Department of Mathematics and Statistics, University of Helsinki
Johdatus tilastolliseen piittelyyn (Arjas), final exam 19.5.2009, English
text

1. The weights of four students are 70 kg, 73 kg, 81 kg and 88 kg. Suppose you consider
arandom sub-sample of two of them. Let X be the absolute value of the difference of
their weights. Determine the distribution of X, and its expected value and variance.

2. A society has in its statutes a paragraph according to which a motion made towards
changing these statutes needs to be approved by at least % of the total membership. The
total membership of the society is several thousand. In order to have at a realistic idea
about the support of the motion among the membership at large, the Board of the society
sends questionnaires to 100 randomly selected members, asking them to present their
position towards the motion. All 100 return the questionnaire, and 87 of them support the
motion and 13 do not. Imagine that you are a member of the Board of this society, and
the only one who has some knowledge of statistics. How would you explain the result of
this simple survey to the other members of the Board, also properly accounting for the
uncertainty of the conclusions that might be drawn from it? (Hint: You can use either a
confidence interval based on the result, or a corresponding statistical test.)

3. Ville is interested in finding out the probability of a drawing pin ‘landing on its back’
when it is dropped on the floor. He decides to apply Bayesian inference for solving this
problem, and then feels that the Uniform(0, 1) -distribution describes adequately his prior
beliefs about the possible values of the parameter 6 of the corresponding Binomial
experiment. Ville then drops the drawing pin on the floor 100 times, finding that it lands
43 times on its back. Supposing that he would make one more try, what would be his
(predictive) probability of the pin then landing on its back? Explain your reasoning.

4. The level of various substances in the blood of kidney dialysis patients is of concern
because kidney failure and dialysis can lead to nutritional problems. A researcher
performed blood tests on several dialysis patients on six consecutive clinic visits. One
variable measured was the level of phosphate in the blood. Phosphate levels for a single
person tend to vary normally over time. The data on one patient, in milligrams of
phosphate per deciliter (mg/dl) of blood, are given below:

5651464857 64

(a) Determine a 90% confidence interval for the patient’s mean phosphate level.

(b} A friend of yours asks: Does this mean that the mean phosphate level of this
patient lies in this interval with 90% probability? How do you respond? Explain
your own reasoning.

5. The normal range for blood phosphate levels is 2.6 to 4.8 mg/dl. The sample mean for
the patient in problem 4 (above) falls above this range. Can this be considered to be
sufficient evidence that this patient’s mean level in fact falls above 4.8? State the
corresponding statistical hypothesis H and its alternative A, and use these data to carry
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Department of Mathematics and Statistics
Johdatus tilastolliseen péittelyyn (Arjas), final exam 11.6.2009 (English text)

1. Pekka and Paavo are playing in a golf tournament. Their scores vary as they play the course
repeatedly. Pekka’s score X has the N(110, 102) distribution and Paavo’s score Y varies from
round to round according to the N(100, 8°) distribution. If they play independently, what is the
probability that Pekka will score lower than Paavo and thus do better in the tournament?

2. Pekka has a number of white and black balls, which, apart from their colour, are identical.
Hidden from you, he places one such ball into a box, having first determined its colour with a
coin toss: white if the coin lands heads, and black if it lands tails. He then places another ball
into the box. This time you see its colour, and it is white. After shaking the box, you are allowed
to pick ‘blindly’ a ball from the box. What is the probability that it is white? Supposing it is,
what is the probability that also the ball which is still left in the box is white? Explain your
reasoning by applying Bayes’ formula.

3. Consider an independent random sample X, X5, ..., X,, from a Poisson(A) —distribution.
Suppose you want to estimate the value of parameter A on the basis of such an observed
sample, by applying Bayesian inference and using the Gamma(o., ) —distribution, with density
function given by p(A;ct, B) = exp{-BA}B"A*")/ ['(cv), as the prior. Show that in this case also
the posterior distribution is a Gamma distribution and find its parameters. Denoting by X, +|
"the next observation” in the sample, find its (posterior predictive) expectation E( X, 4 { X, Xs,

.--» Xu). Hints: The Poisson()) —distribution is defined by P(X = x) = exp(- A )A*/x!, and the
expectation of the Gamma(o., ) —distribution is o/p.

4. Anman claims to be able to detect the presence of water with a forked stick. In a test of

this claim, he is presented with five identical barrels, some containing water and some not.

(a) Suppose the man has probability p of being correct. If he is just guessing, p = V2. State an
appropriate null hypothesis H and its alternative A in terms of p for a test of whether he does
better than guessing.

(b) If the man is simply guessing, what is the distribution of X, the number of correct answers in
the five tries?

(¢) The observed outcome turned out to be X = 4. What is the p-value of the test that takes large
values of X to be evidence against H?

5. The table below gives the pre-test and post-test scores on listening test in English for 10 high
school students who attended an intensive summer course in English:

Person no. 1 2 3 4 5 6 7 8 9 10
Pre-testscore 30 28 31 26 20 30 34 15 28 20
Post-test score 29 30 32 30 16 25 31 18 33 25
(a) We hope to show that attending the course improves listening skills. State an appropriate
hypothesis H and its alternative A.
(b) Carry out a corresponding significance test. Can you reject H at the 5 % significance level?
(¢) Give a 90 confidence interval for the mean increase in listening score due to attending the
summer course.



THE STATISTICAL TABLES THAT ARE NEEDED WILL BE MADE AVAILABLE IN THE
EXAM. “CLOSED BOOK” EXAM: NO OTHER SOURCE MATERIAL IS ALLOWED!
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TABLE IV. FRACTILES OF THE ¢ DISTRIBUTIOIx:{. L p= —1ip.
P : ‘ PROBABILITY IN PER CENT

/ 6o 70 8o g0 95 97°5 99 99'S 999 9995

1 ‘325 727 1-376 3-078 6314 12-71 31-82 6366 3183 6366

2 289 617 1-061 1-886 2-g20 4303 6-965 9925 2233 31-60

R 3 277 -584 -978 1-638 2353 3-182 4541 5841 1022 12-94
4 271 -569 941 1533 2132 2:776 3747 4604 7173 8610
5 267 559 920 1476 2015 2571 3365 403z 5893 6859
6 265 553 906 1440 1943 2447 3143 3707 5208 5959
7 263 549 896 1415 1895 2365 2998 3499 4785 5405
8 262 -546 -889 1-397 1-860 2-306 2-896 3-35% 4501 5-041
9 -261 ‘543 -883 1-383 1-833 2-262 2-821 3-250 4297 4781
10 -260 542 -879 1-372 1-812 2-228 2764 3169 4’-144 4587
11 -260 540 -876 1-363 1-796 2201 2-718 3-106 4025 4437
12 259 539 873 1356 1782 2179 2681 3055 3930 4318
13 -259 538 -870 1-350 1-771 2-160 2-650 3-012 3-852 4221
14 _ 258 537 868 1345 1761 2-145 2624 2977 3787 4140
15 258 536 866 1341 1753 2131 2602 2947 3733 4073
16 . -258 ‘535 -865 1-337 1-746 2-120 2-583 2-g21 3-686 4015
17 257 534 863 1333 1740 2110 2567 2898 3646 3965
18 257 ‘534 -862 1-330 1734 2-101 2:552 2-878 3-611 3-922
19 257  -533 861 1328 1729 2093 2539 2861 3579 3883
20 257 533 860  1-325 1725 2086 2528 2845 3552 3850
21 -257 ‘532 -859 1-323 1-721 2-080 2518 2-831 3527 . 3819
22 -256 532 -858 1-321 1-717 2-074 2-508 2-819 3505 3792
23 -256 ‘532 -858 1-319 1-714 2-0bg 2-500 2-807 3485 3-767
24 256 531 857 1318 1711 2064 2492 2797 3467 3745
25 -256 ‘531 -856 1-316 1-708 2-060 2-485 2-787 3-450 3-725
26 256 531 856 1315  1-706 2056 2479 27779 3435 3797
27 256 531 ‘855 1314 1703 20052 2473 2771 3421 36go
28 -256 ‘530 -8s5 1313 1-701 2-048 2-467 2-763 3-408 3-674
29 -256 -530 -854 1311 1-699 2-045 = 2-462 2-756 3396 3-659
30 256 530 854 1310 1697 2042 2457 27750 3385 3646
40 255 ‘529 -851 1-303 1-684 2-021 2-423 2-704 3307 3'551
50 -255 -528 -849 1-298 1-676 2-009 2-403 2678 3-262 3°495
60 -254 ‘527 -848 1-296 1-671 2:000 2-390 2-660 3-232 3-460
80 254 527 846 1292 1-604 1.990 2374 2639 3195  3'415
100 -254 €26 -845% 1-290 1-660 1-984 2-365 2-626 3174 3-38g
200 254 -525 -843 1-286 1-653 1972 2345 2-601 3-131 3°339
500 253 -525 B4z 1283 1648 1965 2334 2586 3106 3310
o0 ‘253 524 -B42 1-282 1-645 1-960 2:326 2576 3-0g0 3-291

2{1—F} 8o 60 40 20 10 5 2 1 o2 o1

Example: P{t < 2:086} = 97-5%, for f = 20.

P{it| > tp} = 2(1—P). P{jt| > 2:086) = 5% for f = 20.



