the one
given in reference [1] in the case of common measurement error variances for x observations
and no measurement error in y observations.

2.2. EM algorithm

The log-likelihood of C is

l0(�;�;C)=−n log 2�− n
2
log |�| − 1

2

n∑
i=1
(ui − �)��−1(ui − �) (3)

The E-step of the EM algorithm involves expectation of l0(�;�;C) given (data;�0;�0) and
the M-step involves maximization of this expectation with respect to (�;�) (see reference [5]).
The conditional distribution of ui given (data;�0;�0); Pi is the bivariate normal distribution
with mean

mi=�0 + �0S
−1
i0 (Ci − �0) (4)

and the variance-covariance matrix

�i=�0 −�0S−1i0 �0 (5)

The maximization of the expectation of log-likelihood given (data;�0;�0) with respect to
(�;�) is essentially minimizing

constant +
n
2
log |�|+ 1

2

n∑
i=1
EPi(ui − �)��−1(ui − �)

Note that this expression which needs to be minimized is the sum of the Kullback–Leibler
informations

n∑
i=1
I(Pi|Q)=

n∑
i=1
EPi log

dPi
dQ

where Q has a bivariate normal distribution with mean � and variance-covariance matrix �.
The following theorem shows that such � and � are available in the closed form. We will
prove a general result for d dimensions:

Theorem 2.1
Let P1; P2; : : : ; Pn be d-dimensional multivariate normal distributions with respective mean and
covariance matrices (mi ;�i). Then a normal distribution Q which minimizes the sum of the
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Kullback–Leibler informations
∑n

i=1 I(Pi|Q) has mean and variance-covariance matrix

�̂=
1
n

n∑
i=1
mi (6)

�̂ =
1
n

[
M̂M̂� +

n∑
i=1
�i

]
(7)

respectively, where M̂i=mi − �̂ and M̂ =(M̂1; : : : ; M̂n).

Proof
Let P1; : : : ; Pn be d-dimensional multivariate normal distributions with mean mi and covariance
matrices �i. Then the question is to �nd a normal distribution Q parameterized by its mean
� and covariance matrix � such that the following expression is minimized:

n∑
i=1
I(Pi|Q)=

n∑
i=1
EPi log

dPi
dQ

=constant +
n
2
log |�|+ 1

2

n∑
i=1
EPi(Xi − �)��−1(Xi − �) (8)

where we have introduced the Kullback–Leibler information I(Pi|Q) and Xi has distribution Pi.
Applying the standard techniques of multivariate analysis (see reference [6]), the expression
(8) to be minimized over � and � can be reformulated without a constant term as

−n
2
log |�−1|+ 1

2

n∑
i=1

{Tr(�i�−1) + (� −mi)��−1(� −mi)}

=
1
2
Tr

(
�−1 n∑

i=1
�i

)
− n
2
log |�−1|+ 1

2

n∑
i=1
(� −mi)��−1(� −mi)

=
1
2
Tr

(
�−1 n∑

i=1
�i

)
− n
2
log |�−1|+ 1

2
Tr(M��−1M)

=
1
2
Tr

(
�−1 n∑

i=1
�i

)
− n
2
log |�−1|+ 1

2
Tr(�−1MM�)

=
1
2
Tr

(
�−1

[
MM� +

n∑
i=1
�i

])
− n
2
log |�−1|

where M =(M1; : : : ; Mn) is a d× n matrix with Mi=mi − �. Hence the theorem.

Note that �̂ is the average of mi’s and covariance matrix �̂ is the average of �i’s plus the
empirical covariance matrix of mi’s.
We now describe the EM algorithm:

Step 1. Start with some initial values �0 and �0.
Step 2. Evaluate mi and �i given above in equations (4) and (5) using �0 and �0 for

each i.

Copyright ? 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1089–1101
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Step 3. Update � and � by

�1 = �m=
1
n

n∑
i=1
mi (9)

�1 =
1
n

n∑
i=1
�i +

1
n

n∑
i=1
(mi − �m)(mi − �m)� (10)

Step 4. Repeat steps 2 and 3 using �1 and �1 and obtain �2 and �2. Continue until the
sequences {�1;�2; : : : ;�i ; : : :} and {�1;�2; : : : ;�i ; : : :} converge.

Let �̂ and �̂ be the maximum likelihood estimators obtained using the EM algorithm. The
variance-covariance matrix of these estimators can be obtained by evaluating their information
matrix. It is important to note that the observations Ci’s are independent but not identically
distributed. Hence, the above estimators need not be consistent in all the situations. The general
condition under which consistency will hold is that the average of the overall information
matrices tends to a positive de�nite matrix as the number of observations goes to in�nity.
This in turn puts some condition on Xi; i=1; 2; : : : ; n and also on measurement error variances.
We will see that the expression for overall information is quite complex. We refer to Section 6
of Chapter 6 of reference [7] for the detailed discussion.
The regression line of y on x de�ned as y= � + �x + � can be obtained easily. The

maximum likelihood estimators of the correlation coe�cient (	), intercept (�) and the slope
(�) are given by

	̂=
�̂12√
(�̂11�̂22)

(11)

�̂= �̂2 − �̂�̂1 (12)

�̂=
�̂12
�̂11

(13)

These parameters are continuous functions of � and � and using the standard theory of
maximum likelihood estimators, the asymptotic distribution can be obtained. The information
matrix Ii(
i) for 
i=(�11 + �xi;�22 + �yi; 	i) obtained using Ci is a 3× 3 matrix with elements

Ii(
i)=




2−	2i
4(1−	2i )(�11+�xi)2

−	2i
4(1−	2i )(�11+�xi)(�22+�yi)

−	i
2(1−	2i )(�11+�xi)

2−	2i
4(1−	2i )(�22+�yi)2

−	i
2(1−	2i )(�22+�yi)

1+	2i
(1−	2i )2


 (14)

where 	i is the correlation coe�cient between (Xi; Yi) and is given by

	i=	
√
(�11�22)√{(�11 + �xi)(�22 + �yi)}

Copyright ? 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1089–1101
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Note that �xi and �yi are constants. The information about the parameters (�11;�22; 	) available
in the distribution of vi can then be easily obtained by using Ii(
i) and the Jacobian of
transformation Ji which is a 3× 3 matrix with elements

Ji=



1 0 	

√
�22√{2(�11+�xi)(�22+�yi)}

[
1√
�11

−
√
�11

(�11+�xi)

]
0 1 	

√
�11√{2(�11+�xi)(�22+�yi)}

[
1√
�22

−
√
�22

(�22+�yi)

]
0 0

√
(�11�22)√{(�11+�xi)(�22+�yi)}




The information matrix Ii(�11;�22; 	) is given by

Ii(�11;�22; 	)= JiIi(
i)J ′i (15)

The overall information about � is the sum of the information available from each vi
and is denoted by I(�11;�22; 	)=

∑n
i=1 Ii(�11;�22; 	). The variance-covariance matrix of the

maximum likelihood estimators of the parameters is the inverse of the information matrix. The
regression coe�cient is a function of elements of � and using the Jacobian of transformation
from (�11;�22; 	) to �; the information of � can be obtained and hence the variance of the
maximum likelihood estimator of �.
From the above results, a naive estimator of the variables of interest, ui can be given by

the conditional expectation of ui given Ci and replacing � and � by their maximum likelihood
estimates and the standard error of this estimate by the conditional standard deviation of ui
given Ci. The following expression gives an estimate of ui along with the square of its standard
error

ûi = �̂+ �̂(�̂ + �i)−1(Ci − �̂) (16)

SE2(ûi) = �̂− �̂(�̂ + �i)−1�̂ (17)

ûi is the best linear predictor given the data but it is biased towards �. The amount of bias
depends on the size of the measurement error variances. In the next section, we will apply
the algorithm to several data sets.

3. ILLUSTRATIONS

We illustrate the EM algorithm using simulated data in the absence and presence of mea-
surement errors. To allow comparison with the existing standard methods, we assume that
the measurement error variance does not vary with i. Secondly, we evaluate the maximum
likelihood estimates of correlation coe�cients using the data given in reference [2] on the
estimates of the rates of coronary heart disease and estimated changes in risk factors for
coronary heart disease and compare the results. We refer to reference [2] for details regarding
the data. Finally, we apply EM algorithm to the data from WHO MONICA Project described
in Section 1. MATLAB and SAS codes were written to carry out the analyses. In all the
examples, the EM algorithm converged in a fairly small number of iterations.

Copyright ? 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1089–1101
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Table I. Estimates of regression parameters in various cases. Case 1: �xi = �yi =0; case 2: �xi =0; �yi =1;
case 3: �xi =1; �yi =0; case 4: �xi = �yi =1.

Parameter Method Case 1 Case 2 Case 3 Case 4

� WME 0.32 0.32 −0.01 −0.01
BVNM 0.32 0.32 0.35 0.34
MOMENT 0.32 0.32 0.34 0.34
True 0.33 0.33 0.33 0.33

� WME 0.66 0.65 0.49 0.49
BVNM 0.66 0.65 0.64 0.64
MOMENT 0.66 0.65 0.64 0.64
True 0.67 0.67 0.67 0.67

�2 WME 2.77 3.81 3.12 4.16
BVNM 2.77 2.81 2.80 2.85
MOMENT 2.77 2.85 2.84 2.89
True 2.67 2.67 2.67 2.67

We will use WME to indicate the ordinary least squares estimates obtained ignoring mea-
surement errors, BVNM to denote the results obtained using the above EM algorithm under
bivariate normality and MOMENT to denote moment estimates of the parameters accounting
for measurement errors.

3.1. Example 3.1: Simulated data

It is assumed that (x; y) have bivariate normal distribution with �=(−2;−1)′; �11 =3; �22 =4;
and �12 =2. We generated random samples of size 100 and applied the EM algorithm to �nd
maximum likelihood estimates of � and �: In the following cases, where it is assumed that
the measurement error variance does not vary with i; the maximum likelihood estimate of �
is simply the sample mean and that of � is the sample variance-covariance matrix minus �:
Then the coe�cient of attenuation, de�ned as the ratio of the variance of x to the variance
of X is �11=(�11 + �x); which is also equal to the ratio of the regression coe�cient of Y on
X to the regression coe�cient of y on x (see reference [1] for details). An estimate of this
coe�cient is obtained by using the respective estimates of the unknown quantities. We only
report the regression parameters here.
We consider four di�erent cases in Table I. Case 1 refers to the situation of no measurement

error and hence the variances of measurement errors were taken as 0. In case 2, there is no
measurement error in x observations but the variance of measurement error in y observations
was taken as 1. Similarly, case 3 allows measurement error in x observations with variance 1
and no measurement error in y while case 4 allows measurement error in both x and y
observations with variance 1.
The estimate of the regression coe�cient is the same under all the methods in cases 1

and 2 but when the EM algorithm is used, the estimate of �2 reduces by an amount of
measurement error variance of y in case 2. Under this situation, it is easy to verify that
�2(MOMENT)= (100=99)(�2(BVNM)+ 1)− 1= (100=99)�2(WME)− 1: A clear increase in
the � is observed in cases 3 and 4 when measurement errors were taken into account but
there is very little di�erence between the estimate under BVNM and MOMENT. The true

Copyright ? 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1089–1101
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Table II. Estimates of correlation coe�cients using data in reference [2].

CHD with corr(WME) corr(Dear) corr(BVNM) CI(Dear) CI(BVNM)

Cholesterol 0.04 0.53 0.53 (−0:25; 0:93) (−0:03; 1:0)
MRFIT 0.67 0.96 0.96 (0.49,1) (0:66; 1:0)
SBP 0.39 0.27 0.27 (−0:6; 0:88) (−0:54; 1:0)
Smoking 0.53 1.0 0.99 (0:67; 1:0) (0:61; 1:0)

coe�cients of attenuation are 1, 1, 0.75 and 0.75 and estimates under BVNM are 1, 1, 0.76
and 0.76 for cases 1, 2, 3 and 4, respectively.
The increase in the estimate of � when measurement errors were taken into account and

small di�erences between the true and estimated values suggest that the maximum likelihood
and moment estimators are satisfactory. The empirical probabilities that the true � is contained
in a 95 per cent con�dence interval under BVNM, obtained through 1000 repetitions, were
between 91 per cent to 93 per cent in all the four cases.

3.2. Example 3.2: Data used in reference [2]

In Table II, corr(Dear) refers to the correlation coe�cients estimated in reference [2], in the
case of varying variances of measurement error, using a concentrated maximum likelihood
approach. Table II gives the estimates of the correlation coe�cients along with their 95
per cent con�dence intervals (CI) between trends in coronary heart disease (CHD) rates and
population trends in known risk factors: cholesterol; systolic blood pressure (SBP); prevalence
of smoking, and a linear combination of these (MRFIT).
Whenever the upper con�dence limit under BVNM was greater than one, it was replaced

by 1. The estimates of correlation coe�cients obtained without taking into account the mea-
surement errors are smaller compared to the estimates obtained using the EM algorithm and
using the approach of reference [2]. There is no di�erence between the estimates of the cor-
relation coe�cients obtained by later two methods. It is apparent that the EM algorithm is
simpler to apply.

3.3. Example 3.3: MONICA data, reference [4]

The WHO MONICA Project, which includes a large number of populations, is a monitoring
study of cardiovascular diseases. The data which we will be analysing are the estimates of
trends in coronary event rates and trends in the mean value of risk scores for men and women
in each population. The risk score was de�ned as a linear combination of smoking status,
systolic blood pressure, body mass index and total cholesterol. Its coe�cients were derived
from a follow-up study using the proportional hazards model. We refer to reference [4] for
details. The sampling errors of the trend estimates are considered as measurement errors. These
vary from population to population and we will consider the sampling variances determined
from the estimate of the trends as �xed values.
Table III gives estimates of regression parameters and error variance, using the EM algo-

rithm and also without assuming measurement errors, for men and women. It also gives the
standard error of the estimator of regression coe�cient �; SE(�) and 95 per cent con�dence
intervals for �; CI(�). The results of the analysis reported in reference [4] are referred to as
K(2000).

Copyright ? 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1089–1101
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Table III. Estimates of regression parameters using MONICA data.

� � �2 SE(�) CI(�) R2 (%)

(a) Men
WME −1.88 0.31 7.11 0.20 (−0:08; 0:71) 6
K(2000) −2.15 0.43 4.49 0.22 (−0:01; 0:87) 19
BVNM −2.08 0.47 4.89 0.23 (0:02; 0:92) 16

(b) Women
WME −0.47 0.51 17.20 0.34 (−0:16; 1:18) 6
K(2000) −0.21 0.57 10.59 0.33 (−0:10; 1:24) 12
BVNM 0.03 0.68 11.08 0.24 (0:21; 1:15) 13

Figure 1. Fitted regression lines using MONICA data for men: ◦ observed; + estimated under BVNM.

There is a noticeable increase in the estimates of � and decrease in the error variance
(�2) for both men and women when measurement errors were taken into account. Un-
der the BVNM, the estimates of � and 	 are (−1:09;−2:59) and 0.4033 for men and are
(−2:07;−1:37) and 0.362 for women.
The parameter of main interest in reference [4] was the percentage of variation in the trend

in event rates explained by the trend in risk factors. In the last column, R2 (%) of Table III,
this percentage is estimated by the square of the correlation coe�cient of the observed values
(WME), by a statistic de�ned in reference [4] and by the square of the estimate of the

Copyright ? 2002 John Wiley & Sons, Ltd. Statist. Med. 2002; 21:1089–1101
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Figure 2. Fitted regression lines using MONICA data for women: ◦ observed; + estimated under BVNM.

correlation coe�cient between the true variables (x; y) using the EM algorithm. As expected,
R2(WME) also estimates the square of the correlation coe�cient between the true variables
but without taking into account the measurement error and is much smaller compared to
R2(BVNM). The estimate of � under BVNM is higher than that under K(2000) but there is
little e�ect on R2.
Figures 1 and 2 compare the regression lines obtained using ordinary least squares and using

bivariate normal model for men and women, respectively. Also, the observed values (Xi; Yi)
and the estimated values of true (xi; yi) for i=1; 2; : : : ; n are given. The �gures clearly illustrate
the nature of the e�ect of measurement errors. The shift in the estimated (xi; yi) depends
upon the size of the measurement error variances corresponding to both the variables. Note,
however, that the bias in the estimated y observations towards the mean may be substantial
because of large measurement error variances in the y observations.

4. DISCUSSION

The EM algorithm provides a convenient approach to handling the measurement errors of un-
equal variances in x and y variables, and the existence of a closed form solution makes it easy
to program. The number of iterations required for the convergence of the EM algorithm was
small in all the above examples. The assumption of normality of the variables is reasonable
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in a variety of applications. Our approach, however, does not cover the situations when this
assumption is not valid.
Using the maximum likelihood estimates of the mean and covariance matrix, one can

obtain maximum likelihood estimates of the regression parameters, which are asymptotically
unbiased. One can also get estimates of the true values of the variables which are the best
linear predictors but which are biased towards the mean. This means that the estimate of the
true variable is usually closer to the mean than the true variable. The bias is severe if the
measurement error variance is high. This can be seen from Figures 1 and 2 where, especially,
the estimate of y is biased towards its mean because the measurement error variances were
large (ranging from 0.14 to 17.33). When the estimate of 	 is close to 1, the estimates of
true values will fall on the �tted regression line since it is the best predictor of y given x.
Example 3:2 shows that the EM algorithm gives correlation coe�cients similar to those

given in reference [2], which are based on a concentrated maximum likelihood approach.
However, the EM algorithm uses the full likelihood and is easier to use. In this example,
most of the measurement errors were large compared to the scatter of the observed values.
As a consequence, the attenuation of most of the correlation coe�cients also were large, when
the measurement errors were not taken into account.
In the MONICA data of example 3:3, the measurement errors were large and varied sub-

stantially between the observations. In this example, the regression attenuation was partly
corrected in the analysis in reference [4], which weighted the observations properly, but did
not involve direct adjustment for the attenuation. In their approach, it was not possible to esti-
mate the traditional R2 for the true values which de�nes the percentage of variation explained
by the model, but they used an intuitive statistic similar to the one proposed by reference
[8]. The EM algorithm enables one to estimate the traditional R2 for the true values. It was
interesting to see that in the MONICA data, the estimate of the percentage explained by the
model using the EM algorithm did not di�er much from the estimates given in reference [4].
The data for example 3:3 were estimates of trends in di�erent populations. Although the

trend estimates incorporate both the statistical error of the estimation of the trends and the
imprecision of the data used for the estimation, it can be considered as measurement error
of the data used for the analysis of example 3:3. Yet another source of the measurement
error is the possible bias in the data used for estimation of the trends. This component of
the measurement error was ignored because it could not be quanti�ed. In this regard, the
measurement error variance considered in example 3:3 is smaller than what it could have
been.
This paper introduces an expected method for epidemiology but a similar problem may also

arise in other �elds. The proposed method has a direct generalization to the multivariate normal
distribution. It is based on a conditional argument of given measurement error variances.
The assumption of known measurement error variances seems reasonable, since it simpli�es
the analysis considerably, even though only their estimates are usually available in practice.
Extending the proposed model to incorporate sampling variations in the estimates of the
measurement error variances is a problem for further research.
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