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ABSTRACT. We consider the competing risks set-up. In many practical situations, the

conditional probability of the cause of failure given the failure time is of direct interest. We

propose to model the competing risks by the overall hazard rate and the conditional

probabilities rather than the cause-speci®c hazards. We adopt a Bayesian smoothing

approach for both quantities of interest. Illustrations are given at the end.
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1. Introduction

We shall deal with the following problem: we have i.i.d. random pairs (U j, æ j), where

U j > 0 can be interpreted as failure time and æ j 2 f1, . . ., dg as the speci®c cause of

failure. We observe a right censored sample (T j, ä j) j�1,..., m, where T j is the last time the

individual was seen functioning, and the mark ä j is 0 if the individual was censored, and

otherwise ä j � æ j. Under the independent censoring assumption, the question is how to

estimate the joint distribution of (U , æ).

Examples arise in many ®elds, such as pharmaceutical studies, in psychology and education,

and in sociology. The general approach in modelling competing risks data is via the cause-

speci®c hazards or subdistribution functions when the so called `̀ latent lifetimes'' under various

risks are dependent. Our approach is to estimate separately the conditional distribution of the

cause of failure given the failure time, and the overall hazard rate. Also, the non-parametric

Bayesian approach is adopted to incorporate prior information which is not so with the usual

non-parametric approach in which cause-speci®c hazards are estimated using Nelson±Aalen

estimators. The proposed method enables one to model the competing risks via the conditional

probability and the overall hazard rate and use the Bayesian technique to estimate the parameters

involved in the model.

The cause-speci®c conditional probability can be viewed as a non-linear regression of æ on

U . Classical non-parametric regression techniques (see Prakasa Rao, 1983) motivate our

speci®cation of the prior. We take a (random) partition of the time interval and on each segment

an independent d-dimensional Dirichlet distributed random vector is assigned. Then we de®ne

the cause-speci®c conditional distribution at time t by smoothing this piecewise constant d-

dimensional process. Given the observations, posterior computations are carried out by a data-

augmented Markov chain Monte Carlo.

The prior for the overall hazard rate is speci®ed in a similar fashion. A number of authors

have considered non-parametric Bayesian estimation of the cumulative hazard function Ë(t)

assuming it to be a stochastic process with independent increments (see Hjort, 1990 and

references therein).

A conceptual problem is that the resulting random distribution is discrete with probability

one, and a corresponding hazard rate does not exist. In order to obtain a random hazard rate, at

some stage one should apply a convolution procedure to the random cumulative hazard. For
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example, one could ®rst compute the posterior expectations Ë̂ t � E(Ë tjdata) and then estimate

the hazard rate by

ë̂ t �
�

k(t, s) dË̂s, (1)

where k is a continuous stochastic kernel.

Here we `̀ smooth the prior ®rst'', and model the overall hazard rate h(t) as the convolution of

a gamma process Ã(s) with a kernel k̂ X (t, s), where X is a random parameter. Such construction

of a hazard rate was introduced by Lo & Weng (1989). For any choice of the parameter x in the

convolution kernel, the posterior distribution of Ã will be a mixture of gamma processes, with

an awkward mixing distribution over all possible data sets with the given sample size (th. 4.1. in

Lo and Weng, 1989). For posterior computations, they propose Monte Carlo sampling from the

posterior mixing distribution by using Aldous' `̀ Chinese restaurant process'', cf. Aldous (1985).

Wolpert & Ickstadt (1998) have the same construction in the context of spatial point processes

and use Markov chain Monte Carlo (MCMC) to sample from the same data-augmented

posterior. In their paper there is also a novel technique for sampling a general LeÂvy process

(inverse LeÂvy measure (ILM) method).

We follow the same data-augmented MCMC approach, but because of the structure of the

kernel ~kx(t, s), we sample only the increments of Ã over a coarse grid, without going to the ®ne

resolution which is possible to achieve by the ILM-method. In section 5, we also compare the

proposed hazard rate estimator with the estimator (1) based on Hjort's posterior beta process and

the Nelson±Aalen estimator..

2. Preliminaries

2.1. Counting processes and competing risks

In this section we discuss some basic ideas about counting processes and competing risks.

We assume that the ultimate failure is due to only one risk.

We de®ne the individual counting processes as

Nij(t) � 1fU j< t,æ j�1g, i � 1, 2, . . ., d,

N j(t) �
Xd

i�1

Nij(t),

N (t) �
Xn

j�1

N j(t):

Let F � (F t, t > 0) be the ®ltration where F t � ó (U j, æ j: U j < t, j � 1, . . ., m). The

cause-speci®c and overall hazards are, respectively

dËi(t) � dFi(t)

1ÿ F(tÿ)
, i � 1, 2, . . ., d,

and

dË(t) � dF(t)

1ÿ F(tÿ)

where Fi(t) � P[U < t, æ � i] and F(t) � P[U < t].

We assume that Ëi(t) are absolutely continuous with respect to Lebesgue measure. The

cause-speci®c hazards and the conditional probability of interest are

606 D. Gasbarra and S. R. Karia Scand J Statist 27

# Board of the Foundation of the Scandinavian Journal of Statistics 2000.



hi(t) � dËi

dt
(t), (2)

h(t) � dË

dt
(t) �

Xd

i�1

hi(t) (3)

and

ði(t) � dËi

dË
(t): (4)

By de®nition hi(t) � ði(t)h(t), and it follows that ði(t) � P[æ � ijU � t], for i � 1,

2, . . ., d (see BreÂmaud, 1981, th 15 ch. II). Note that
Pd

i�1ði(t) � 1. Denote the vector

(ð1(t), . . ., ðd(t)) by ð(t). We concentrate on ð and h to carry out the analysis.

Comparative study of risks can be based on ð. For example, proportionality of cause-

speci®c hazards is equivalent to saying that the failure time and the cause of failure are

independent, i.e. ð(t) is constant in t.

As usual, we assume independent censoring so that there is no need to model the censoring

process. We refer to Andersen et al. (1993, ch. III).

The data is a right censored sample (T j, ä j) j�1,..., m, where T j is the last time the jth

individual was under observation, and if a failure was observed at T j we have U j � T j and

ä j � æ j, otherwise U j . T j and ä j � 0.

In the frequentist approach, fh(t), t . 0, i � 1, 2, . . ., dg are unknown determinsitic func-

tions subject to estimation. One could either estimate the cause-speci®c hazard rates fhi(t),

t . 0, i � 1, 2, . . ., dg separately, or estimate the overall hazard rate fh(t), t . 0g together with

the time-dependent probability distribution fði(t), t . 0, i � 1, 2, . . ., dg. To develop a Baye-

sian framework, we shall treat these unknown functions as random processes with a prior

distribution to be speci®ed. As mentioned earlier, one way is to specify a prior distribution for

the cause-speci®c hazard rates fhi(t), i � 1, 2, . . ., dg directly. Therefore, in the Bayesian

framework, it makes perfect sense to say, for example, that the cause-speci®c hazard rate

processes are stochastically independent under an assigned prior. Since the object of interest is

E(ði(t)jdata) � E
hi(t)X

j

h j(t)
jdata

0B@
1CA 6� E(hi(t)jdata)X

j

E(h j(t)jdata)
,

we adopt the alternative way, and specify independent priors for the vector valued process

fði(t), i � 1, . . ., dg and the overall hazard rate process fh(t)g. Note that the resulting

cause-speci®c hazard rate processes hi(t) � h(t)ði(t), i � 1, . . ., d are not necessarily

independent under such a prior speci®cation.

2.2. The likelihood function

The likelihood function based on right censored survival data (t j, ä j) corresponding to a

sample of m identical units, is

L(ð, h) �
Y

j;ä j 6�0

ðä j
(t j)

 !
exp ÿ

�1
0

Y (u)h(u)du

� � Y
j:ä j 6�0

h(t j)

 !
� L(ð)L(h), (5)

where Y (u) � #{individuals at risk at time u}.

Since the likelihood function factorizes into two parts, the estimation of fði(t)g and fh(t)g
can be carried out separately. In particular, assuming that ð and h are independent under the

Scand J Statist 27 Bayesian smoothing for competing risks analysis 607

# Board of the Foundation of the Scandinavian Journal of Statistics 2000.



prior distribution implies that they are also independent under the posterior. The posterior

expectation of the cause speci®c hazards will be simply E(hi(t)jdata) �
E(ði(t)jdata)E(h(t)jdata).

3. Prior speci®cations

For smoothing the priors we use an absolutely continuous kernel K(t, ds) � k(t, s)ds on

[a, b] 3 [a, b]. It is assumed to have the following truncated convolution form hereafter:

k(t, s) �
ö

t ÿ s

ç

� �
1[a,b](s)�b

a

ö
t ÿ u

ç

� �
du

(6)

where 1 I (s) is the indicator function of the interval I , ö is the standard normal density and

the bandwidth ç is ®xed. Smoothing by a convolution procedure is mathematically equiva-

lent to accounting for independent errors in the location of the data points. It is quite

common to model such errors with the normal distribution. Also the bandwidth ç will be

®xed according to our prior beliefs about the smoothness (or the roughness) of the process

we are modelling.

3.1. Prior distribution for the process fð(t), t 2 [a, b]g
We start from a Poisson process X � fX 1, . . ., X Ng with a given intensity ì on the

interval [a, b]. This de®nes a Voronoi partition of [a, b] into subintervals I1, . . ., IN . Let

Q1, . . ., QN be independent d-dimensional Dirichlet distributed random vectors with the

same parameter á 2 (R�)d. We de®ne a piecewise constant vector valued function on

[a, b]

q(s) �
XN

l�1

Ql1 I l
(s), (7)

and ®nally we smooth this function by the kernel (5), getting the conditional probability

function

ð(t) �
�b

a

k(t, s)q(s)ds �

XN

l�1

QlÖ
I l ÿ t

ç

� �
XN

l�1

Ö
I l ÿ t

ç

� � , (8)

where Ö denotes the probability measure under the standard normal distribution, and

(I ÿ t)=ç is a shifted and rescaled interval.

Prior knowledge could be represented by a suitable choice of the vector á. The parameter ì,

as well as ç, control the smoothness of the vector valued process fð(t)g.
We rewrite the likelihood of the process fð(t)g as a function of fq(s)g,

L(ð) �
Y

j:ä j 6�0

XN

l�1

Q
(ä j)

l Ö
I l ÿ T j

ç

� �
Ö

aÿ T j

ç
,

bÿ T j

ç

� �� � , (9)
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where Q
(i)
l is the ith coordinate of the vector Ql. Note that the likelihood does not depend

on the censored observations.

3.2. Data augmentation

The smoothed parameter function fð(t)g is a convolution of the function fq(s)g with a

(truncated) normal density. This is equivalent to the following construction: for each

observation T j such that ä j 6� 0, sample S j ' N (T j, ç2)1[a,b] and take ä j discrete with

distribution q(S j). Then the marginal conditional distribution of ä j given T j is just ð(T j).

S j can be interpreted as the latent `̀ exact'' location of the observation which was then

contaminated by a normal error. In the sequel we shall use the latent variables S j in order

to simplify the computations.

3.3. The posterior distribution

Once we have introduced the latent random variables S j for each observation (T j, ä j) with

ä j 6� 0, the augmented likelihood of fð(t)g is

~L(ð) �
Y

j:ä j 6�0

1[a,b](S j)exp ÿ 1

2

T j ÿ S j

ç

� �2
 !

q(ä j)(S j): (10)

Note that, instead of the normal density, any other distribution could have been used.

The posterior measure is then proportional to

Poissonì(dx)
Y

j:ä j 6�0

1[a,b](s j)exp ÿ 1

2

T j ÿ s j

ç

� �2
 !

dsj

YN (x)

l�1

Cl(x, S)Dirichlet(dqljá� M l),

(11)

where the factors Cl are given by

Cl(x, S)

� á1(á1 � 1) � � � (á1 � M l(1)ÿ 1) � � � ád(ád � 1) � � � (ád � M l(d)ÿ 1)

(á1 � � � � � ád)(á1 � � � � � ád � 1) � � � (á1 � � � � � ád � M l(1) � � � � � M l(d)ÿ 1)
,

(12)

Il is the interval in the partition corresponding to the marked point (X l, Ql), and the

M l(i) � M l(i; S, X ) � #f j: S j 2 I l and ä j � ig depend on the data and both the point

con®guration X and the vector of latent variables S.

Note that under the posterior distribution (i.e. conditionally on the r.v.s T j, ä j) the probability

vectors Ql follow a mixed Dirichlet distribution: conditionally on the latent variables S j and on

the point process X , the Qls are independent Dirichlet vectors. Here X and (S j) are the mixing

parameters.

3.4. A Markov chain Monte Carlo procedure

We describe a cycle of the MCMC algorithm, where in the three different steps the

variables (S j), the random grid X, and the random variables (Ql) are updated in turn given

the current values of the remaining parameters. When possible we update by sampling a

parameter from a conditional distribution, otherwise we use a Metropolis±Hastings step.

In this way we construct an ergodic Markov chain on the parameter space, such that the
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posterior distribution is the invariant measure of the chain. Therefore posterior expectations

coincide with ergodic averages, and are approximated by generating, on a computer, one

realization of the Markov chain (see Besag et al., 1995).

We resume a complete updating cycle into three updates:

Update 1. Sample independently the random variables S j from the full conditionals given

the current values of the marked point process f(X l, Ql), l � 1, . . ., N(X )} and the data (T j).

By (9) it is straightforward to see that S j become independent with respective distributions

k(T j, s)q(ä j)(s)ds�1
0

k(T j, u)q(ä j)(u)du

: (13)

It is easy to sample S j from (13) by inverting the distribution function or by rejection

sampling.

Update 2. Update with Metropolis±Hastings' step the grid con®guration x from the marginal

conditional of X given the current values of (S j) and the data (T j), for this purpose, we use the

birth and death Metropolis algorithm proposed by Geyer & Mùller (1994) for point processes

which have a density with respect to the Poisson process. Starting from X � fX 1, . . ., X N (X )g,
with probability 1=2 we propose either to add a point to the con®guration (upstep) or to delete a

point unless N(X ) � 1 (downstep).

upstep. Sample Y uniformly in the interval [a, b], and accept the proposal X� � X [ fYg
with probability

min 1,
ì(bÿ a)

(N(X )� 1)

YN (X�)

l�1

Cl(X�, S)

YN (X )

l�1

Cl(X , S)

0BBBBB@

1CCCCCA (14)

downstep. Choose uniformly at a random point Y within fX 1, . . ., X N (X )g and accept the

proposal X� � XnfYg with probability

min 1,
N (X )

ì(bÿ a)

YN (X�)

l�1

Cl(X�, S)

YN (X )

l�1

Cl(X , S)

0BBBBB@

1CCCCCA: (15)

So in each cycle either we add one point, we delete one point or we remain with the same

point con®guration.

Update 3. To complete the cycle, given the correct values of (X l), (S j), and the data (T j),

sample independently the random vectors Ql from the full conditionals

Ql ' Dirichlet(á� M l(X , S)), l � 1, . . ., N(X ): (16)

Note that just after update 2 only (X l) and (Sl) are in equilibrium with the posterior

distribution. This is allowed since we are able to restore the equilibrium with step 3, sampling

(Ql) from the full conditionals (see Besag et al., 1995).
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3.5. Prior distributions for the process fh(t) 2 [a, b]g
Here we denote by jI j the length of the interval I .

We construct the hazard rate process as a special case of the model in Lo & Weng (1989),

with additional randomness resulting from the random choice of the convolution kernel. We

take a Poisson process X 9 � fX 91, . . ., X 9N (X 9)g with constant intensity ì9, and we de®ne another

random Voronoi partition I91, . . ., I9N (X 9) of [a, b], and given independent random variables Gl,

l � 1, . . ., N (X 9) with respective distributions Gamma(ájI9l, j, âjI9lj), we de®ne the piecewise

constant process

g(s) �
XN (X 9)

l�1

Gl1 I9l (s): (17)

This is then smoothed, yielding the overall hazard rate

h(t) �
�b

a

k9(t, s)g(s)ds �

XN (X 9)

l�1

GlÖ
I9l ÿ t

ç

� �
XN (X 9)

l�1

Ö
I9l ÿ t

ç

� � : (18)

To simplify the numerical calculations, here we omit the normalizing constant from the kernel

(5), and instead use the substochastic kernel

k9(t, s) � 1

ç
ö

t ÿ s

ç

� �
1[a,b](s) (19)

for the hazard. We also introduce the notation

K9(t, I ) �
�

I

k9(t, s)ds:

A careful reader will note that we are within the framework of Lo & Weng (1989), since

the process g and h can be given also in the form

g(s) �
�1

0

YN (X 9)

l�1

1 I9l (s)1 I9l (u)Ã(du) (20)

h(t) �
�1

0

YN (X 9)

l�1

K9(t, I9l)1 I9l (u)Ã(du) �
�1

0

~k X 9(t, u)Ã(du), (21)

where Ã(u) is a homogeneous gamma process with driving measure dá � ádt and constant

scale function â. The random variates GljI9lj are the increments of Ã(u) on the interval I9l.

In fact the point process X 9 is a random parameter which controls the form of the kernel
~k9X (t, u) �PN (X 9)

l�1 K9(t, I9l)1 I9l (u) in (21).

This two step Bayesian convolution procedure with a randomly chosen kernel, is an analogue

to frequentist adaptive kernel smoothing procedures: under the posterior distribution, the

random choice of the kernel ~k9X (t, u) will depend on the global pattern of the data.

Prior knowledge can be represented by assigning the driving measure dá and the scaling

function â of the underlying gamma process fÃ(u)g.
The parameter ì9 driving the point process X 9 as well as ç, control the smoothness of the

process fh(t)g.
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4. Posterior distribution and MCMC for the hazard rate

Recall that the likelihood for the hazard rate process has the form

L(h) �
Y

j:ä j 6�0

�1
0

k9(T j, s)g(s)ds

� �
exp ÿ

�1
0

�1
0

Y (t)k9(t, s)dt

� �
g(s)ds

� �
(22)

and the prior is

Poissonì9(dx9)
YN (x9)

l�1

Gamma(Gl; ájI9lj, âjI9lj) (23)

To perform Bayesian computations we need to sample the process fg(s)g from the posterior

distribution Pr(dgjT j; j � 1, . . ., n) / Pr(dg)L(h(g)).

We introduce for j such that ä j 6� 0 random variables S9j, which are conditionally independent

given fg(s)g, (T j), with distributions

k9(T j, s)g(s)ds�1
0

k9(T j, u)g(u)du

: (24)

Note that the joint density of the augmented data (T j, S9j), conditionally on fg(s)g, is

proportional toY
j:ä j 6�0

k9(T j, S9j)g(S9j)exp ÿ
�1

0

�1
0

Y (t)k9(t, s)dt

� �
g(s)ds

� �
: (25)

Then we construct a Markov chain Monte Carlo sampler for the posterior distribution of

fg(s)g with one cycle consisting of three updates.

(Update 1) Sample independently the random variables S9j from the full conditionals (24)

given the current vaues of (X 9l), (Gl) and the data (T j, ä j). These are univariate distributions

and are easy to sample by inverting the distribution function or by rejection sampling. This is

much simpler than the procedure of Lo & Weng (1989) where the same random variables (S9j)

are sampled jointly conditioning only on the data (T j, ä j), losing conditional independence.

(Update 2) Update with a Metropolis±Hastings' step the grid con®guration X 9 from the

marginal conditional given the current values of (S9j) and the data (T j, ä j). Note that the

marginal likelihood of the point process X 9 is

YN (X 9)

l�1

Bl(X 9, S9, T ), (26)

where

Bl(X 9, S9, T ) � Ã(M 9l � ájI9lj)
Ã(ájI9lj)

(âjI9lj)áj I9j j

âjI9lj �
�1

0

Y (t)K9(t, I9l)dt

� �M9l�áj I9l j (27)

with

M 9l � #f j: S9j 2 I9lg (28)

We again use a birth and death proposal kernel, where with probability 1=2 we add to the
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con®guration a new point sampled from the uniform distribution over the interval [a, b], and

otherwise we propose to delete from the con®guration a uniformly chosen point.

Then the acceptance probabilities for the transition X 9! X� are

upstep:

min 1,
ì9(bÿ a)

(N (X 9)� 1)

YN (X�)

l�1

Bl(X�, S, T )

YN (X 9)

l�1

Bl(X 9, S9, T )

0BBBBBB@

1CCCCCCA (29)

downstep:

min 1,
N (X 9)

ì9(bÿ a)

YN (X 9)

l�1

Bl(X 9, S9, T )

YN (X�)

l�1

Bl(X�, S9, T )

0BBBBBB@

1CCCCCCA (30)

(Update 3) Sample the random variables (Gl) from the full conditionals given the current

values of (X 9l), (S9j) and the data (T j, ä j).

It is easy to see that, given the augmented sample (T j, S9j), the conditional distribution of the

random variables fGl, l � 1, . . ., N (X 9)g becomes conjugate, meaning that they are condition-

ally independent and gamma distributed with shape and scale parameters (ájI9lj � M9l) and

(âjI9lj �
�1

0
Y (t) K9(t, I9l)dt) respectively, where M9l was de®ned in (28).

5. Illustration and discussion

As an illustration, we analysed contraceptive failure data. The data consist of eventually

right censored failure times of 547 hormonal intra-uterine devices, giving a total of 185

observed failures, in a 5-year study period.

The possible causes of failure were categorized into ®ve risk classes: (1) pregnancy, (2)

expulsion, (3) amenorrhea (suppression of menstruation), (4) bleeding and pain, and (5)

hormonal disturbances. For the analysis of the 5-dimensional process ð(t) prior parameters were

given values á � (1, 1, 1, 1, 1), ì � 10 and ç � 0:27, where our time unit is one year. We did

not have any prior information about ð(t) and this prior is a tentative way to express our

ignorance. The pointwise posterior mean of ð(t), resulting from the Bayesian computations,

which is also the posterior predictive distribution of æ given U � t, is shown in Fig. 1. The

posterior predictive probability of termination due to pregnancy increases with time after the

insertion of an IUD. The posterior predictive probability of termination due to expulsion

assumes its highest value right after the insertion of an IUD, and then decreases with time. The

posterior predictive probability of termination due to amenorrhea increases with time since such

changes in the bleeding pattern may not be acceptable to a woman. Special counselling is

needed in order to prevent terminations due to amenorrhea. The posterior predictive probability

of termination due to hormonal reasons increases with time during the initial months of usage.

The reason for this is that the device used is a hormonal contraceptive method. Once the body

accepts the hormonal changes, the probability of termination decreases. The posterior predictive

probability of termination due to bleeding and pain ¯uctuates around 0.3 over the study period.

For comparison, the classical Nadaraya±Watson non-parametric regression estimator based on
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the same kernel and bandwidth is shown in Fig. 2. Note that the ordering of the estimators of

ð(t) is the same in Figs 1 and 2.

For the overall hazard rate h(t) we used our smooth prior with parameters á(dt) � dt, â � 1,

ì9 � 10, ç � 0:27. This prior was not based on actual consultation with experts, but simply

re¯ects our guesses about the order of magnitude of the hazard rate.

For a comparison, here we consider also the `̀ smooth the posterior afterwards'' approach. We

model the cumulative hazard Ë(t) with a beta process prior. It means that the increments Ë(dt)

over in®nitesimal intervals dt are independent and with distributions Beta(b(t)a(dt),

b(t)(1ÿ a(dt))), where b(t) is a non-negative function and da is a non-negative Radon measure

with a(ftg) < 1 for all t. This family of processes was introduced in Hjort (1990).

It follows that the posterior expectation given the counting process' observations is

Ë̂(t) �
� t

0

1

b(s)� Y (sÿ)
(a(ds)� dN (s)),

where N (t) is de®ned in section 2. For a � b � 0 this is the Nelson±Aalen estimator. The

parameters were chosen in order to match with our prior beliefs for the smooth hazard

rate. We had a(dt) � a dt, b(t) � b with a � b � 1. In Fig. 3 we compare the estimators of

the cumulative hazard: we have
� t

0
ĥ(s)ds where ĥ(t) � E(h(t)jdata), the posterior beta

Fig. 1. Posterior means of the 5-dimensional probability process ð(t). The curves are labelled by the

corresponding coordinates: (1) pregnancy, (2) expulsion, (3) amenorrhea, (4) bleeding and pain, and (5)

hormonal disturbances. Prior parameters were given values á � (1, 1, 1, 1, 1), ì � 10 and ç � 0:27.

614 D. Gasbarra and S. R. Karia Scand J Statist 27

# Board of the Foundation of the Scandinavian Journal of Statistics 2000.



process Ë̂(t), and the Nelson±Aalen estimator. To show the uncertainty in the posterior

about the parameter curves, we give the pointwise posterior mean � posterior pointwise

standard deviations in Figs 3 and 4. Our cumulative hazard estimator is close to Hjort's

posterior beta process. The deviation from the Nelson±Aalen estimator is due to the prior.

By convolving the latter two processes with the normalized kernel (6) as in formula (1), we

obtain estimators of the hazard rate process, which are compared with our estimator ĥ(t) in

Fig. 4.

Looking at these pictures, one may argue that in practice it does not really matter whether the

smoothing is built-in at the prior level or it is simply performed afterwards on the posterior

expectation of Hjort's beta process. This is not a surprise, and it reassures us on the issue of

convergence of the MCMC algorithm. Although a few thousands of iterations of the algorithm

were enough to obtain the results, we also had longer runs of 105 iterations discarding a burn-in

period of 1000 iterations. We monitored the acceptance rate in the Metropolis step which was

around 80%. Because of these facts and the heavy use of conditional independence in the

algorithm, we are quite con®dent on the numerical results.

This Bayesian cumulative hazard estimator can be compared with other Bayesian non-

parametric methods based on piecewise constant processes. In Arjas & Gasbarra (1994), and in

Arjas & Heikkinen (1996), the hazard rate function is supposed to be piecewise constant over a

Fig. 2. Kernel smoothed non-parametric regression estimator of ð(t), based on a truncated normal kernel

with bandwidth 0.27. The curves are labelled by the corresponding coordinates: (1) pregnancy, (2)

expulsion, (3) amenorrhea, (4) bleeding and pain, and (5) hormonal disturbances.
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random grid, and a prior dependence structure is assigned for the values over neighbouring

intervals.

When a Bayesian statistican models the cumulative hazard rate as an increasing process with

independent increments and wants to say something about the hazard rate function, it is clear

that a smoothing procedure has to apply at some stage. Whether this is built-in at the prior level,

or it is done only at the end of the analysis by convolving the posterior expectation with a

kernel, is a matter of `̀ Bayesian'' taste. To smooth the posterior LeÂvy process according to (1),

is not a problem and it gives a perfectly reasonable approach. However, if the prior hazard rate

function is a kernel smoothed LeÂvy process, then under the posterior the latter process will be a

mixture of LeÂvy processes, where the mixing parameter is the vector of latent variables (S j). In

the prior speci®cation it is also possible to choose the kernel randomly. Under the posterior

distribution, the kernel will adapt itself to the data-pattern, according to the marginal likelihood

(26).
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Fig. 3. Cumulative hazard estimates: (1) the integral of the posterior expectation of our smooth hazard rate

process (2, 3) the curve (1) � the corresponding pointwise posterior standard deviations, (1a) the posterior

expectation of Hjort's beta process, and (1b) Nelson±Aalen's estimator. The smooth hazard rate process had

prior parameters á(dt) � dt, â � 1, ì � 10, ç � 0:27. The beta process had prior parameters a(dt) � dt

and b(t) � 1.
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Fig. 4. Hazard rate estimates: these are given by the posterior expectation of our smoothed hazard rate

process (1), the curve (1) � the corresponding pointwise posterior standard deviations (2, 3), the

convolution of the posterior expectation of the beta process (1a) and the convolution of the Nelson±Aalen

estimator (1b), both with a truncated normal kernel with bandwidth ç � 0:27.
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