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The following result was proved in the article [Väi]:

Quasihyperbolic Geodesics in a General Plane Domain

Let G be a planar domain and z1, z2 ∈ G. Now if the
quasihyperbolic distance

kG (z1, z2) = inf
γ∈Γ[z1,z2]

∫
γ

|dz|
d(z, ∂D)

< 2, (1)

then quasihyperbolic geodesic JG [z1, z2] is unique and it can
be prolonged to a geodesic with quasihyperbolic lenght of 2.
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Problem and Notations

In this talk I aim to show that in a simply connected planar
domain the quasihyperbolic geodesics are unique. The proofs
will be heavily based upon the results of J. Väisälä presented in
[Väi]. The main idea is to show that quasihyperbolic geodesics
are unique when the boundary of a simply connected domain is
approximated with a suitable discrete set and that this
implicates the case of the original domain.

For the rest of the talk I shall use Q to denote a finite subset of
C that has at least two elements and D to denote a simply
connected planar domain. I will also notate GQ = C \Q.
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Definitions

Direction Angle

If v (x) is the unit tangent vector of a smooth arc, then the
direction angle of this arc is ϕ : ∂D→ (−π, π] with
ϕ (x) = arg v (x) where D is the unit circle centered at the
origin.

Voronoi Cell
Let q ∈ Q. Now the Voronoi cell generated by q is

Vq = {z ∈ C : |z − q| < |z − p| ∀p ∈ Q \ {q}} . (2)

Together these Voronoi cells form a Voronoi diagram.
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Definitions

Approximation of a Curve
Q is an approximation of a curve γ, if
1. Q ⊂ γ

and
2. When a and b are such points in Q that there exists such a

subarc γab ⊂ γ from a to b that γab ∩Q = {a,b}, then the
Euclidean length l|| (γab) is a constant.

Approximation of the Boundary ∂D
Q is an approximation of ∂D, if Q ⊂ ∂D and for each curve γa in
∂D there exists Qa ⊂ Q such that Qa is such an approximation
of γa that possible endpoints of γa are in Qa.
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Quasihyperbolic Geodesics in Voronoi Cells

Lemma

Suppose that q ∈ Q, that points z1 and z2 are in the boundary
of the Voronoi cell Vq and that J = JkGQ

[z1, z2] ⊂ V q. Then J
consists of a finite number of successive subarcs, each of
which is either a line segment on ∂Vq or a subarc of a
logarithmic spiral with center q.

Proof See [Väi, Lemma 4.8.].
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Next if Q is an approximation of the boundary of a simply
connected plane domain with large enough cardinality, then
quasihyperbolic geodesics are unique in GQ. The proof
presented here is an adaptation of the proof of [Väi, Theorem
5.1.].

Theorem

Let z1, z2 ∈ D where D is a simply connected planar domain.
There exists such an approximation of ∂D, Q, that the
quasihyperbolic geodesic connecting z1 and z2 in GQ is unique.
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Proof. We shall use proof by contradiction. Let us suppose that
the points z1 and z2 are connected in GQ with such geodesics
J1 and J2 that J1 ∩ J2 = {z1, z2}. Let kGQ

(z1, z2) = λ.

Let W be the domain enclosed by J1 ∪ J2 = J. We may
assume that W lies on the left-hand side of J1. We shall first
prove that W ∩Q = ∅. We do this by assuming the negation:
Let q ∈W ∩Q. Let us now suppose that the geodesic J2
passes between points q and q1 in Q. Let γqq1 ⊂ ∂D be such a
curve that γqq1 ∩Q = {q,q1}. Suppose J

′

2 ( J2 be such a
geodesic that its endpoints are z1 and z3 where z3 ∈ γqq1 as in
the Figure 1 below.

Figure : The situation when there is a point in W .
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Now we get

λ =

∫
J2

|dz|
d (z,Q)

>

∫
J′

2

|dz|
d (z,Q)

≥ log
(

1 +
|z1 − z3|

min {d (z1,Q) ,d (z3,Q)}

)
.

We may assume that the cardinality of Q is so great that
d (z1,Q) > d (z3,Q), that max {d (z,Q) : z ∈ γqq1} < |q − q1|
and that log

(
1 + |z1−z3|

|q−q1|

)
> λ. By these assumptions we get

λ > log
(

1 +
|z1 − z3|
d (z3,Q)

)
> log

(
1 +
|z1 − z3|
|q − q1|

)
> λ.

This contradiction shows that W ∩Q = ∅.
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For z ∈ Jn let ϕn (z) be the direction angle of Jn at z. Then we
may assume without losing generality that ϕ1 (z1) ≤ ϕ2 (z1) and
that ϕ1 (z2) ≥ ϕ2 (z2) because W ∩Q = ∅. This leads to a
contradiction by evaluating the behavior of the direction angle in
each of the Voronoi cells as in the proof of [Väi, Theorem
5.1.].

Lemma

Let Q (n) be such an approximation of the boundary of D that
Q (n) ⊂ Q (n + 1) and that d (z,Q (n)) < 1

n for all z ∈ ∂D. Now
in D the distance function d

(
z, ∂GQ(n)

)
decreases uniformly

toward d (z, ∂D) and limn→∞ kGQ(n)
(z1, z2) = kD (z1, z2).

Proof. See [Väi, 7.1.].
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From GQ to D

Theorem

Quasihyperbolic geodesics in D are unique.

Proof. We shall use proof by contradiction. Let us suppose that
the points z1 and z2 are connected in D with such geodesics J1
and J2 that J1 ∩ J2 = {z1, z2}. Now∫

J1

|dz|
d(z,∂D) = kD (z1, z2) =

∫
J2

|dz|
d(z,∂D) . Let Q (n) be an

approximation of ∂D as in the previous lemma. Because
limn→∞ d

(
z, ∂GQ(n)

)
= d (z, ∂D), we get∫

J1

|dz|
limn→∞ d

(
z, ∂GQ(n)

) = kD (z1, z2) =

∫
J2

|dz|
limn→∞ d

(
z, ∂GQ(n)

) .
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The distance function d
(
z, ∂GQ(n)

)
converges uniformly, so

lim
n→∞

∫
J1

|dz|
d
(
z, ∂GQ(n)

) = kD (z1, z2) = lim
n→∞

∫
J2

|dz|
d
(
z, ∂GQ(n)

) .
On the other hand limn→∞ kGQ(n)

(z1, z2) = kD (z1, z2) by the
previous lemma, hence

lim
n→∞

∫
J1

|dz|
d
(
z, ∂GQ(n)

) = lim
n→∞

∫
JGQ(n)

|dz|
d
(
z, ∂GQ(n)

)
= lim

n→∞

∫
J2

|dz|
d
(
z, ∂GQ(n)

)
where JGQ(n)

is the quasihyperbolic geodesic connecting z1 and
z2 in GQ(n).
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Based on the previous theorem there exists N ∈ N such that
JGQ(n)

is unique when n ≥ N. Also the sequence of
{

JGQ(n)

}
clearly must approach both J1 and J2, therefore J1 = J2. Thus
we have reached the desired contradiction and claim has been
proved.

Corollary

Quasihyperbolic geodesic JkD [z1, z2] can be prolonged to a
geodesic ray from z1 to a boundary point.

Proof. Claim follows from [Väi, Theorem 2.6.] and the
uniqueness of geodesics.
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Quasihyperbolic Balls in D

Definition

Let (D, k) be a metric space. Now a ball in the metric k with
center at c and radius m is defined as

Bk (c,m) = {z ∈ D : k (c, z) < m} . (3)

In his Licentiate’s thesis [Klén] R. Klén conjectures that in
simply connected domains quasihyperbolic balls are always
simply connected. We are now in a position to prove this
conjecture to be true in the case of simply connected planar
domains.
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Quasihyperbolic Balls in D

Corollary
If D is a simply connected plane domain, then quasihyperbolic
balls in D are simply connected.

Proof. Let us use proof by contradiction. Suppose that
BkD (c,m) is not simply connected. Now the boundary
∂BkD (c,m) is not a connected set but it has at least two
separate components. Let Cin be a boundary component that is
enclosed by the outermost component Co. Let z ∈ Cin. Now the
geodesic JkD [c, z] can be prolonged to a geodesic ray J∗ from
c to a boundary point. Because D is simply connected, the
intersection J∗ ∩ Co 6= ∅. Therefore there exists a point
w ∈ J∗ ∩ Co. Now clearly JkD [c, z] ( JkD [c,w ] but
kD (c, z) = m = kD (c,w). Together these two facts lead to a
contradiction, so the claim is true.
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Quasihyperbolic Convexity [Väi, 8.1.]

Set A in a domain G ⊂ Rn is quasihyperbolically convex in G, if
JG [z1, z2] ⊂ A for all points z1, z2 ∈ A.

Open Problem
Are quasihyperbolic balls in a simply connected planar domain
D convex in the quasihyperbolic sense?
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