
2

Estimating haplotype frequencies by combining data
from large DNA pools with database information

Dario Gasbarra∗, Sangita Kulathinal∗, Matti Pirinen∗ and Mikko J. Sillanpää

Abstract—We assume that allele frequency data have been extracted from several large DNA pools, each containing genetic material of up to
hundreds of sampled individuals. Our goal is to estimate the haplotype frequencies among the sampled individuals by combining the pooled allele
frequency data with prior knowledge about the set of possible haplotypes. Such prior information can be obtained, for example, from a database such
as HapMap. We present a Bayesian haplotyping method for pooled DNA based on a continuous approximation of the multinomial distribution. The
proposed method is applicable when the sizes of the DNA pools and/or the number of considered loci exceed the limits of several earlier methods. In
the example analyses the proposed model clearly outperforms a deterministic greedy algorithm on real data from the HapMap database. With a small
number of loci the performance of the proposed method is similar to that of an EM-algorithm which uses a multinormal approximation for the pooled
allele frequencies, but which does not utilize prior information about the haplotypes. The method has been implemented using Matlab and the code is
available upon request from the authors.

Index Terms—DNA pools, haplotype frequency estimation, HapMap database, multinomial distribution

✦

1 INTRODUCTION
Current genetic studies consider thousands of markers simulta-
neously, and therefore the haplotype information is essential so
that analyses can account for the linkage between the markers.
Apart from laboratory techniques for experimentally-derived
haplotypes [8] only genotypes can usually be determined for
the sampled individuals resulting in missing haplotype infor-
mation. With polymorphic (informative) markers haplotypes
can be partially determined from genotype data on the consec-
utive generations of a pedigree [47], and the uncertain parts
can then be estimated using statistical methods developed for
pedigree-based haplotyping [39, 40, 44, 35, 12]. Methods are
also available for haplotype frequency estimation directly from
population samples of individuals [5, 28, 9, 15, 42, 32, 41].
Moreover, specific techniques like radiation hybrid mapping
[2, 38], individual sperm typing [27, 30, 31, 7, 1] or utilization
of DNA in megagametophytes [45, 51] have been proposed for
haplotype determination.

Use of pooled DNA can substantially reduce the cost of
genotyping and thus DNA pooling has been proposed for
large-scale association studies [37, 3, 43, 54]. The idea is to
combine equal amounts of DNA from several individuals and
to analyze the allele frequencies of the whole pool in a single
genotyping. Unfortunately, the reduction in genotyping costs
that is achieved by pooling is accompanied by a decrease in
haplotype information compared to individually genotyped
data. Despite these difficulties, the use of pooled DNA has been
suggested also for haplotype estimation [18, 50, 46, 13, 25, 34]
and haplotype-association testing [52], as well as for fine scale
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mapping [22, 23]. However, these methods have strict limita-
tions on the size of the pools and the number of loci that can be
analyzed. This is because large pools and/or large numbers of
loci increase the number of consistent haplotype configurations
exponentially, if no prior knowledge is available to restrict this
quantity. Recently, it has been illustrated that a multinormal
approximation to the haplotype distribution provides a useful
tool to tackle the problem of large pool size [53, 26], but the
exponential increase of the possible haplotypes as a function
of the number of loci still remains.

Here we introduce a way to decrease the number of hap-
lotype configurations that are consistent with the pooled data
by using external prior information about the existing haplo-
type structures. Currently, such information is being rapidly
gathered into public databases such as HapMap [17]. The
external database information is included in our model via a
preprocessing step that solves the system of linear equations
arising from the structures of the known haplotypes and the
observed allele counts in the pools. It follows that our model
is able to estimate the frequencies of only those haplotypes
that are included in the database, and, in particular, is not able
to identify novel haplotypes outside of the database. Thus a
prerequisite for using our method is that the database provides
a good coverage of the haplotype structures of the population.
If, instead, the available database information were known to
be incomplete, for example due to a small sample size, then
it might still be necessary to do single-individual genotyping
in order to gather more information about the population
haplotype structures.

We work within the Bayesian framework where priors on
the haplotype frequencies are chosen to represent the idea of
sparsity, i.e. only a few haplotypes are assumed to have a
considerable frequencies in the sample. As a computational
tool, we use a Markov chain Monte Carlo algorithm to analyze
the probability model that is constrained to the feasible set of
haplotype configurations.
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It has been reported that the allele frequency measurement
from the pooled data are quite accurate, and that smaller
error levels of 1-2% are achievable by several technologies
[37]. Other studies have also concluded that the errors in
genotyping accuracy are not of major concern in small DNA
pools [33, 3, 49, 36, 25]. This is because the possible allele
frequencies are discrete multiples of the basic unit of (1/2n),
where n is the number of individuals in the pool. Thus, for
small pools the possible frequency values are relatively far
apart from each other. Based on these facts we assume that the
accuracy of measuring allele frequencies from pooled DNA is
high in the lab, but we review the possible sources of errors
[19] in the Discussion.

We illustrate the proposed method using the publicly avail-
able data from the HapMap project [17]. These data provide
a fine map of the single-nucleotide-polymorphisms present
in the human genome, in terms of known haplotypes and
their frequencies in several human populations. Although one
may still question whether the information in HapMap is
accurate enough, because some rare haplotypes may not have
been reported at all due to the small number of genotyped
individuals, the existence of such a database certainly opens
up new perspectives for genetic studies (e.g. for genome-wide
association analyses). Obviously, there will be more accurate
and comprehensive data available in such databases in the near
future, and this creates a need for methods that are able to
utilize those data efficiently.

The proposed method is applicable, for example, in associa-
tion studies and forensic genetics [6]. In particular, the method
is well suited for case-control studies where separate pools of
cases and controls are analyzed and their haplotype frequencies
are compared.

2 METHODS
We are interested in estimating the frequencies of sampled
haplotypes on a set of L loci residing on a narrow chromosomal
interval. We assume that each locus is diallelic and denote the
alleles by 0 and 1. Let the columns of an L × M matrix H =
(Hlj) contain the existing M haplotypes in this region from an
external haplotype database (e.g. HapMap). We assume that
the database is comprehensive in the sense that it contains
all the (relevant) haplotypes that are present in the studied
population. Suppose that the sampled DNA originates from
n individuals (2n haplotypes) and is divided into O separate
pools, the size of pool i being ni individuals (2ni haplotypes).
Thus n =

∑O

i=1 ni. We denote by pi
h the (unknown) proportion

of haplotype H·h (i.e. column h of matrix H) in pool i. It follows
that if we let ai

l be the observed relative frequency of the allele
1 at locus l in pool i, then ai = (ai

1, . . . , a
i
L)� = Hpi, where

pi = (pi
1, . . . , p

i
M )�. The problem now corresponds to solving

the constrained linear system

Hpi = ai,

M∑
h=1

pi
h = 1, for i = 1, . . . , O,

where the admissible values for the variables are

pi
h ∈

{
0,

1

2ni

,
2

2ni

, . . . , 1

}
.

However, we relax the problem to continuous variables since
it makes the linear equations more tractable and because in
practice the allele frequency measurements for large DNA
pools contain some errors, which makes them continuous
rather than discrete. Thus, in the following we study the system

Hpi = ai,

M∑
h=1

pi
h = 1, pi

h ≥ 0, i = 1, . . . , O. (1)

Typically the system (1) has infinitely many solutions and we
are working with an ill-posed inverse problem (see [24]), where
only a statistical regularization based on prior knowledge
allows us to reach a reasonable solution. In our problem the key
point is to incorporate into the statistical model the fact that
the contents of all pools originate from the same population
haplotype distribution.

2.1 Prior distribution
To derive an appropriate model we seek insight from the
discrete case. If we let mi

h = 2nip
i
h denote the number of

haplotype h in pool i then by assuming Hardy-Weinberg
equilibrium among the sampled individuals we model the
vectors of (integer-valued) haplotype counts (mi

1, . . . , m
i
M ) as

multinomial samples from an underlying population frequency
π. Furthermore, since the pools are conditionally independent
of each other given π, the probability mass function for the
discrete case is

f(p1, ..., pO | π) =

O∏
i=1

(2ni)!

M∏
h=1

π
mi

h

h

mi
h!

. (2)

Because in the relaxed problem (1) the variables mi
h = 2nip

i
h

need not be integers, we have to adjust the model accordingly.
Firstly, we could extend the discrete probabilities (2) to a
continuous density function by substituting the Gamma func-
tion for factorials and by introducing poolwise normalizing
constants A(2ni, π):

f(p1, ..., pO | π) =

O∏
i=1

(2ni)!

A(2ni, π)

M∏
h=1

π
2nip

i
h

h

Γ(2nipi
h + 1)

. (3)

However, it seems that the computation of normalizing con-
stants A(2ni, π) is complicated and therefore we turn to another
approach, but we will comment on the formula (3) in the
Discussion.

The approach taken in this article is to substitute the Dirichlet
distribution as an approximation of the multinomial model:

f(p1, ..., pO | π) =

O∏
i=1

Γ(2ni − 1)

M∏
h=1

(pi
h)(2ni−1)πh−1

Γ((2ni − 1)πh)
, (4)

with the constraints
∑M

h=1 pi
h = 1, pi

h ≥ 0. It has been shown
[20] that (4) gives the same first and second moments and
product moments of the pi’s as well as the same range of
variation as (2). For details of this approximation, see pp. 285-
288 in [21]. To avoid the singularities of (4) that occur when
some pi

h ≈ 0, we introduce a threshold value ε and set all pi
h’s

below ε to equal ε while evaluating (4).
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What remains to be specified is the prior for π. As a result
of the common ancestry of the haplotypes and a possible
ascertainment process, we expect that there are only a few hap-
lotypes with considerable frequencies, while most haplotypes
are rare. Thus we are seeking a sparse solution: a haplotype
distribution π that has small entropy. This is reflected by a prior
π ∼ Dirichlet(α, . . . , α), where α itself is a hyperparameter with
an improper prior f(α) ∝ α−1. We let the prior density of
α be unbounded near the origin, since for small values of
α the random distribution π is likely to have low entropy.
When pool size ni = 1 for all pools, we are back to the
traditional haplotyping problem, i.e. reconstructing haplotypes
from individually genotyped data. In such a case a similar
model without a sparsity-producing prior on α, and without a
continuous approximation to the multinomial distribution, has
been used by Niu et al. [32].

2.2 Posterior distribution
For each pool i, consider the convex set

Ci =

{
pi : Hpi = ai,

M∑
h=1

pi
h = 1, pi

h ≥ 0

}

containing the solutions to (1). The posterior distribution is
obtained by constraining the joint prior distribution to the
events {pi ∈ Ci}. For example, using formula (4), the posterior
density, up to a normalizing constant, is

f(α, π, p1, ..., pO | a1, ..., aO) ∝

f(α)f(π | α)f(p1, ..., pO | π)f(a1, ..., aO | p1, ..., pO) ∝

α−1 Γ(Mα)

Γ(α)M

M∏
h=1

πα−1
h ×

O∏
i=1

[
I(pi ∈ Ci)Γ(2ni − 1)

M∏
h=1

(pi
h)(2ni−1)πh−1

Γ((2ni − 1)πh)

]
.

Here I(·) is the indicator function. To study this constrained
distribution we use a Markov chain Monte Carlo sampling
method.

2.3 Markov chain Monte Carlo sampling algorithm
Our goal is to use the geometry of the problem in constructing
a well mixing proposal distribution for the Metropolis-Hastings
algorithm (see [14, 4]). We assume that D, the common dimen-
sion of solution sets Ci, is at most about 20, and discuss later
alternative ways to deal with higher dimensional spaces.

Initial configuration. When D is small enough (D ≤ 20) it
is possible to use a preprocessing step that identifies for each
pool i set Ei = {qi,e} of all extremal points of convex set Ci

using the cdd+ algorithm [11]. Using these points we construct
an initial value π̂ for the underlying haplotype frequencies by
taking a convex combination of all qi,e, i = 1, . . . , O, e ∈ Ei

with weights proportional to exp(−bη(qi,e)), where b ≥ 0

is a constant of our choice and η(q) = −
∑M

h=1 qh log(qh)
denotes the entropy of haplotype distribution q. By setting b
large enough we have an initial distribution with low entropy,

which is in line with our prior knowledge of the haplotype
frequencies.

Given π = π̂ we initialize haplotype frequencies pi in each
pool i by taking a convex combination of the extremal points
qi,e ∈ Ei with weights proportional to⎛

⎝(2ni)!
M∏

h=1

π
2ni q

i,e

h

h

Γ(2ni qi,e
h + 1)

⎞
⎠

c1

×

(
M∏

h=1

(
qi,e
h

)q
i,e

h

)c2

, (5)

where c1, c2 ≥ 0 are parameters of our choice. Thus, we
use weights that combine the multinomial likelihood and the
exponential of the entropy of the extremal points. We initialize
hyperparameter α by setting α̂ = 1/M, where M is the number
of haplotypes.

Updating π. To construct a proposal π̃ we sample without
replacement coordinates h1 and h2 from the current distribu-
tion π. For h �∈ {h1, h2}, we set π̃h = πh, and we redistribute
the probabilities between h1 and h2 as

π̃h1
= s(πh1

+ πh2
), π̃h2

= (1 − s)(πh1
+ πh2

) ,

where s is sampled from Beta(d1 + d2 πh1
, d1 + d2 πh2

) distri-
bution. Here d1, d2 ≥ 0 are tuning constants. For large values
of d2 and small values of d1 proposal π̃ will be very close to
the current value of π. The proposal is accepted or rejected
according to the Metropolis-Hastings rule [4].

Updating pi. We update the haplotype frequencies of each
pool separately by proposing p̃i as a convex combination of
those D + 1 extremal points qi,e ∈ Ei that have the highest
scores according to formula (5). More precisely, we set

p̃i =
d+1∑
e=1

wi
eq

i,e,

where random weights wi are sampled from Dirichlet(d1 +
γi
1, . . . , d1 + γi

D+1), where γi
e is the value of formula (5) for

the corresponding qi,e and current π, and d1 is the tuning
parameter introduced earlier. Again acceptance or rejection of
the proposed value is determined by the Metropolis-Hastings
rule.

While updating pi we consider only D + 1 extremal points
in order to have a unique convex representation of p̃i in
terms of weights wi

e. This means that the sampling density
for proposing p̃i coincides with the sampling density of the
weights.

Updating α. The hyperparameter α is updated by using
a lognormal random walk proposal distribution log(α̃) ∼
N(log(α), σ2), where σ is a fixed parameter.
Parameter values. In all of the examples of this article we

have used the following parameter values: b = M, c1 = c2 =
0.05, d1 = 0.01, d2 = 10 and σ = 0.5.

2.4 A Multinormal approximation
Recently, Zhang et al. suggested a multinormal approximation
to the pooled allele frequencies [53]. To see how this is derived
assume that for each pool i the vector of haplotype counts is a
multinomial sample from the underlying population haplotype
frequencies π (see equation (2)). Now the expected values (μi)
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and variance matrices (Σi) of the observed allele counts (2nia
i)

can be represented as

μi = E(2nia
i) = 2niHπ

Σi = Var(2nia
i) = 2niH(diag(π) − ππT )HT .

The central limit theorem states that as ni increases the multi-
normal approximation 2nia

i ∼ N(μi,Σi) becomes more accu-
rate, and therefore the corresponding likelihood function can
be used for inferences about π.

Zhang et al. used this idea in their algorithm PoooL [53],
which implements a constrained EM-algorithm attempting to
find the value of π that maximizes the multinomial likeli-
hood. Shortly after the publication of the PoooL algorithm
Kuk et al. [26] introduced an approximate EM-algorithm for
maximizing the multinomial likelihood, and implemented it
in an R-code AEM (Approximate EM-algorithm). Multinormal
approximation makes these approaches less accurate than the
EM-algorithms that maximize the exact multinomial likelihood
[18, 50], but an advantage of the approximation is that large
pool sizes do not pose computational problems anymore. Both
Zhang et al. and Kuk et al. formulated their models in such a
way that the matrix H is supposed to contain all 2L possible
haplotypes, and therefore the algorithms cannot handle large
numbers of loci (say over 15). In our examples we have run
PoooL and AEM on a data set that contains 5 loci, but they
were not applicable to our larger data set (21 loci). However,
we note that the multinormal approximation could also be used
with an adjusted haplotype matrix that contains only a subset
of the haplotypes, but we leave the implementation of this idea
as a topic for future studies (see the Discussion).

2.5 A Greedy algorithm that utilizes haplotype database
The proposed method utilizes additional information from a
database, which makes it applicable to larger pools and/or to
larger numbers of loci compared to several existing methods
that estimate haplotypes from pooled data [18, 25, 34, 53]. These
differences hinder relevant comparisons between the proposed
and the existing methods. Thus, in order to have an idea of
the complexity of the analyzed data sets and naive frequency
estimates, we consider an appropriate version of a greedy
algorithm (cf. [25, 34]). This algorithm takes the poolwise allele
frequency data and the list of known haplotypes as input,
and proceeds as follows until all alleles have been assigned
to haplotypes:

• Step 1: For each haplotype in the list, calculate how many
copies of it can be formed from the available alleles in
each pool, and choose the haplotype h for which the sum
of possible copies over all pools is maximal.

• Step 2: Take out as many copies of h from each pool as
possible and reduce the allele frequencies of the pools
accordingly.

• Step 3: If no listed haplotype can be formed in any pool
go to step 4, otherwise return to step 1.

• Step 4: Choose pool i which has maximal number of
unresolved haplotypes, and form haplotype h by choosing
at each locus the allele whose frequency in pool i is largest.
Return to step 2.

3 RESULTS
The proposed method was tested on human data extracted
from the HapMap database [17]. We considered region ENm010
on chromosome band 7p15.2 of the CEU population (Utah
residents with ancestry from northern and western Europe).
The loci were chosen by including the first 25 SNPs of the
ENm010 region such that the distances between the adjacent
loci is at least 100 base pairs. This resulted in an average
distance of 1062 base pairs between neighboring loci.

For the CEU population the HapMap database includes the
estimated haplotype data for 30 trios (mother, father and their
child) whose 60 parents were used here. The HapMap project
has estimated the haplotypes by using the available pedigree
information together with the state-of-the-art software PHASE
[41] for haplotyping individually genotyped population sam-
ples. In the examples those 120 haplotypes represented the
population whose haplotype frequencies were estimated by
applying varying pooling schemes.

HapMap also contains the haplotypes of 45 Han Chinese in
Beijing, China (CHB) and 45 Japanese in Tokyo, Japan (JPT).
In all of our examples the haplotype list H that was used to
represent our prior knowledge of the available haplotypes in
the population combined the lists of the haplotypes from CEU,
CHB and JPT populations. Although we sampled the pooled
data only from the CEU population, the Asian samples were
included in H in order to avoid unrealistically accurate prior
information that would match exactly with the haplotypes that
are actually present in the data.

The performance of the proposed algorithm was tested using
prior (4) with the adjustment to avoid the singularities as
described in section 2.1. In the examples we experimented with
several values of the threshold ε and found that this had almost
no effect on the estimated frequencies. Hence, we report here
only the results obtained with ε = 0.01.

3.1 Example 1: 120 haplotypes on 21 loci
In this example we pooled the genotype data of 60 CEU parents
to either 10 pools (6 individuals, 12 haplotypes per pool) or to 6
pools (10 individuals, 20 haplotypes per pool). Given the com-
bined list of 17 existing haplotypes from CEU, CHB and JPT
populations from HapMap we then estimated the underlying
population frequencies of haplotypes and compared them with
the original frequencies available in the HapMap database. Out
of the 17 listed haplotypes 12 were actually present in the CEU
population.

Of the 25 loci, 4 turned out to be redundant, i.e. produced
exactly the same information as some other locus, and therefore
the data were reduced to 21 loci. If no prior knowledge
were available, such data could have 221 = 2097152 different
haplotypes, which together with pool sizes of 6 and 10 is too
large for any existing method to handle simultaneously. Thus in
this example the comparisons were done only with the greedy
algorithm.

Figure 1 (a) shows the true and estimated haplotype frequen-
cies of the 12 haplotypes that were present in the CEU popula-
tion arranged in the descending order of the true frequencies.
Our method correctly estimated zero frequencies for those 5
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Fig. 1. HapMap data with 21 loci and 120 haplotypes. (a) Upper panel. The true haplotype frequencies (black horizontal lines)
for 12 haplotypes of the CEU population and the estimates of OUR method and the greedy algorithm using two different pooling
schemes. Vertical lines cover 90 % probability regions of our estimates. (b) Lower panel. Relative errors of frequency estimates.
The y-axis is cut at 1.50.
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haplotypes that were included in the haplotype list but were
not present in the data, and therefore they are not included in
Figure 1. The vertical lines around the point estimates (here
posterior means) describe 90% posterior probability regions,
and thus reflect the uncertainty related to the estimates. The
results were confirmed by executing several different MCMC
runs, each of length 20,000 iterations. All runs produced similar
results suggesting that the chains had converged. It seems
that in this setting the pool size does not affect the estimates
considerably. However, a careful examination verifies what
one would expect: the smaller pool size results in a slightly
improved accuracy, both in terms of the point estimates and
the probability intervals. This can be seen also in Figure 1
(b) that shows the absolute values of the relative errors in
estimating the haplotype frequencies using different pool sizes.
The relative errors are calculated as the ratio of the absolute
difference between the true and the estimated frequency to the
true frequency. For the common haplotypes (frequency ≥ 10%)
the relative errors of the proposed method stays below 10%.
Note that the y-axis in Figure 1 (b) has been restricted to extend
only to 150% in order to see the details of the relative errors of
the major haplotypes. In any case it is likely that by using large
DNA pools we cannot estimate accurately the rare haplotypes
whose relative frequencies in the population are only a few per
cent or less.

The greedy algorithm was able to identify 4 and 5 out of
the 12 correct haplotypes for pool sizes of 10 and 6 individu-
als, respectively, but its frequency estimates are unacceptably
different from the true frequencies for all practical purposes
(Figure 1 (a)). Hence, we conclude that it is not trivial to resolve
these data accurately into haplotypes.

3.2 Example 2: 1000 haplotypes on 5 loci
Our method is able to handle also much larger DNA pools than
were considered in Example 1. In this example we sampled
1000 haplotypes (with replacement) from the above-described
HapMap data set of 120 haplotypes of the CEU population. We
divided the sampled haplotypes to 10 pools of 50 individuals
(100 haplotypes) in each, and to 20 pools of 25 individuals (50
haplotypes) in each. We estimated the population haplotype
frequencies by our method using the combined list of haplo-
types from CEU, CHB and JPT populations as our H matrix. In
addition, we ran the same data sets with the programs PoooL
[53] and AEM [26]. Because PoooL was not able to handle more
than 5 loci on these data, we restricted the considerations to
the first 5 loci of the region. As a result list H contained 7
haplotypes of which 6 were present in the CEU population.
Note that AEM and PoooL are not able to use the predefined
haplotype list, but instead assume that all 32 haplotypes may
exist in the population.

The frequency estimates are given in Figure 2 (a). Our
method and AEM performs quite similarly, except for haplo-
type 4 for which our estimates are less accurate than those of
AEM. The reason may be that our method estimated that the
additional haplotype, that was included in H from the Asian
populations, had the relative frequency of 1.8% and 2.3% in the
pooling schemes of 50 and 25 individuals per pool, respectively.

Also our 90% probability region (vertical lines) is relatively far
from the true value for haplotype 4, whereas for haplotypes 1,
2, 5 and 6 the corresponding regions cover the true value.

These results also suggest that PoooL does not achieve as
high accuracy as the other two methods. This is in line with
the comparisons between PoooL and AEM that were carried
out in [26].

4 DISCUSSION
We have presented a Bayesian approach to estimate haplotype
frequencies from large pools of DNA samples jointly for each
pool and for the underlying population. The novelty of our
approach lies in the incorporation of the database information,
which can significantly reduce the number of relevant haplo-
types. This becomes evident from our two examples where the
numbers of all possible haplotypes, 25 = 32 and 221 = 2097152,
were reduced to 7 and 17, respectively. On the other hand, a
successful application of our method requires that the database
provides accurate information about the haplotype structures
that are present in the population. This is because our method
can be used only for estimating the frequencies of the haplo-
types in the database, but not for identifying novel haplotype
structures outside of the database.

A very useful property of the Bayesian model is that it
can quantify the uncertainty related to the estimates by using
the posterior samples of the frequencies generated by the
MCMC algorithm. For example, the 90% probability regions
in Example 1 are wider than those of Example 2, reflecting the
differences in the sizes of the data sets and the numbers of
putative haplotypes.

Pool size. Several existing methods for haplotype inference
from pooled DNA data have strict limitations on the sizes
of pools that can be analyzed. For example, the maximum
possible pool size in the program HaploPool [25] is 3 and the
program LDPooled [18] failed to work (with 2 GB of memory)
on the HapMap data set used in this article even for 10 loci
when the size of the pools was larger than 2. An extension
of the PHASE algorithm to the pooled data is technically
applicable to larger pools, but the accuracy seems to decrease
considerably as the pool size increases [34]. These limitations
are unfortunate as significant savings in genotyping could be
achieved only when one were able to extract accurately haplo-
type information from larger DNA pools (say, pools with over
10 individuals). In our framework the sizes of pools do not pose
problems because we consider a system of linear equations
whose size is determined by the number of loci. Thus, we
need not enumerate all possible haplotype combinations in
the pools as is required, for example, by LDPooled [18]. In
this article we have tested our algorithm with pool sizes of up
to 50 individuals (100 haplotypes). Recently, another way to
circumvent the problem of large pool sizes was introduced by
Zhang et al. in the program PoooL [53] and modified by Kuk
et al. in the program AEM [26]. A topic for future studies is
to combine such a multinormal approximation with external
database information and to compare the resulting method
with the one presented here.

Number of loci. The number of possible haplotypes grows
exponentially with respect to the number of loci if no prior
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Fig. 2. HapMap data with 5 loci and 1000 haplotypes. (a) Upper panel. The true haplotype frequencies (black horizontal lines)
for 6 haplotypes of the CEU population and the estimates of OUR method, PoooL and AEM using two different pooling schemes.
Vertical lines cover 90% probability regions of our estimates. (b) Lower panel. Relative errors of frequency estimates. The y-axis is
cut at 0.75.
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information is available to restrict the set of potential haplo-
types. This is one of the reasons why the previous methods for
haplotyping pooled DNA data can handle only a few loci at a
time (at most about 15 loci). Such local haplotypes would then
need to be combined to span longer chromosomic regions by
some external procedure. Of the available methods the Hap-
loPool program [25] includes such a procedure. It estimates the
haplotype frequencies of up to four-loci haplotypes at a time
by using an EM-algorithm, and then combines the results using
linear regression. In our approach the number of loci does
not pose direct limitations for the applicability of the method,
since the number of possible haplotypes is determined by a list
which is extracted from an external database. However, there
are reasons why we will anyway restrict the considerations to
relatively short chromosomal segments. Firstly, dimension D
of the convex set of solutions of linear system (1), should be
at most about 20 in order that the extremal solutions could
be enumerated using the current approach (cdd+ program).
This means that haplotype matrix H must satisfy the condition:
M−rank(H) ≤ 20, where M is the number of columns of H (i.e.
the number of listed haplotypes). If the external list contains too
many haplotypes to be considered simultaneously one could
adopt a stepwise approach, where at each step the haplotype
frequencies are estimated only for a short region, and after each
step all the haplotypes whose partial content is assigned only a
small frequency are deleted from the list. By controlling the size
of the blocks, the length of the haplotype list can be restricted
to satisfy the given constraints. A similar idea called partition-
ligation has been used earlier in individual-level haplotyping
[32].

Another reason for considering only narrow segments is
that we assume a priori that the haplotype distribution has
a low entropy. This assumption is more likely to hold for
relatively short haplotype segments than for longer regions
that contain more variability. It may also be that the haplotype
information stored in databases provides a good representation
of the population haplotype frequencies only locally, for short
segments between recombination hotspots, whereas on a larger
scale, recombinations constantly shuffle the genetic material in
the population. Thus, it may not be justified to use the database
information to build systems of linear equations on a large
number of loci spanning long chromosomic regions. However,
if the available marker map is tightly linked, then a relatively
narrow region may already contain many SNPs, and therefore
the number of loci that can be considered simultaneously by
our method can be substantially higher than in the previous
methods. For example, in this article we considered a chromo-
somal segment that contained 21 loci and spanned over 25 kbp
of the human genome.

Errors in pooling designs. In our model we assumed that
there are no errors related to the allele frequency measurements
from DNA pools. Even though it has been reported that allele
frequencies can be measured quite accurately from DNA pools
[37], in reality at least three types of errors may occur. There
may be errors in pool formation (e.g. unequal amounts of DNA
from different individuals), in allele amplification (one allele
amplifies more efficiently than the other), or in allele frequency
measurements (instrumental measurement errors). In a recent

study Jawaid and Sham concluded that the differential allelic
amplification is the most important contributor to the error
variance in absolute allele frequency estimation, but that it can
be handled efficiently by adjusting for the measurements for
differential amplification [19]. Whether these sources of errors
have a notable effect on haplotype estimation from pooled
DNA data is left as a topic for future studies.

Model and algorithm. If a comprehensive list of haplotypes
is available then the frequencies of haplotypes in the pools
satisfy the set of linear equations (1). In some cases it might be
possible to use the available database information to identify
such a set of loci that would yield a system of linear equations
with a unique solution, but we leave this as a topic for further
studies. In the examples that we have described, the corre-
sponding linear systems did not yield unique solutions and a
statistical model was needed to extract reasonable frequency
estimates.

Our approach utilizes a preprocessing step where the ex-
tremal points of the solution sets are computed. This has an
advantage that the systems of equations (1) need to be solved
only once. Because of the convexity of the feasible sets, the
extremal points can be used to characterize all the solutions.
On the other hand, this approach takes us to the continuous
domain even though the original problem is about discrete
haplotype counts.

Passing from discrete variables to continuous ones also
poses some challenges from the modeling point of view. The
appropriate model for the integral haplotype counts would be
a multinomial one, and here we have made efforts to extend
this idea into the continuous domain. We introduced two can-
didates to carry out the task: a straightforward generalization
(3) and a continuous approximation (4). Unfortunately, both of
them have their own shortcomings. For (3) the computation
of normalizing constants A(2ni, π) would be needed in the
MCMC algorithm when calculating the Metropolis-Hastings
ratios. However, we do not know any effective way to carry
out that calculation. Completely ignoring A’s could technically
be justified by introducing an extra term into the prior of π.
It seems that such a shortcut has the largest effect when some
frequency πh is small. Because we expect a sparse solution for
π, it seems that it would be beneficial to be able to account for
A’s.

To overcome the problem with the normalizing constant, we
turned to a continuous Dirichlet approximation (4) given by
[20]. It seems that the largest discrepancies between (4) and
(3) appear when some frequencies pi

h are small. In particular,
when some pi

h is zero the density (4) either vanishes or goes
to infinity. To smooth the behavior of (4) for small frequencies
we used a positive threshold value below which we did not
allow the frequencies to fall, when calculating the Metropolis-
Hastings ratio.

The correlated recombination history and the ascertainment
process both reduce the number of distinct haplotypes in the
sample. To partly account for this, we have used a sparsity-
producing prior for Dirichlet hyperparameters to reduce the
number of haplotypes with non-zero estimated frequencies.
Similar sparsity-producing priors have earlier been used e.g.
with the normal distribution (see [48, 10, 16]). Another possi-
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bility is to adopt a more appropriate prior for the haplotype
frequencies based on population genetics (e.g. the one used
in [41]). In fact, for the case where no haplotype list exists,
we have presented an extension of the PHASE haplotyping
algorithm [41] to pooled DNA data [34].

In this article the database information was used only for
identifying the set of possible haplotypes, but not for defining
the prior distribution for the haplotype frequencies. This is
because we expect that the haplotype frequencies in the as-
certained sample of individuals may vary significantly from
the haplotype frequencies of the general population that is
included in the database. If more information about the hap-
lotype frequencies among the sampled group were available
then we could include that into the prior of π by using
an asymmetric Dirichlet-distribution that better reflects the
available prior knowledge.

Future perspectives. A problem for future research is to de-
velop an algorithm to deal with higher dimensional situations,
where we may have hundreds of haplotypes in the list. In such
cases it is not feasible to enumerate all extremal points of the
convex sets Ci, and it is necessary to use some other strategy
for building a proposal distribution. The hit-and-run proposal
(see for example [29]) might be a good candidate.

Another way to extend this work is to combine the ex-
ternal database information with a computationally efficient
multinormal approximation [53, 26]. Because of computational
advantages provided by such a model it might be possible
to take into account uncertainty related to the haplotype list
by allowing non-zero frequencies also for the haplotypes that
are not included in the database. As long as the available
database information is based on a relatively small number of
sampled individuals such an extension would be an important
contribution to the field of haplotype estimation.

One possible application of this methodology is in case-
control studies, where cases and controls would be analyzed
in separate pools. When the population haplotype frequen-
cies are known, the haplotype frequencies among cases and
controls can be estimated jointly by using the fact that the
whole population is a mixture of cases and controls with the
disease proportion as the mixing parameter. Naturally, once
the frequencies are estimated for different groups, the existing
methods for analyzing individual-level data can be applied.
These include, for example, haplotype-based association anal-
ysis methods and epistatic models.
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